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Abstract

Controlling systems of partial differential equations with fewer controls than states has been
a central topic in the last decades. The nature of the equations and existing couplings are key
factors to consider. Even if we can find several works for parabolic systems, there are only a few
for fourth-order equations. In this paper, we use the fictitious control method and the algebraic
resolution method, as introduced by Coron and Lissy, in order to prove the null controllability
of a highly coupled fourth-order parabolic system with only one control input.
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1 Introduction

During the last decades, the control community has been interested in studying control properties
of coupled systems of partial differential equations, paying special attention to the underactuated
case, where there are fewer controls than states. A fairly complete study has been performed for
second-order parabolic systems, considering different couplings with internal or boundary controls
[1 20, 21, 11]. Still concerning parabolic systems, an important body of work has dealt with the
Stokes and Navier-Stokes equations. Four equations (counting the divergence-free condition) can
be controlled with three, two, or just one input, depending on the systems [23] [10, [4, 32]. Roughly
speaking, the main strategy applied for internal control has been first to reduce by duality the null
controllability to an observability inequality. Next, to apply a Carleman inequality to each state of
the system and summing them up. Then, to try to eliminate the undesirable observations by using
the equations of the system. A key breakthrough has been introduced in [I2] by Coron and Lissy
using the algebraic resolution method. This approach starts once a control result with the same
number of controls as states is already proved. Then, by using algebraic relations coming from the
equations themselves, the idea is getting ride of the undesirable components of the control. This
strategy, introduced in [12] for a Navier-Stokes system, has also been applied in [13] 14} B0, [31] for
other parabolic systems and in [28| [I5] for other equations.

In this paper, we are interested in the controllability of fourth-order parabolic systems. Let
us recall the known results in this context. The controllability of this kind of equations has been
studied in [5], [6] when the control acts on the boundary and in [7, 19, [6l 24] for internal controls.
All these papers are in dimension one for the space variable. The first results in higher dimensions
are [22], [25]. Regarding the control of systems involving fourth-order parabolic equations, the first
references are [9] 2] for internal controls and [8| 3, 26] for boundary controls.

Let us now focus on the specific problem that we are dealing with in this work. This is the
control of a system that couples two fourth-order parabolic equations. Let T" > 0, L > 0 and w
be a non-empty open subset of (0,L). We introduce the following sets, @ = (0,L) x (0,7) and
Q. = w % (0, 7). Our problem is to prove the null controllability of the following parabolic system
of two equations coupled up to third-order terms with coupling coefficients depending on space and
time and with only one internal control acting on the first equation. The system is given by

2

Opur + Oy = Y _(a1;05u5 + bijOyu; + c1;0pu; + dijug) + 1yh,  in Q,

=1

]2
Orug + 8§UQ = Z(agﬂiuj + bgjaiuj' + ngamu]' + deu]'), in Q,

j=1
(uhu?)(oat) = (u17u2)(L7t) =0, in (OaT)a
Ox(u1,u2)(0,t) = Oy (ur,uz)(L,t) =0, in (0,7),
(u17u2)($70) = (ul,UQ)O(l‘), in (OaL))

where (u1,u2)? € L?(0, L)? is the initial condition and h € L?(Q) is the control. For any i,j = 1,2,
the coupling terms (a;j, bij, ¢;j, d;j) are assumed to be in C2°(Q). We can rewrite this system in a
matrix form

U + 02U = AQ2U + BO?U + C9,U + DU + 1,Gh, in Q,

(1.1) U(0,t) =U(L,t) =0, in (0,7),
' 2, U(0,t) = 0,U(L,t) =0, in (0,7),
U(z,0) = Ux), in (0, L),



U1
Uz

with U = ( >7 A = (aij)i<ij<2, B = (bij)i<ij<2, C = (cijhicij<2, D = (dij)1<ij<2 and

1 . . : .
G = <0>, where (A, B, C, D) are supposed to be 2 x 2 matrices with coefficients in C2°(Q).
In this paper, we are able to get the internal null controllability of this system. As our control
input acts on the first equation only, we will require a condition on the coefficients of the system
to get our result. The precise condition needs more context and notation to be clearly stated, and

thus we only mention it in our main result by making reference to Section

Theorem 1 Let T > 0, L > 0 and w be a non-empty open subset of (0,L). Let assume that the
condition (5.3|) in Section @ holds. For any U° € L?(Q)?, there exists a control h € L*(Q) such
that the solution to (1.1)) satisfies U(-,T) =0 in (0,L).

To prove this result, we proceed in different steps. First, in Section [2] we state some well-
posedness and regularity results that we need. Next, in Section [3]we obtain some Carleman inequal-
ities for a single equation and systems with non-homogeneous Neumann-like boundary conditions.
Section [ is devoted to proving the desired null controllability result when we are allowed to control
both equations. This step is known as the fictitious control method as we added one input control.
Finally, Section [5| uses the algebraic resolution method in order to remove the additional control
input and proves our main result.

2 Well-posedness

In this section, we give some well-posedness and regularity results. We study the existence and
uniqueness of direct and adjoint systems related to (1.1). We consider the direct system

U + 02U = AD2U + BO*U + CO,U + DU + F, in Q,

(2.1) U(0,t) =U(L,t) =0, in (0,7),
' 8,U(0,) = 8,U(L,t) = 0, in (0,T),
U(x,0) =U"2x), in (0,L),

and its adjoint given by

—0® + 040 =~

(A*®) + 0%(B*®) — 0,(C*®) + D*® + 17, in Q,
0,

(0,t) = B(L,t) = in (0,7),
0:®(0,t) = 0,P(L,t) =0, in (0,7),
O, T) = &7 (), in (0, L),

where * stands for the usual transpose operator on matrices. Introducing the matrices II = —A*,

A = —30,A* + B*, T = —302A* +20,B* — C*, © = —02A* + 92B* — 9,C* + D*, we can rewrite
last system as

—0® + 01 =TI3® + AO2® + 19,® + O +1n, inQ,

59 ®(0,t) = ®(L,t) =0, in (0,7),
(22) 0,0(0,1) = 0,®(L, 1) = 0, in (0,7,
®(x,T) = &7 (x), in (0, L).

Theorem 2 Let (A, B,C, D) in C®(Q). IfU° € L?(0,L)? and F € L*(0,T; L?(0,L)?), then there



exists a unique solution U € C([0,T]; L?(0, L)) N L?(0,T; HZ(0, L)?) of system ([2.1)). Moreover,
there exists C' > 0 such that

(2.3) NUlleqomz2 0,022 0rm20,.002) < C LU r20.002 + I1FI L 0.1:22(0,1)2) } -

Proof. This result can be proved by a usual Galerkin method as done in [16, 27]. n

Theorem 3 Let @1 € H3(0,L)? and n € L*(Q)%. Then, the solution ® of ([2.2) satisfies
® € [C(0,T; H3(0, L)) N L*(0,T; H*(0, L)),

Let us write the system (2.2) as —®; := L(t)® + n, where L(t) = L(t,z,0;) and let d € N.
If 7 ¢ H42(0, L)% and n € L?(0,T; H*(0,L)%) N H*0,T; L*(0,L)?) satisfy the compatibility
conditions

go := o7 € Hg(ovL)2>
g1 :=—L(T)go — n(T,.) € HZ(0,L)?,

_ 1,d—-1 _ _
=~ (S (1 )L ) - 0 (T ) € 0.7,

then, the solution ® of (2.2)) satisfies
® € [C(0,T; H**2(0, L)) N L*(0,T; H***(0, L)) n H*(0,T; L*(0, L))]?,

and we have the existence of C > 0 such that
1@l L2 (0,7 140+4 (0, L)) nHa+1 (0,7522(0,L)) < € (H77”L2(0,T;H4d(0,L)2)de(0,T;L2(0,L)2) + H‘I’THH4d+2(0,L)2> .

Proof. This can be easily deduced from [29, section 6.4]. [

3 Carleman estimates

In this section, we want to get new Carleman estimates for general fourth-order parabolic equations
with non-homogeneous Neumann boundary conditions and right-hand side in L?(0,T; H~2(0, L)).
We consider the system

— ¢t + Y1z = By + 0rB1 + 0y Bo, in Q,

@2x(05t) = bl(t)7 902:10(L7t) = bQ(t)v in (OvT)a
()03x(07t) - bS(t)a ‘pr(IMt) = b4(t)7 in (O,T),
(p(l‘,T) = SOT(I'% in (07 L)'

(3.1)

The idea to prove this Carleman inequality is to follow [I7] where the authors obtain a new Carleman
estimate for the heat equation with non-homogeneous Neumann boundary conditions. First, we
introduce some weight functions, as in [2]. Let € C*(|[0, L]) be a function satisfying,

77(33) > 07 Vr € (07 L)? 77(0) = U(L) = 07
(3.2) { |n'(z)] > >0, Vo € [0,L]\ wo,



for some wg € w where this means that wy C w. Thus, we have
(3.3) 7' (0) > § and — /(L) > 4.

We define the usual exponential weight functions given by

. kIt Alnlloe — Aklnlloo+(x) . eMElnllootn(2))
a*(t) == max a(x,t) = a(0,t) = a(L,t), £*(t):= min &(z,t) = &(0,t) = &(L, 1),
z€[0,L)] z€[0,L]

)

where A > 1, k > m > 0. We can remark that we have the following estimates
(3.5) lag| < CTEFY™ 1 < oT?™¢, |97¢| < CN¢,
for any n € N, and some positive constant C' independent of A\, and also, for any a € R,

‘81;(5(16:‘:28&)‘ < Cs)\ga+1€:l:2$oz’
(3.6) ‘azx (gaei%a)‘ < 082)\2§a+26i25a,
‘8t(£aei23a)‘ < CTS§Q+1+1/m€i28a.

We first get the following Carleman estimate for the adjoint equation with homogeneous Neumann
boundary conditions.

Lemma 4 Letr € R, f € L?(Q), m > 1, and w C (0,L). Then, there exist Ao > 0 and C > 0
depending only on w such that for every A > Ao, s > C(T?™ +T?™1) and ¢ € L?(0, L), the weak
solution q of

_Qt+q4I:f7 an?
(3 7) Q2x(0at) =0, Q2x(L,t) =0, in (Oa T)a
. QSx(Oat) - 07 q31‘(L7t) = 07 m (07 T)7
Q(x7T) = qT($)’ in (Oa L)a
satisfies
(3.8)

// e_2sa(811+T/\12+Tfn+r|q|2+59+T)\10+T§9+T|qx|2—|—S7+T)\8+T£7+T|qu|2+55+T)\6+T§5+T|Q3x]2) dxdt
Q
+// S3+r)\4+7"£3+re—25a(’qt‘2 + |q4x’2) dxdt < C// S4+7’)\4+7"§4+7"€—25a|f|2 dxdt
Q Q

+ C // 6—2804811+T)\12+T€11+T|q’2 dxdt.
wx(0,7)



Proof. Observe that, using a density argument, we can assume that ¢ is smooth enough on @Q, so
the following computations are justified. Let p = g, so p is the solution of

—pt + Paz = fau, in Q,

p(0,t) =0, p(L,t) =0, in (0,7),
p2(0,t) =0, px(L,t) =0, in (0,7),
p((lZ,T) = qu(l’), in (07 L)

(3.9)

We apply the Carleman estimate given in [19], and get
(310)  [[ BTN 4 SNl 4 SN ) dade
Q

<C / / sINte™5 12 dadt + C / / sTABE ™25 p|? dadt.
Q wx(0,T)

So by replacing p by ¢.., we obtain
// 6725a(87)\8€7‘qu|2 + 35)\655161395‘2 + $3A4€3‘q4$’2) dxdt
Q
<C / / s*Aiete 2 f ) dadt + C / / sTABETe ™25 g | dadt.
Q wx(0,T)

In order to include lower order terms, we recall this well-known lemma.

Lemma 5 (see [10]) Letr € R. Then, there exists C := C(r,w, L) > 0 such that, for every T >0
and every u € L?(0,T; H*(0, L)),

s2\?2 // e 25T 2y 2 dadt < C // e 25T |ug |Pdadt + s? N2 // e 252y 2 dxdt |
Q Q wx(0,T)

for every s and X\ sufficiently large.

Thanks to this lemma, we easily get,
// 6—2801(811)\12511‘q’2 + 89)\1059‘(];5‘2 + 37)\8£7|Qxx’2 + 85)\655’q31|2) dadt
Q
+// SANE P (g + |qaa|?) dwdt < C’// stAt¢te 25| £ 12 dudt
Q Q
+ C// 672801(811)\12511‘(”2 + 89)\1059‘q$‘2 + 37)\8§7|qw$|2) dwdt,
wx(0,T)
and with a standard localization argument, we have
// e—28a(811)\12§11|q|2 + 89)\1059‘qz|2 + 37)\8£7|Qxx’2 + 35)\655’q3x|2) drdt
Q

+ // 83/\4536_25(1(’%‘2 + \q4$]2) dadt < C’// 54A4§4e_230‘\f]2dxdt
Q Q

+ C’// 67230‘311)\12§11|q]2 dxdt.
wx(0,T)



To obtain , it is enough to apply to p = &/2p, where r € R, and follow the same steps
as above. |

Let us work now on the Carleman estimate for the equation with non-homogeneous boundary
conditions.

Theorem 6 Let By € L*(Q), By € L*(0,T; H'/?(0,L)), By € L*(0,T; H%?(0,L)), by, by, b3,
by € L?(0,T), m > 1/2 and w C (0, L). There exist \g > 0 and C > 0 such that any solution ¢ of

—Ot + P4z = By + 0, B1 + amxB2a mn Q7

(3.11) 22(0,8) = by (1), 9o (L,t) = ba(t), in (0,7),
‘ (P?):B(Ovt) = b3(t)> 9033:(L7t) = b4(t)7 n (OvT)a
o(z,T) = pT(z), in (0, L),

satisfies, for every A > g and s > C(T?™ + T2m=Y | that
(3‘12) // 53)\4536—25a|¢2x|2 + 85)\6556_25a|(px|2 + 87)\8676_25a|90|2 dadt
Q
<C <// e 2| Bo|? + s2A\2€%| By |2 + s MY By ) dadt + // sTASETe ™25 |2 dudt
Q Qu

T
+ / S AP ([ (1) + b1 ()| + [B2(L, t)* + | Ba(0, 1))t
0

T
+/ SAE" 2 (|b3 () + [ba(t)]? + | Bu(L, )| + | B1(0,8)|* + |0 B2 (L, t)[* + !3m32(0,t)|2)dt> :
0

Proof. The proof of this Carleman result is rather long and is postponed to the Appendix[A] W

Remark 7 We do not use the Carleman estimate proven in [2] for a fourth-order equation with
non-homogeneous Dirichlet boundary conditions. In fact, in that article, the authors get a Carleman
estimate with only s" \3¢7e=25%|p|? on the left-hand side. To get s3X\*€3|py.|? on the left-hand side,
we need to make some integrations by parts, and we can not get rid of the boundary terms appearing
if we use non-homogeneous Dirichlet boundary conditions. That is the reason why we choose to
deal with non-homogeneous Neumann boundary conditions.

We can easily deduce from Theorem [6] the following Carleman inequality for the backward system
of two coupled fourth-order equations with non-homogeneous Neumann boundary conditions.

Theorem 8 Let VT € L2(0,L)?, 7 € L?(Q)?, (b1, b2, b3, bs) € L?(Q)?, let m > 1/2 and w C (0, L).
There exists A\g > 0 and C > 0 such that any solution ¥ of

—0 0 + 920 =TV + AG2U + T9, ¥ + OV + 7, inQ,

Wou(0,8) = by (), Wau(L,t) = ba(t), in (0,T),
quw(O?t) - b3(t), quw(Lvt) - b4(t)7 in (07T>7
U(z,T) =0T (z), in (0, L),

satisfies for every A > \g and s > C(T?™ + T?m~1),

// 83>\4§3€_28a"1’2x|2+87)\8€76_28a|\1’|2d56dt
Q

<C ( / / e Y 7|2 dxdt + s\ / / e 20| U P dadt
Q Qu
T

T
+55N? / e (€3 (B[ + [Bal?)dt + 52 / e ¢ (b + |b4|2>dt) .
0 0

7



Now we are ready to prove the following proposition.

Proposition 9 There ezists C := C(L,w), Ao > 0 such that for all ®T € L*(0,L)%, m > 1/2 the
corresponding solution ® of system (2.2)) satisfies

10
(313) // 6—2504 2(85)23—21”)\24—21“lagq)‘dedt < C// 6_28a823/\24€23’®‘2d$dt,
Q r=0 Qw
for every s > C(T*™ +T?™1) and A > \o.

Proof. Let ® in C2°(0,L)? then owing to Theorem [3, we can prove by recurrence that the
solution of (2.2) verifies ® € [C(0,T; H*+2(0, L)) N L2(0,T; H*+4(0, L)) n H4*Y(0,T; L?(0, L))]?
for all d € N. We derive our system (2.2)) eight times in space and get the following problem with
U= (I)8a?7 5 _ _ _

—0 U + 030 =13V + AO2U + 19, ¥ + AV + 17, inQ,

\IIQw(Ov t) == (bl();t(()? t)7 \IIQJJ(Lv t) == QIOI(L') t): in (07 T)7
\Il3x(07 t) - (I)llx(07 t)v \I,SI(Lv t) — (Pllx(La t)a in (0) T)a
U(x,T) = VT(z) := 0,07 (z), in (0,L),

where 77 = 7)(®,0,®,...,0,,®) € L?(Q). Furthermore, we get ®10,(0,t), ®10.(L,t), P11:(0,1),
®11,(L,t) € L?(0,T). Thus, we can apply the Carleman estimate given in Theorem With wg Ew
to get

(3.14) / / SN2 Wy |2 4 sTABE e 25| U 2 dadlt
Q

<C ( / / e 25|72 dadt + s / / e 25T W 2 ddt
Q Qug
T

+ 83)\3/ e 25 (€%)3(|®102(0,8) | + |P102 (L, t)|?)dt
0

T
~|—s>\/ e 25 (|®11,(0, 1) + \<I>11x(L,t)|2)dt> .
0

We follow [10, [13] and divide the proof of Proposition [9] into:
e Step 1. We estimate the boundary terms on the right-hand side of (3.14)).

e Step 2. We compare [, SN2 Wy, 12 + sTABETe 259 W|2dwdt with the left-hand side
wanted in (3.13)).

e Step 3. We re-estimate the right-hand side.

Step 1. Estimation of the boundary terms. By using Lemma [I5] in Appendix [A] we get

T
X [ (P (B0, + [a0a(L O
0

T L T L
< 53)\3/ 6—2”*(5*)3/ |<I>10x|2dazdt+4s3)\3/ 6—28‘1*(5*)3/ D10 || ®112|dxdt.
0 0 0 0

2
L



Thus,

T
83A3/ e ()2 (121020, 1) [* + [@r02(L, 1) [*)dt
0
T . L T . L
< Cst\t / e 257 (g%)4 / | @10, |*dxdt + Cs*\? / em 257 (£%)? / |11, 2 ddt.
0 0 0 0
In the same way we obtain
T *
S)\/ e 25 (|®11,(0,8))% 4 |®114(L, t)|?)dt
0
T ) L T . L
gcsw/ e 28 (g*)Z/ |<I>11x]2dxdt+0/ e~ 25 / |19, 2dadt.
0 0 0 0

Let & := p® with p € C°([0,T]) defined by p := (s£*)% %", with a € R to be chosen later.
We have that 9p(T) = 0 for all i € N. Thus, ® is solution to the system

—0,® + 92D = PP + AD2D + 19, + AD — p®  in Q,

A~ A

$(0,t) = O(L,t) =0 in (0,7),
9, ®(0,1) = 8, (L, t) =0 in (0,7),
&(x,T) =0, in (0,L).

As the compatibility conditions are trivially satisfied, Theorem [3| gives us for any d € N
(3.15) |19 22 (0,7 pr4a+4 (0, Ly ma+ (0.1:22(0,.0)) < Cllo®@ | L2017 mr44(0, LYy HA (0. 120, 1)) -
We estimate the derivatives in time of p := (s{*)“e*m*, with @ € R, a and £ given in and
the estimates on derivatives in time ,
po = (as(s€)" 67 — s(s6°) a7)e

Thus,
|Pt’ < CT(Sg*)aJrlJrl/mefsQ*’

‘ptt| < CTQ(Sg*)a+2+2/m€_8a*’
|Pttt‘ < CT3(S§*)a+3+3/mefsa*'

First, we take d = 1 in (3.15) with p = (s¢*)%e™5*", and then d = 0 with p = 9;((s£*)*e ™) to get

T
/ (85*)86723(]*
0

2 2
D5 (0,0)dt < Cllpe®@ 720, m54(0,L)0H (07302 (0,1))
< CHPttq’||%2(o,T;L2(o,L))

T
<oTt /O (sg*)2Hme=20m | ||7, 1 dt.



Secondly, we take d = 2, in (3.15) d = 1 and lastly d = 0, with successively p = e,
p=0:(e™") and p = Oy (e™5*") to get

T
/0 e |@|1 2129 £y dt < Clloe®1 220,115 (0, LynE2 (0.7:220.1))

2
< Cllpa®|72(07: 14 0,))0H (0,7:L2(0,L))

< C”ptttq)H%Q(O,T;LQ(O,L))

T
< Tt /0 (s&%)5H0/mem2507 @135 g 1y dt.

By interpolation, we have for all u € H'2(0, L) that
HUH%—PO(O,L) < Cllullgs o, lull 7120, 1)

and consequently
g 4 —2sa* 2 ’ 4 * *
e e gyt < € [ €Y Bl Bl it
T
< o1’ /0 e—QSa* (sg*)max[12+4/m,6+6/m} Hq)H%?(O,L)dt'

We also have by interpolation, for all uw € H'2(0, L),
”UHJQLIH(O,L) < Cllullgroo,) lull 120, 1)

implying

T
/ (Sf*)2€_2sa*
0

T
O2 00 < C /0 156%™ B 1000, e~ @l r12(0.2)
T
< CTH/Q/O e~ 2sa (Sg*)maX[12+4/m76+6/m]||(I)H%2(07L)‘

Finally, for s > C(T?™ + T?™~1) and m > 1 we obtain the estimation

(3.16) / / SN2 By, |2 4 sTABE 25 Dy, | Pdardt
Q

<C ( / / e” 2% 2 dadt + 5"\ / / e 25T Bg, | 2dadt
Q Qu

8

+822)\4 // 625(1*(5*)22’@|2d$dt> )
Q
Step 2. If we use Lemma [5| with » = 21 and ®, we have
823A24 // 6_2sa£23’¢|2d1}dt S C <S21)\22 // 6_25a§21‘¢$’2dxdt
Q Q

+g23)\24 // 6_28a523|<1>]2dxdt) .
Qu

8

10



We apply Lemma [5| successively with » =19,17,...,7 to @, Py, ...., P7,. Furthermore, we have

7
// e~ 25 72 dadt < c// e 2 "|@y [ dadt.
Q Q@ i=0
Then, using (3.16) we get

10
// 6725a 2(85)237%)\24721”’82(1)‘2
Q r=0
8

S C // 6—28a Z(S{)QS_QT/\24_2T’8;(1)‘2d$dt
Qug =0
+ O\ / / e~ 257 (£%)22|D|2ddt.
Q

Thus, for s and X large enough, we can absorb the last right-hand term to obtain

10 8
(3.17) // 6—25a 2(85)23—2r)\24—2r|8;q)’2 < C // 6—25a 2(35)23_2’”)\24_2’”]8;<I>Pda:dt.
Q r=0 Q‘*’S =0

Step 3. Local terms on the right-hand side. Let (w;)i=o,..7 be a sequence of open subsets such
that wg € wy € -+ € w. Let §7 € C?([0, L]) such that

Supp(f7) C wr,
07 =1 in wg,
0<6;<1in (0,L).

Notice that we have
|8x(976_28a§7)| S Os/\e—25a587

and by integration by parts

sTAS / / e~ 2507 | Dg, | 2dadt < sTAS / / e 259" | D, | dadt

8 Q 7

< Cs8\) / / e 250E8| Dy, || Pry|dadt + Cs™\® / / e LT | Doy || Pry|dadt
QW7 Q“’?

<es)® / / e 25T | g, | P dadt + esP\° / / e 259E5| By, | 2dadt

7 Q’?

+ C s / / e~ 2509 By, | Adadt.
Quy

The first two terms of the last inequality can be absorbed by the left-hand terms of (3.17) by
choosing e sufficiently small. Similarly, with 6, € C?([0, L]) for k =0, ..., 6, satisfying

Supp(6i) C wi,

9k =1in Wk+1,
0<0,<1in (0,L),
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we obtain

§23—2(k+1) y 24—2(k+1) //Q 6_25%23_2(’““)|¢(k+1)x\2dxdt

W41

< g23-2(k+1) \24-2(k+1) // 0k6_28a523_2(k+1)|<I>(k+1)x|2dazdt
ka

< g3 2(kF1) \24-2(k+1) // 6_23%23_2("““)]Cb(kﬂ)x]zdxdt
Q

W

1 523 2(k+2) \24-2(k+2) //Q 6—2$a£23—2(k+2)|(I)(k+2)$|2dxdt
Wi

+ 0682372]6)\2472]6 // 6725a52372k‘®k‘r|2d$dt'

Qu,

Again, the first two terms of the last inequality can be absorbed by the left-hand terms of (3.17))
by choosing e sufficiently small. Thus, we get the desired result of Proposition [9} i.e.,

10
//Q e—2sa Z(S{)23_2T/\24_2T’8;(I)‘2 S 0823A24 //Q 6_25a§23‘@’2d$dt.
r=0 w

0

|
As a usual consequence of Proposition [9] we can deduce the following observability inequality.

Lemma 10 There exists Cyps > 0 such that for every (¢p1,¢l) € L?(0,L)?%, the solution to system
(12.2)) satisfies,
L
[ v oPir < ca [ ergopa
0 wox(0,T)

Proof.

We first prove the dissipation of the adjoint problem (2.2). Let (¢1,¢l) € L2(0,L)%. We
multiply each equation of (2.2)) by 1 and 9, respectively, and we integrate on (0, L). Then, we
get for 7 =1,2

L 2
/ (—0wpj + Oppj — > [—aij030i + (—30paij + bij)0npi + (—302aij + 20ubi; — cij) Onps
0 i=1
+(=0aij + Ry — Oucyj + dij)pi] )pjda = 0.
Let us estimate each term. First, we have

L

L L
1
/0 (—0upj + Opps)pjda = —2at/0 90§d$+/0 07051 de.

Then, with € > 0 to be chosen later, we have by applying Young’s inequality and Ehrling’s Lemma

12



that
L L L
|/ —a;Opipidr| = | [ Op(a;j02pipjde +/ a;;02:i0yp;dz|
0 0

L
< 10u(asg) e / 18201l o5z + [laislloo / 10201l D05

/| 201 dx—i—C/ \<p]]dx+C/ 10,0, 2
/| 20 dm+e/| %Idl’JrC/ oy 2dz.

In the same way, we obtain

L
| /0 (=300, + bij) B2 i < (30uaijlloo + [Bijlloe) / D21l oylde

/] goﬂda:—i—C/ ]cpJQda:

With Young’s inequality and Ehrling’s Lemma, we get

L L
| / (—302ai; + 205bi; — c33)Onpipyda] < (3102 loe + 210ubisloe + llciilloc) / Depilis]da
0 0

L L
6/ \8£gai|2d:c+0/ \g0j|2d:c.
0 0

And lastly, we can write
L L
| /0 (—03as; + PPbi; — Duciy + dig)pispyd] < ([0 loo + 92053]100 + 10acis oo + i lloc) /0 oillislda

L L
SC/ \(piIde—i—C/ laijde.
0 0

Then, by summing all those inequalities, we easily get

L L
—at/ ]<I>|2dx§0/ 1B 2da,
0 0

L L
/ |®(x,0)|?dze ! < / |®(z, )2 d.
0 0

We integrate this inequality between T'/4 and 37'/4 to get

L 3T/4 L
/ |®(z,0)2dx < C / |® (2, t)|*dxdt.
0 /4 Jo

from where we deduce that

The desired result can be obtained in the standard way from this inequality. |
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4 Fictitious control method: adding a control

As mentioned already, in order to obtain our null controllability result with one control input, we
first obtain the same result but using two control inputs. To make this result useful later, we need
to work with controls that are regular enough. Let us introduce # € C2([0, L)] such that

Supp(f) C w
0 =1 in wy,

0<6<1in (0,L).

The previous result of observability, Lemma[I0enables us to obtain the following null controllability
result with two controls.

Proposition 11 The system

U + 02U = AD2U + BO*U + Co,U + DU +0H, in Q,

" U0,1) = U(L, 1) = 0, in (0,),
(4.1) 0,0 (0,1) = 0,U(L, 1) = 0, in (0.7).
U(z,0) = U%x), in (0, L),

is null controllable at any time T, that is, for any U® € L?(0, L)?, there exists a control H € L*(Q)?
such that the solution to system (4.1)) satisfies U(.,T) = 0 in (0, L). Moreover, for every K € (0,1),
we have €50 H ¢ L2(0,T; H'°(0, L)?) N H?(0,T; H?(0, L)?) and the estimate

(4.2) €550 H || 120 711100, 2)2ynm2 07 12(0.0)2) < CIU 120,12

Proof. To prove Proposition |11} we follow exactly the proof of Proposition 2.4 in [I3]. We use the
duality method of Fursikov and Imanuvilov [I8]. Let U° € L?(0, L)% k € N*, and p := £23e 252,
We consider the optimal control problem

-1
(4.3) minimize Jy(H // |H|2dxdt 4+ ~ / U (x, T)|*dz,
HeB@pVZ

where U is the solution in C([0,T]; L?(0, L)?) N L?(0,T; HZ(0, L)?) to system ([4.1)). The functional
Ji o L*(Q,p~'/?)? — Rt is differentiable, coercive and strictly convex on L?(Q,p~/?)2. Thus,
there exists a unique solution to the optimal control problem , and the optimal control Hy is
characterized thanks to the solution Uy to the primal system

Uy, + 01U, = AD2U, + BO2U, + CO,Uy, + DUy, + 0Hy, in Q,

4.4 Uk(O,t) = Uk(L,t) = 0, in (O,T),
(4.4) 0uU(0,1) = ByUp (L) = 0, in (0.7),
Ug(x,0) = U%x), in (0,L),

the solution ®; to the dual system,

—0p @), + 010 = —02(A*Dy) + 02(B*®,) — 0.(C*®y) + D*®, in Q,
(45) ®,,(0,1) = 4 (L, t) = 0, in (0,7),
‘ 0:®(0,1) = 0,®(L,t) = 0, in (0,7),
(2, T) = kUp(z,T), in (0,L),

14



and

(46) { Hy = _peq)ka in Q,

Hy € L*(Q,p~/?).

We divide the rest of the proof into two steps. First, we prove that the sequence (Hp)ren-
converges to a control H € L*(Q, p~/?) with an associated solution to (&.1]) satisfying U(.,T) = 0
in (0,L). Then, we prove that the control is regular enough and satisfies (4.2)).

Due to (4.4), (4.5) and (4.6), we have

~1 1 [t

Ji(Hg) = 2//@ 00, Hidxdt + 2/0 O (z, T)Uk(x, T)dx
1 L
* 0

_ 2/ &% (2, 0)U° () da.

0

Thanks to the observability inequality given in Lemma we also have

1940, 0) ) < o [ [ o8P0 Pt = s [ [ 57!
Q Q
< 2C sk (Hy) < 2Cobs]| @1 (-, 0] £20.0)1U° | £2(0.1) -

Thus, we get
195 (0l 20,2 < 2Cobs U 20,1

and we easily deduce that,
(4.7) Ji(Hg) < CobSHUOH%Q(O,L)'
Thanks to the well-posedness result in Theorem [2], we have

1Ukllcqomyzz0.mmnr20mm20.02) < CUU N2 .02 + 10Hk 12(q)
< C(1+ Cops) 10U 220,12

where C' does not depend on U° nor k. We deduce then that we can extract some subsequences of
H;. and Uy, still denoted by Hy and Uy such that

Hy = H in L*(Q, p~%/?),
Up = U in C(10,T; L*(0, L)%) N L*(0,T; HZ(0, L)?),
Up(.,T) — 01in L*(0,L).

Passing to the limit in (4.4), U is solution to (4.1), and U(.,7) = 0 in (0, L) with control H €
L*(Q, p~Y/?). Using ([4.7)), we get that

HHH%%Q,pflﬂ) < CobSHUOHLZ(O,LP-

Now, let us prove that this control H is sufficiently regular, i.e., belong to L2(0,7; H'°(0, L)?)N
H?(0,T; H%(0,L)). First of all, for any K € (0,1) there exists a constant C' > 0 such that

* J—
eZKsoa < CS 23623004‘
thLlS7 we have

50 Hy g < € [ /Q €209 H2dudt < Jy(Hy) < Cons U220 1
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Furthermore, we know that for any n > 0, any n > 0,

|a7x’b(£7]e—280a| < Cé—n—l—ne—nga’
292¢n ,—2s0 2 ¢en+4+4+2/m ,—2so
|9202¢ne=2%00| < CT2%¢ 2500

Then, we obtain for n = 1,...,10

n
H€2Ksoa*8ngH%2(Q)2 <C // 6—4soa+2soa* Z 5464—2(12—1’) |a;(l)k|2dxdt
Q

i=0
and similarly, for n,m =0,...,2, we get
n,m '
||€2K80a*aga?HkH%2(Q)2 < C// e—4soa+250a* Z Tm—j (546“("_1)*(2“/@(’”_])|8;8§<I>k|2dxdt.
Q i.j=0

As for any n,v > 0, there exists a constant C,, such that,

)

|£ﬂe—4soa+2soo¢*| < Cn,ygye—%a

we deduce from all those previous inequalities,

10

HeKSOO‘*Hk||%2(O,T;Hm(O,L)Q)OHQ(O,T;HQ(O,L)Q) S C//Q 6*2301 2(85)23*21”)\24721“’8;@]?’2.
r=0

It remains to use our Carleman estimate (3.13]) to get

||€Ksoa*Hk:H%2(O,T;Hlo(0,L)2)0H2(0,T;H2(OvL)Q) = C//Q e @y P dudt < C"H"?‘|i2(Q)2'

By using estimate (4.7)), we obtain

K *
He SoQ Hk”L2(07T;H10(0,L)2)0H2(07T§H2(07L)2) S CHUOHLQ(O,L)Q.

We conclude by letting k& — +oo. |

5 Algebraic resolution method: removing a control

In the previous section, we obtain the null controllability with two controls, and now we will remove
one of those to prove our main result, namely Theorem
Let UY € L%(0,L)?. From Proposition we know that there exists a control H € L?(Q)?
such that the solution U to system satisfies U(-,T) = 0 in (0,L) and also efX%0* H ¢
L2(0,T; H'°(0, L)) N H2(0,T; H2(0,L)?. Assume that we are able to built a trajectory (U, §)
solution of
U + 92U = AD>U + BO*U + Co,U + DU + H+ G§, in Q.,

U(0,t) = U(L,t) =0, in (0,7),
(5.1) d,U(0,t) = 0,U(L,t) = 0, in (0,7),
U(z,0) =0, in (0, L),
Uz, T) =0, in (0, L).
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Due to the well-posedness result in Theorem [2] we see that the solution has the regularity
U e C([0,T]; L2(0, L)?) N L2(0, T; H3(0, L)). Thus, we can define (U, k) := (U — U, —§j) belonging
to C([0,T]; L?(0, L)?) N L2(0,T; H3(0, L)) x L?(Q), which is the desired solution of starting
from the initial state U? and arriving at the null state at time 7.

In this way, in order to end the proof of Theorem |l| we have to build the trajectory ([7 ,§)
solution of . This is where algebraic resolution comes in, as in [12, [I3], among others. Notice
that we have to find (U , §) for any given control H, because that control changes depending on the
initial state U° to be steered to zero.

Let H = (h1, h2) be given with supp(H) strictly included in Q.. We need for a solution
(U,g) (with appropriate regularity) with its support also strictly included in Q. Denoting U =
(U1, U2), we rewrite the problem as solving L(u1, G2, §) = (h1, he) where

2
o R Oyt + 8;1@1 — Z(aljé)g@j + bljag’&j + Cljaxﬂj + dlj'&j) -3
L1(d,tz) — 9) - j=1

L(11,02,9) = ( Lo(iy, Uio) 2

Oyl + 6;1122 — Z(agjﬁiaj + ijagﬁj + ngaz’l)j + dgjﬁj)
j=1

Now, the goal being to find a partial differential operator M such that

(5.2) LoM=1Idin Q,.

As we shall use later, once we have the operator M, we just have to take (1, a2, §) = M(h1, h2).
We can first just solve Lo(U1,U2) = ho and then take § = L£1(4y,U2) — h1 as is done, for example,
n [14]. Thus, we look for a partial differential operator My such that

Ls0 My =Idin Q..

Remark 12 Notice that the steps (1, U2) = Mahy and after g = L1 o Mahg — hy, require he has
to be regular enough. We will derive the control in space and time.

A key step is realizing that solving L3 0 My = Id in @, is equivalent to solving
M5o L5 =1din Q.
The adjoint £3 of the operator Ls is given by

Lip = <«41¢> _ ( D2 (a2 @) — 02(b219) + Ox(c210) — d21¢ )
20 \Aog —0ip + O3 + D2 (azed) — 02(bazd) + 0z(c229) — doadp)

The goal is now to make some algebraic manipulations with A;¢ and As¢ in order to get ¢. We
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consider the operator

A1 I 0 ¢
022 A1 9 D2 0 P2
O3:.A10 O3, 0 P32
84a:~/41 ¢ 84a: 0 ¢4a}
05z A10 05z 0 P50
Doz A1 oz O D6
at:):x~/41 ¢ atxz 0 ¢9:p

Az 0o I ot
ax-A2¢ 0 8:1: thx
621A2¢ 0 8233 ¢twr
83IA2¢ 0 8336 th?)x
a4mv42¢ 0 84:B ¢t4a¢
85x~/42¢ 0 851’ ¢t5x

We clearly see that S is an operator of degree 6 in space, 1 in time, and 1-2 in time-space,
and M is a 16 x 16 square matrix depending on the coefficients (CLQ,]‘, baj,C2,5,d2 ;) j=1,2 and their
derivatives in time and space. Let us suppose that

(5.3) |det M (x,t)| > C, for every (x,t) € O x (T1,T3)

where O is an open subset of @),,. Then, with this hypothesis, the matrix M is invertible. By
denoting P; the projection on the first component we get

PlMilM (¢7 ¢$7 ¢2x7 (bea ¢4z7 ¢5x7 ¢6x7 ¢7a:7 ¢8CI27 ¢9$7 ¢t7 ¢t$7 ¢ta:a:7 ¢t3l‘7 ¢t4$7 ¢t5w)t = ¢

or
PIM7 S o L¢ = ¢.
Thus, we can choose

M =P M™LS.

In order to get (u1,u2) = Maha, we need to derive hg, once in time, six times in space, and 1-2
times in time-space. After that, to get ¢ = £1(t1, 42) —hy we need to derive again hy at a maximum
of 2 times in time, 10 times in space, and 1-6 and 2-2 times in time-space. Looking at the regularity
we need, we obtain

hy € H*(L?) N L?(H) n HY(H®) n H*(H?) = L*(H'°) n H*(H?).

The desired trajectory is given by (U, §) = M(6H) with M defined in (5.2) and M : L2(0,T; H'°(0, L)?)N
H2(0,T; H*(0,L)* — L*(w x (0,7))3.

Remark 13 Of course, there are some limitations on the coefficients to manage to get ¢ at the
end. The matrix M has to be invertible. The determinant of M can be explained in terms of the
coefficients.
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Remark 14 Case of constant coefficients. We can remark that if the coefficients are constant, the
determinant of the matriz is null. This is also the case in the work [T4]. In that case, we can follow
[13] where the idea is to take (U1, U2, §) = M(h1,h2) = (he,0, L1(h2,0) — h1) and then we get,

Lo M(hy,hg) = N(hi, ha) := (h1, —a2102hg + ba102hg — ca10:ha + da1hs).

However, we can remark that if we want to prove an observability inequality with an observation
on |[N*®|? then we must ask for as; = 0, obtaining only a coupling term of order 2 on the second
equation. Indeed, we need a sort of Poincaré’s inequality in |IN*®|* for ¢ € H. Thus, we can only
have up to second-order coupling terms.

A  Appendix

The proof of Theorem [0] is decomposed into two steps:

1. First we prove a Carleman estimate with s"A8¢7e=25¢||2 on the left hand side by using a
proof by transposition. This proof follows also [2] where a Carleman estimate for a Kuramoto-
Sivashinsky equation with non-homogeneous Dirichlet boundary conditions is given.

2. Then we multiply the PDE in (3.11]) by s3A\*¢3e~2%%% and make some integration by parts to
get s2M4€3|p,0|? on the left hand side.

We first view ¢ as a solution by transposition of (3.11), that is, ¢ is the unique solution in
LA(Q) of

L
(A.1) // gogd:cdt:// ngda:dt—// Blwxdmdt—i—// ngmdxdt—{—/ goTw(x,T) dx
Q Q Q Q 0

T T
0 0
T T
+ [ B+ 2BaLt) - ba(O)w(L )t~ [ (Br(0.6) +0,Bal0,8) ~ b)) w0, 1)
0 0

where g € L?(Q) and w is the solution of

W + W4z = ¢, in Qa
(A 2) ng((),t) = 0, ng(L,t) = 0, in (O,T),
' w3;(0,t) = 0, w3, (L,t) =0, in (0,7),
w(z,0) =0, in (0,L).

Then, we choose to solve the null controllability problem, i.e., to find (w, h) such that

wy + wae = s AETe 2% + A1, in Q,

(A.3) woz(0,t) = 0, wor(L,t) =0, in (0,7),
' ’w3m(0,t) = 0, ’wgz(L,t) = O, in (O,T),
w(z,0) = 0,w(x,T) =0, in (0,L).

With the Carleman estimate given in Lemma we solve the controllability problem ({A.3)) thanks to
the Lax-Milgram theorem. We use the same type of proof and notation as in the proof of Theorem
3.5 in [2).
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First we define the space

Ep := {q € COO(Q)a QQI(O’t) = q2x(L’t) = q3x(07t) = qu(L,t) = 0}

Let us define P(q) := —q; + q42 and & : Ey X Ey — R the bilinear form,

k(q1,q2) == // 6_2SO‘P(q1)P(q2)dxdt +5\8 // e_zsa‘f?qlquxdt,
Q Qu

and ¢ : £y — R the linear form
{(q) :==s\® // e 259¢T pgdadt.
Q

We choose s and A large enough so that the Carleman estimate (3.8]) is satisfied, then (., .)1/ 2
defines a norm in Fy. We call E the completion of Ey for this norm, then E is a Hilbert space for
the scalar product (.,.)g := k(.,.). By using the usual Cauchy-Schwartz inequality and (3.8)), we
get,

(A4) 0(q)] < C(sTAS / /Q €250 pf2dudt) 2 (g, g) /2,

that is £ is a bounded operator on F and we can apply Lax-Milgram theorem, there exists a unique
G € E such that k(q,q) = £(q) for all ¢ € E. Let us define

W= e 2VP(G), h = —s"\3¢Te 21,
Then we easily get by using k(§, §) = £(¢) with (A.4])

(A.5) / / X dedt + 57N / / e? e\ h2dedt < Cs™A / / £7e 25 |2 dacdt.
Q Qu Q

Furthermore, we can verify that (i, h) is a solution to the control problem (A.3). We take g =
s'A8¢Te252p + h1, in (A.1)-(A.2)). That gives us

/ / STABETe™25% |2 dapdt = — / hodadt + / / Byt da:dt — / / By, dadt
Q Qu Q Q

T T
+ /O by (t)t (L, t) dt — /0 by ()i (0,1) dt

T T
4 / (Bi(L,t) — ba(t)i(L, 1) dt — / (B1(0,1) — b(t))i(0, 1) dt.
0 0
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Then we have by using Young’s inequality,
(A.6) // sTASETe =259 |2 dxdt
Q
<C <// sTABE ™25 | 2dadt + // e (| Bo|* + s2X2€2| By |2 4 s\ By |?) ddt
Qu Q
T *
#5000 + ba(t)? + [Ba(L O + |Ba(0, ) )
0
T
+SA/ e ([ba(t) P + [ba(t)]* + [Bu(L, 1) * + | B1(0,8)[* + |0: Bo (L, 1)* + If?sz(O,t)Q)dt>
0
+€ ( / / e (|w|? 4+ sTEINT2E Y * 4+ sTAINTIE gy |?) ddt + s7TATS / / e250¢ =T h)2dadt
Q Qu
T *
+s‘3/\—3/ 25 €3l (L, 1)) + |, (0,1)]?) dt
0
T *
—i—s_l/\_l/ eZ e (w(L, 1) + w(O,t)Q)dt> :
0

We already have estimate (A.5)). The last two boundary terms of the previous inequality,
s fo 425 e | dadt, and fo sT2NT2672e25 0, |2 dadt in terms of fo sTABET e 250 p|2
remain to be estimated. We have first:

T T
—24y-2 22304 L —2 2sa _ 21L
sA/O[ax@ >|udt—sA/0[ (25 — 26y |2 ke

T
_23_2)\‘1/0 €20" =1 (5 4 1) (5 (0) (0, £) |2 — f (L) | (L, £)[2)dt.

Using the definition of the weight (3.3]), we get

T T
SQAQ/ [02(6 %) | [*)§dt > 2057 "A7 / (| (0,0)* + [ (L, 1)[*)dt.

0 0

Thus we have with (3.6]),

T T
255707 [ e e (0.0 + L0 < 572N ool
(A7) < sTAAT / / Oz (E72%5Y) |2 ddt + 2572\~ / / D (£ 22X b dadt

<C / / X% 2dadt + esT2NT2 / / 7225, | dadt.
Q Q

Similarly we get,

T T
sy / [0, (6~ 429) [, L dt > 2053\~ / €250 3[4y, (0, )2 + [ta (L, £)[2) .
0 0

Thus, we have
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T T
2533)\3/ 2507 %73 (0 (0, 8| + [y (L, 1) 2)dt < s™4N™ / [0, (& 1e?5) |ab, )iy dt
0
(A.8) <s7INT // Dy (€72%5) |0 | ddt + 254N // 02 (£ 225 b dadt
< Cs 2272 / / 72625, |Pdadt + es AT / / 7125 U | dzdt.
Q Q
We estimate those integrals in several steps.

A.1 Estimating the second-order term

We multiply equation (A.3) by s~*A~%¢ 425 and integrate by parts in Q:

// 5_4)\_45_46256“111(12),5 + Wiy — 87)\8576_250‘90 — Blw)dxdt =0.
Q

/ / TIN5 i | Pddl = — / / sTINTAeT e b dadt + / / SN e Ype Y pdxdt
Q Q

- / / sTINTIeT e ph1 dadt — / / 5T INT10,, (€715 iy ddt
Q Q

—2// 874)\74055(5 4 25a)wxwmdxdt
Q

We estimate each of the five terms appearing in the right hand side of the previous inequality with

Young’s inequality, (3.5)) and (3.6)),

1
| / / sTINTIET P My daedt| = | 5 / / sTAINT1O, () [P davdlt
Q 2JJq
<CT / / sTINTAETIHYm 250 g 2 drdt < O / / 2|2 dxdt,
Q Q

when m > 1/2 and s > cT?m, Furthermore, we get

| / / sSME e he ™Y pdrdt] < Cs®A® / / 8¢5 |2 dadt 4+ C / / X% |2dadt,
Q Q Q
| / / sTAINT AT b dedt| < CsTENTE / / ¢8| h2dxdt + C / / %% |w|?dxdt,
Q Qu Q

| / / sTINT10,, (672X N iy dadt]| < C / / SN2 225 g | ddlt
Q

<C / / X% Pdadt + € / / sTINTAET 25 iy |2 it
Q Q
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| / / sTINTA0L (67PNl dadt]| < C / / sTINT3E T2 Wty | ddlt
Q Q

<C / / sTANTZET2e25Y 0, P ddt + € / / sTINTRET 125V 4, |2 dandt.
Q Q
Thus we get, with € > 0 sufficiently small, from (A.9)) and the five previous estimates,

/ / sTINTAET Yy, [Pdadt < C / / X% Pdadt + Cs®A® / 5e72% |2 dadt
Q Q Q

Cs™8\8 / / 252 =8|h|2dxdt + C / / sTINTZE 2250 0, | P dadt.
Qu Q

By using (A.5)), we have,
(A.10)

/ / sTINTAETAE25Y i, | Pdadt < C'sTA / / £Te 25 p|2dadt + C / / s TANTEET2e25Y oy P ddt.
Q Q Q

A.2 Estimating the first-order term
By using some integration by parts, (3.5) and (3.6]), we have

T
// 8_2/\_25_2628a‘1f)m’2d$dt:/ [ —2)\ 25 2 25a~ ]Ldt—// 8—2)\—28x(£ 2 2804) wdxdt
Q 0 Q

_// 72A 26 2 25a A;m;’LUd.’L'dt
Q
T

:/ —2)\ 5* 2 2804 [ ]Ldt_// 3_2)\_28$(£ 2 28@) wdrdt
0 Q

o // _2A_2£_2 2504 A u?dmdt

[ oo g o [ oo

+ € / / sTANTZET2e25Y i, P ddt + € / / sTAINTAET A2 Y iy [P ddt.

Q Q

Thus we get, with € > 0 sufficiently small,

// —2)\ 25 2 QSQ‘U} ‘ dl’dt< ’/ 2A 26* 2 25a [ Ldt‘+0// QSa’w‘ dadt
Q

+€ / / sTINTRET 125V 4, | P dadt.
Q

Lastly we estimate the boundary terms fOT sTINT2E 2250 b dt,

(A.11)

T T
[t alfa < © 5N (00,07 + il L))
(A.12)

T
te / s3AT3E 36250 (10, (0, 8)|2 + |a (L, )[2) .
0
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With (A.7) and (A.8) in (A.12)) we have,
T

(A.13) | / sTINT2E* 22 )bt < © / / %5 |w|* dxdt
0 Q

+esT2NT? / / 72625, | Pdadt + es™ AT / / £ iy, | A ddt.
Q Q

With (A.11]) and (A.13)) we have for e sufficiently small,

(A.14) / / sTANTEET2e25Y i, P ddt < C / / X% w2 dadt + € / / sTINTAET 25 1y |2 ddt.
Q Q Q

A.3 Adding a zero-order term on the left-hand side
Now we use (A.14) with (A.10) to get for e sufficiently small,

(A.15)
/ / sTINTAET 25 g P ddt + / / sTINT2ET2%5 i, P dardt < OsTA® / / £7e™ 25 |2 dudt.
Q Q Q

This estimate (A.15)) with (A.5), (A.7) and (A.8) allows us to obtain,

T
(A.16) 51A1/ 5 e (| (0,1))? + |w(L, t)]?)dt < Cs™\8 // £Te 25 |2 dadt.
0 Q
and
T
(A.17) sTINT3 / 25 e 3 (|, (0, 1)) + | (L, 1)]?)dt < C's™A / / £7e™ 25 |2 dadt.
0 Q

It remains to apply all those estimates in (A.6|) to obtain the first Carleman estimate, for e suffi-
ciently small,

(A.18) // sTAETe™ 259 |2 dxdt < C (// e 25| By|? 4 s2X262| By |? + s*A\*¢4| By |?)dxdt
Q Q
T
+ sA/ e 27 (b3 (8) 2 + [ba(®)* + | Bi (L, t)[* + | B1(0,1)|? + 82 B2 (L, t)[* + |0, Ba(0, 8)[*)dt
0
T
+53A3/ €259 €3 (b1 (1)]2 + [ba(0)]? + | Ba(L, 0)* + | Ba(0, 0)|?)dt + // STABET 250 o2 d:pdt) .
0 Qu
This ends the first part of the proof of Theorem [3.12

A.4 Adding a second-order term on the left-hand side
We multiply (3.11)) by s2A*¢3e=25%p, we first estimate the following integral I :

I:= // SN2 (—p; + ) drdt,
Q
=h+1
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We first have

1
—// SN e 2 ppdudt = 2// SN0 (E3e725) || dadt.
Q Q

Thus for s > C(T?™ + T2 and m > 1/2, with (3.6) we obtain,

(A.19) || <CT / / M (sg)Hme=250 |12 dpdt < C / / M8 (s€)7e2% | 2 dudt.
Q Q

12 — // 83)\4536_28a<)0§04wd$dt
Q

T
= / [$PANE3e ™25 g, | dt — / / s A0, (e ) ppg,dudt — / / s M e oy p3pdadt
0 Q Q

T
N / A1 e 203, — A1, (2672 oo, — sP AN 00, [ dt

// $3N10, 28&)@@2md$dt + 2// 33)\48x(§3e_28“)4pxg02md:ndt + // 33)\4536_250‘|4p2x|2da€dt
Q Q
=TIy + / / SPAEBe ™29 o, | dudt.
Q
Thus
(A.20) / / SSANEBe 2 oo Pdadt = T — Iy — Iy < |I] + |I1] + | Io1]
Q

We can first estimate the cross terms in @s, appearing in Io; with the estimates on the weights
given in (3.6)).

// 33)\4\855;5(536723“)\|<pcp2x]da:dt < C’// 85A6£5e*25a|g0<p2x|dxdt
Q Q
< C’// sTA8E 25 o2 dadt + 6// SN2 g, |2 dadt
Q Q

and we also have for the term in ¢,p9; appearing in o1,

(A.21)

// 83)\4|8x(§3e_2s°‘)||<pxg02x\dxdt < C// 54)\5546_23a|cpx902x]dxdt
Q Q

< C’// sPA\0€5e25 o |2 dadt + e// M35 g, |2 ddt.
Q Q

Now we estimate the boundary terms appearing in Io;. For that, we first prove an easy technical
lemma.

Lemma 15 Let f € H'(0, L), then |f(L)P + 7O < 21320, +4/ (@) (2)|dz.
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Proof. For the right boundary term we have easily,

T L x L L T
AP = 1P = [ az<—f2<m>>da::% | Pt [ i@ @a

< L1tk +2/ (@) () dr,

and similarly we have,

. L . L Lo(y_
O e ) Y sz(:v))d:v:% | Pwiss [T ) o)

< 1 a0y +2 / (@) f (2 dz.

We apply Lemma [15|to the boundary terms appearing in Io;.
T T
| / [s° A% e ppg, | dt] = | / SPANEBem 0 (p(L, )ba(t) — (0, )bs(t))d]
0 0

T T
< C/ SATED 2 (|p(L, )| + |00, ) ) dt + C/ SAE ™2 (|3 (1) + [ba(t)[*)dt
0 0

T L T
< C/ 55/\75*5625a*(/ ol? + |ppe| da)dt + C/ SAE €2 (|3 (8)[* + [ba(t)[?)dt
0 0 0

T
< C’// 57)\8576_250‘|g0\2+6// 55A6§5e_250‘]gox|2dt+0/ SAE* ™25 (|bg (1) |2 + |ba(t)|?)dt
Q Q 0

Similarly,
T T i
\/ [s°A10, (6772 ppag ] dt| < C/ sIAPE T2 (Jo( L, 1)ba(1)] + |0(0, )1 (1)) dt
0 0
T * T *
< C’/ SOATED e (|o(L, 1) + |<p(0,t)|2)dt+C/ N
0 0
< C’// 87)\8576_250‘|<p\2dxdt+6// P X052 o |2 dardt
Q

e / SABES B by (0)]2 + [ba (1)[2) .

ba (1) + [ba ()]*)dt

Furthermore,

T
|/0 [53A4§3€_28a@x@2x]€dt’ S/ 3A4§*3 —2sa* (

0

(L7 t)b2(t)| + |90x(07 t)bl (t)|)dt

<C / SNEBE 2 (o, (L DI + |pa (0,6)%]) + C / SAEBe T (by(8)2 + b (1))t
<C/ 3/\55*3 —2sa* / ‘Sow’ +/ ‘(Px(P%c’ +C/ 3)\35*3 —2sa* (|b2(t)’2+’b1(t)‘2)dt

< C’// 85A6§5e_25a|gpz|2dxdt—|—e// SN2 o, |2V dardt
Q

e / SABES B by (0)]2 + [ba (1) [2) .
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It remains to estimate the term fo s9\6¢5e=25%| o |2dzdt. By integration by parts, we first obtain

// 55)\6556_2sa|(px|2d£cdt
Q
T
:/ [s°A6¢%e™ 252 0 Ldt—// 9209, 25a)<pxg0d:z:dt—// $ON0E5e™25% 0 pdadt
0

T 1
‘/ [PAS€Re -%det—g / [PX00, (€0 PIfdt + - // SN0, (€725 [Pzt
0

/ / NP ey odadt.

We estimate each of those terms separately thanks to Lemma Young’s inequality and estimates

B).

T
(A22) | /0 (SPX0 T2 ok |

T . L L L L
<c / AT 25 ( / o + / ppalda)dt + ¢ / NP2 / ol + / (ool dt
0 0 0 0 0

< C// sTASE ™25 |2 dadt + e// s°A\0€5e25 o | 2dadt + e// SN2 g, [2ddt,
Q Q Q

T
| /O [5X0D, (52| ok dt| < C / AT 250" / ol + / o)

< C// sTABET 259 2 d:rdt—i—e// s°A\0€5e25 |2 dadt,
Q Q

|// $° N0, (£5e725%) |2 dadt| < C// sTABET e 25 o2 dadt,
Q Q

\// s°\0¢E%e ™25 oy pdadt| < C// sTA8E ™25 o2 dadt + 6// P32 g, [P ddt.
Q Q Q

Thus, we get, for e sufficiently small,

(A.23) / / s°\0¢5e25 o, |2dadt < C / / sTASETe™ 259 o2 dadt + € / / SSNAE3e™25% o, |2 ddl.
Q Q Q

With all those previous estimates, we deduce that
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(A.24)
|I21] < C// sTA8E e 25 |2 dadt + e// SN ™25 g, [P dadt + C// $ON6EPe =25 o, |2 ddt
Q Q Q

T
+C / 83A3§*36723a* (
0

< C// sTABE ™25 o2 dadt + e// A% o, | ddt
Q Q

T
bo(1)|? + |by ()| dt + C/o SAE* 25 (|bg (1) |2 + |ba(t)})dt

T T
+C/ A3 (1hy (1)) + |b1(t)|2)dt+0/ SAE e 259 (b3 (t)[2 + [ba(t)|?)dt.
0 0
On the other side, with , we know that
I= / / s A3 2% (By + 0, By + 02, Bo)dxdt
Q
= / / SN B Bydadt — / / SN0, (e3¢ 2 By dadt — / / $SAN3e 2%, B dxdt
Q Q Q
+ / / SN2y, Bodadt + 2 / / P10, (£3e72Y) o, By dxdt + / / SN0, (£3e 725V By dardt
Q Q Q
T *
- / 83)\45*36_28(1 (BQ(Lv t)(pm (L> t) — By (07 t)(pm (07 t))dt

0
T
- [ SN Bl gl )
0
T *
+/ SN2 ((By (L, t) 4 0, Bo(L, t))o(L, t) — (B1(0,t) 4+ 8, B2(0,1))¢(0,t))dt.
0
By using (3.6)), we have,
|I| <C (// sTASE ™25 o2 dadt + // sT1e7 e 259 Byl 2 dardt + // sINSEte™ 259 || By |ddt
Q Q Q
+// 34/\6546_250‘]g0x|2da:dt+// 32)\2526_280‘|312dxdt+// P N6E5e =259 || By |d:dt
Q Q Q
+ / / $2NE2e25% o, [P dacdt + / / sINgde™25| By [2dadt + / / sIN€4e™25% o, || Bo|dadt
Q Q Q
4 *5 —2sa* 2 2 ’ 315 ¢*x3 —2sa* 2 2
+ /O SNED2 (L D + [9(0, D))t + /0 AL (o, (L D] + [0 (0, D)t

T
. / PABEB 259" (| By (L, 1)[2 + | Bo(0, 1) [2)dt
0

T
+/ sSAC e (|B1(L,t)|* + [B1(0,1)|* + |0:Ba(L, 1) + \3:c32(0,t)!2)dt>
0
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And then,

|[I| <C (// sTASET ™25 o 2dadt + // sIA0¢tem59 o, |Pdadt + // S2NE2e25% o, |2 dadt
Q Q Q

- / / sTLeT e 25 By |2 dadt + / / §2A\22e25 By Pdxdt + / / st e 2% By |2 dadt
Q Q Q

T T
b [N (AL, 0 4 (00 [ I (L0 4 a0, )i
0 0
T
n / SABEBe=20" (| By (L, )2 + | Ba(0, 1) 2 dt
0
T *
+/ SAE e 2 (|B1(L,1)|* + | B1(0,1)|* + |0, B2 (L, t)|* + |8ng(0,t)]2)dt> :
0

Thus, with the help of (A.23)) and Lemma |15 we obtain an estimation on |I|.

1| <C (// sTAETe™ 259 |2 dadt + // sT1e7 e 259 Byl 2 dadt
Q Q

+ / / $2\2E%e7 259 By 2 dxdt + / / siIAete 25 By |2 dadt
Q Q
T

(A.25) + / SABEBe 250 (| By(L, 1) |2 + | Ba(0, 1) [2) dt
0

T
+/ SAE ™2 (| BU(L, 1)[* + | B1(0, ) + |0 Ba(L, 1) + lasz(OytN?)dt)

0
—i—e// SSNE3 25 o, | ddt.
Q

We are now ready to get the wanted estimate with (A.19), (A.20), (A.24]) and (A.25)),

/ / SBNED 20 g, Pddt < |T) + 1] + I
Q

S C (// 37)\8576_250¢‘S0’2dxdt+// 3_15_16_23a‘30|2dl’dt+ // S2A2€26—25a’B1’2dxdt
Q 0 0

- / / st e 2% By |2 ddt
Q
T

+/ SN2 (b2 ()2 + |1 ()| + | B2 (L, )* + | B2(0, 1)) dt
0

T *
+/ SAé-*efQSOl <

0
+e// SN 259 o, |dadt.
Q

b3(t)|? + |ba(t)|* + | B1(L,t)|* + |B1(0,1)|* + |0, Bao(L, t)|* + |8xBQ(0,t)’2)dt>
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Thus for € sufficiently small we have :

(A.26)
// 53A4§36_250‘|Lp2x|2d:cdt
Q

gc( / / sTABE ™25 o2 dadt + / / sTLe7 e 259 By |2 dadt + / / s2A\22e 25| By P dxdt
Q Q Q
- / / st e 2% By |2 ddt
Q
T *
+/ $IABEReT2 (| ()] 4 b1 (1) * + | Ba(L, )[* + | B2(0, 1)[*)dt
0

T *
+/ SAé-*esta (

0

b3(t)|? + |ba(t)|* + | B1(L,t)|* + |B1(0,)[* + |0, Bo(L, t)|* + |8xBQ(0,t)’2)dt> .

And with (A.18) and (A.23), we have the desired Carleman estimate of Theorem [| [
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