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Abstract

Controlling systems of partial differential equations with fewer controls than states has been
a central topic in the last decades. The nature of the equations and existing couplings are key
factors to consider. Even if we can find several works for parabolic systems, there are only a few
for fourth-order equations. In this paper, we use the fictitious control method and the algebraic
resolution method, as introduced by Coron and Lissy, in order to prove the null controllability
of a highly coupled fourth-order parabolic system with only one control input.
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1 Introduction

During the last decades, the control community has been interested in studying control properties
of coupled systems of partial differential equations, paying special attention to the underactuated
case, where there are fewer controls than states. A fairly complete study has been performed for
second-order parabolic systems, considering different couplings with internal or boundary controls
[1, 20, 21, 11]. Still concerning parabolic systems, an important body of work has dealt with the
Stokes and Navier-Stokes equations. Four equations (counting the divergence-free condition) can
be controlled with three, two, or just one input, depending on the systems [23, 10, 4, 32]. Roughly
speaking, the main strategy applied for internal control has been first to reduce by duality the null
controllability to an observability inequality. Next, to apply a Carleman inequality to each state of
the system and summing them up. Then, to try to eliminate the undesirable observations by using
the equations of the system. A key breakthrough has been introduced in [12] by Coron and Lissy
using the algebraic resolution method. This approach starts once a control result with the same
number of controls as states is already proved. Then, by using algebraic relations coming from the
equations themselves, the idea is getting ride of the undesirable components of the control. This
strategy, introduced in [12] for a Navier-Stokes system, has also been applied in [13, 14, 30, 31] for
other parabolic systems and in [28, 15] for other equations.

In this paper, we are interested in the controllability of fourth-order parabolic systems. Let
us recall the known results in this context. The controllability of this kind of equations has been
studied in [5, 6] when the control acts on the boundary and in [7, 19, 6, 24] for internal controls.
All these papers are in dimension one for the space variable. The first results in higher dimensions
are [22], [25]. Regarding the control of systems involving fourth-order parabolic equations, the first
references are [9, 2] for internal controls and [8, 3, 26] for boundary controls.

Let us now focus on the specific problem that we are dealing with in this work. This is the
control of a system that couples two fourth-order parabolic equations. Let T > 0, L > 0 and ω
be a non-empty open subset of (0, L). We introduce the following sets, Q = (0, L) × (0, T ) and
Qω = ω× (0, T ). Our problem is to prove the null controllability of the following parabolic system
of two equations coupled up to third-order terms with coupling coefficients depending on space and
time and with only one internal control acting on the first equation. The system is given by

∂tu1 + ∂4
xu1 =

2∑
j=1

(a1j∂
3
xuj + b1j∂

2
xuj + c1j∂xuj + d1juj) + 1ωh, in Q,

∂tu2 + ∂4
xu2 =

2∑
j=1

(a2j∂
3
xuj + b2j∂

2
xuj + c2j∂xuj + d2juj), in Q,

(u1, u2)(0, t) = (u1, u2)(L, t) = 0, in (0, T ),
∂x(u1, u2)(0, t) = ∂x(u1, u2)(L, t) = 0, in (0, T ),
(u1, u2)(x, 0) = (u1, u2)

0(x), in (0, L),

where (u1, u2)
0 ∈ L2(0, L)2 is the initial condition and h ∈ L2(Q) is the control. For any i, j = 1, 2,

the coupling terms (aij , bij , cij , dij) are assumed to be in C∞
c (Q). We can rewrite this system in a

matrix form

(1.1)


∂tU + ∂4

xU = A∂3
xU +B∂2

xU + C∂xU +DU + 1ωGh, in Q,
U(0, t) = U(L, t) = 0, in (0, T ),
∂xU(0, t) = ∂xU(L, t) = 0, in (0, T ),
U(x, 0) = U0(x), in (0, L),
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with U =

(
u1
u2

)
, A = (aij)1≤i,j≤2, B = (bij)1≤i,j≤2, C = (cij)1≤i,j≤2, D = (dij)1≤i,j≤2 and

G =

(
1
0

)
, where (A,B,C,D) are supposed to be 2× 2 matrices with coefficients in C∞

c (Q).

In this paper, we are able to get the internal null controllability of this system. As our control
input acts on the first equation only, we will require a condition on the coefficients of the system
to get our result. The precise condition needs more context and notation to be clearly stated, and
thus we only mention it in our main result by making reference to Section 5.

Theorem 1 Let T > 0, L > 0 and ω be a non-empty open subset of (0, L). Let assume that the
condition (5.3) in Section 5 holds. For any U0 ∈ L2(Q)2, there exists a control h ∈ L2(Q) such
that the solution to (1.1) satisfies U(·, T ) = 0 in (0, L).

To prove this result, we proceed in different steps. First, in Section 2 we state some well-
posedness and regularity results that we need. Next, in Section 3 we obtain some Carleman inequal-
ities for a single equation and systems with non-homogeneous Neumann-like boundary conditions.
Section 4 is devoted to proving the desired null controllability result when we are allowed to control
both equations. This step is known as the fictitious control method as we added one input control.
Finally, Section 5 uses the algebraic resolution method in order to remove the additional control
input and proves our main result.

2 Well-posedness

In this section, we give some well-posedness and regularity results. We study the existence and
uniqueness of direct and adjoint systems related to (1.1). We consider the direct system

(2.1)


∂tU + ∂4

xU = A∂3
xU +B∂2

xU + C∂xU +DU + F, in Q,
U(0, t) = U(L, t) = 0, in (0, T ),
∂xU(0, t) = ∂xU(L, t) = 0, in (0, T ),
U(x, 0) = U0(x), in (0, L),

and its adjoint given by
−∂tΦ+ ∂4

xΦ = −∂3
x(A

∗Φ) + ∂2
x(B

∗Φ)− ∂x(C
∗Φ) +D∗Φ+ η, in Q,

Φ(0, t) = Φ(L, t) = 0, in (0, T ),
∂xΦ(0, t) = ∂xΦ(L, t) = 0, in (0, T ),
Φ(x, T ) = ΦT (x), in (0, L),

where ∗ stands for the usual transpose operator on matrices. Introducing the matrices Π = −A∗,
Λ = −3∂xA

∗ + B∗, Γ = −3∂2
xA

∗ + 2∂xB
∗ − C∗, Θ = −∂3

xA
∗ + ∂2

xB
∗ − ∂xC

∗ +D∗, we can rewrite
last system as

(2.2)


−∂tΦ+ ∂4

xΦ = Π∂3
xΦ+ Λ∂2

xΦ+ Γ∂xΦ+ΘΦ+ η, in Q,
Φ(0, t) = Φ(L, t) = 0, in (0, T ),
∂xΦ(0, t) = ∂xΦ(L, t) = 0, in (0, T ),
Φ(x, T ) = ΦT (x), in (0, L).

Theorem 2 Let (A,B,C,D) in C∞
c (Q). If U0 ∈ L2(0, L)2 and F ∈ L1(0, T ;L2(0, L)2), then there
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exists a unique solution U ∈ C([0, T ];L2(0, L)2) ∩ L2(0, T ;H2
0 (0, L)

2) of system (2.1). Moreover,
there exists C > 0 such that

(2.3) ||U ||C([0,T ];L2(0,L)2)∩L2(0,T ;H2(0,L)2) ≤ C
{
||U0||L2(0,L)2 + ||F ||L1(0,T ;L2(0,L)2)

}
.

Proof. This result can be proved by a usual Galerkin method as done in [16, 27]. ■

Theorem 3 Let ΦT ∈ H2
0 (0, L)

2 and η ∈ L2(Q)2. Then, the solution Φ of (2.2) satisfies

Φ ∈ [C(0, T ;H2
0 (0, L)) ∩ L2(0, T ;H4(0, L))]2.

Let us write the system (2.2) as −Φt := L(t)Φ + η, where L(t) = L(t, x, ∂x) and let d ∈ N.
If ΦT ∈ H4d+2(0, L)2 and η ∈ L2(0, T ;H4d(0, L)2) ∩ Hd(0, T ;L2(0, L)2) satisfy the compatibility
conditions 

ḡ0 := ΦT ∈ H2
0 (0, L)

2,
ḡ1 := −L(T )ḡ0 − η(T, .) ∈ H2

0 (0, L)
2,

...

ḡd := −
(∑d−1

k=0

( d− 1
k

)
∂k
t L(T )ḡd−1−k

)
− ∂d−1

t η(T, .) ∈ H2
0 (0, L)

2,

then, the solution Φ of (2.2) satisfies

Φ ∈ [C(0, T ;H4d+2(0, L)) ∩ L2(0, T ;H4d+4(0, L)) ∩Hd+1(0, T ;L2(0, L))]2,

and we have the existence of C > 0 such that

∥Φ∥L2(0,T ;H4d+4(0,L))∩Hd+1(0,T ;L2(0,L)) ≤ C
(
∥η∥L2(0,T ;H4d(0,L)2)∩Hd(0,T ;L2(0,L)2) + ∥ΦT ∥H4d+2(0,L)2

)
.

Proof. This can be easily deduced from [29, section 6.4]. ■

3 Carleman estimates

In this section, we want to get new Carleman estimates for general fourth-order parabolic equations
with non-homogeneous Neumann boundary conditions and right-hand side in L2(0, T ;H−2(0, L)).
We consider the system

(3.1)


−φt + φ4x = B0 + ∂xB1 + ∂xxB2, in Q,
φ2x(0, t) = b1(t), φ2x(L, t) = b2(t), in (0, T ),
φ3x(0, t) = b3(t), φ3x(L, t) = b4(t), in (0, T ),
φ(x, T ) = φT (x), in (0, L).

The idea to prove this Carleman inequality is to follow [17] where the authors obtain a new Carleman
estimate for the heat equation with non-homogeneous Neumann boundary conditions. First, we
introduce some weight functions, as in [2]. Let η ∈ C4([0, L]) be a function satisfying,

(3.2)

{
η(x) > 0, ∀x ∈ (0, L), η(0) = η(L) = 0,
|η′(x)| ≥ δ > 0, ∀x ∈ [0, L] \ ω0,

4



for some ω0 ⋐ ω where this means that ω̄0 ⊂ ω. Thus, we have

(3.3) η′(0) ≥ δ and − η′(L) ≥ δ.

We define the usual exponential weight functions given by

(3.4)
α(x, t) :=

ek
m+1
m

λ∥η∥∞ − eλ(k∥η∥∞+η(x))

tm(T − t)m
, ξ(x, t) :=

eλ(k∥η∥∞+η(x))

tm(T − t)m
,

α∗(t) := max
x∈[0,L]

α(x, t) = α(0, t) = α(L, t), ξ∗(t) := min
x∈[0,L]

ξ(x, t) = ξ(0, t) = ξ(L, t),

where λ > 1, k > m > 0. We can remark that we have the following estimates

(3.5) |αt| ≤ CTξ1+1/m, 1 ≤ CT 2mξ, |∂n
x ξ| ≤ Cλnξ,

for any n ∈ N, and some positive constant C independent of λ, and also, for any a ∈ R,

|∂x(ξae±2sα)| ≤ Csλξa+1e±2sα,

|∂xx(ξae±2sα)| ≤ Cs2λ2ξa+2e±2sα,

|∂t(ξae±2sα)| ≤ CTsξa+1+1/me±2sα.

(3.6)

We first get the following Carleman estimate for the adjoint equation with homogeneous Neumann
boundary conditions.

Lemma 4 Let r ∈ R, f ∈ L2(Q), m ≥ 1, and ω ⊂ (0, L). Then, there exist λ0 > 0 and C > 0
depending only on ω such that for every λ ≥ λ0, s ≥ C(T 2m + T 2m−1) and qT ∈ L2(0, L), the weak
solution q of

(3.7)


−qt + q4x = f, in Q,
q2x(0, t) = 0, q2x(L, t) = 0, in (0, T ),
q3x(0, t) = 0, q3x(L, t) = 0, in (0, T ),
q(x, T ) = qT (x), in (0, L),

satisfies

(3.8)∫∫
Q
e−2sα(s11+rλ12+rξ11+r|q|2+s9+rλ10+rξ9+r|qx|2+s7+rλ8+rξ7+r|qxx|2+s5+rλ6+rξ5+r|q3x|2) dxdt

+

∫∫
Q
s3+rλ4+rξ3+re−2sα(|qt|2 + |q4x|2) dxdt ≤ C

∫∫
Q
s4+rλ4+rξ4+re−2sα|f |2 dxdt

+ C

∫∫
ω×(0,T )

e−2sαs11+rλ12+rξ11+r|q|2 dxdt.
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Proof. Observe that, using a density argument, we can assume that q is smooth enough on Q, so
the following computations are justified. Let p = qxx so p is the solution of

(3.9)


−pt + p4x = fxx, in Q,
p(0, t) = 0, p(L, t) = 0, in (0, T ),
px(0, t) = 0, px(L, t) = 0, in (0, T ),
p(x, T ) = qTxx(x), in (0, L).

We apply the Carleman estimate given in [19], and get

(3.10)

∫∫
Q
e−2sα(s7λ8ξ7|p|2 + s5λ6ξ5|px|2 + s3λ4ξ3|pxx|2) dxdt

≤ C

∫∫
Q
s4λ4ξ4e−2sα|f |2 dxdt+ C

∫∫
ω×(0,T )

s7λ8ξ7e−2sα|p|2 dxdt.

So by replacing p by qxx, we obtain∫∫
Q
e−2sα(s7λ8ξ7|qxx|2 + s5λ6ξ5|q3x|2 + s3λ4ξ3|q4x|2) dxdt

≤ C

∫∫
Q
s4λ4ξ4e−2sα|f |2 dxdt+ C

∫∫
ω×(0,T )

s7λ8ξ7e−2sα|qxx|2 dxdt.

In order to include lower order terms, we recall this well-known lemma.

Lemma 5 (see [10]) Let r ∈ R. Then, there exists C := C(r, ω, L) > 0 such that, for every T > 0
and every u ∈ L2(0, T ;H1(0, L)),

s2λ2

∫∫
Q
e−2sαξr+2|u|2dxdt ≤ C

(∫∫
Q
e−2sαξr|ux|2dxdt+ s2λ2

∫∫
ω×(0,T )

e−2sαξr+2|u|2dxdt

)
,

for every s and λ sufficiently large.

Thanks to this lemma, we easily get,∫∫
Q
e−2sα(s11λ12ξ11|q|2 + s9λ10ξ9|qx|2 + s7λ8ξ7|qxx|2 + s5λ6ξ5|q3x|2) dxdt

+

∫∫
Q
s3λ4ξ3e−2sα(|qt|2 + |q4x|2) dxdt ≤ C

∫∫
Q
s4λ4ξ4e−2sα|f |2 dxdt

+ C

∫∫
ω×(0,T )

e−2sα(s11λ12ξ11|q|2 + s9λ10ξ9|qx|2 + s7λ8ξ7|qxx|2) dxdt,

and with a standard localization argument, we have∫∫
Q
e−2sα(s11λ12ξ11|q|2 + s9λ10ξ9|qx|2 + s7λ8ξ7|qxx|2 + s5λ6ξ5|q3x|2) dxdt

+

∫∫
Q
s3λ4ξ3e−2sα(|qt|2 + |q4x|2) dxdt ≤ C

∫∫
Q
s4λ4ξ4e−2sα|f |2 dxdt

+ C

∫∫
ω×(0,T )

e−2sαs11λ12ξ11|q|2 dxdt.
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To obtain (3.8), it is enough to apply (3.10) to p̃ = ξr/2p, where r ∈ R, and follow the same steps
as above. ■

Let us work now on the Carleman estimate for the equation with non-homogeneous boundary
conditions.

Theorem 6 Let B0 ∈ L2(Q), B1 ∈ L2(0, T ;H1/2(0, L)), B2 ∈ L2(0, T ;H3/2(0, L)), b1, b2, b3,
b4 ∈ L2(0, T ), m ≥ 1/2 and ω ⊂ (0, L). There exist λ0 > 0 and C > 0 such that any solution φ of

(3.11)


−φt + φ4x = B0 + ∂xB1 + ∂xxB2, in Q,
φ2x(0, t) = b1(t), φ2x(L, t) = b2(t), in (0, T ),
φ3x(0, t) = b3(t), φ3x(L, t) = b4(t), in (0, T ),
φ(x, T ) = φT (x), in (0, L),

satisfies, for every λ ≥ λ0 and s ≥ C(T 2m + T 2m−1), that

(3.12)

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2 + s5λ6ξ5e−2sα|φx|2 + s7λ8ξ7e−2sα|φ|2 dxdt

≤ C

(∫∫
Q
e−2sα(|B0|2 + s2λ2ξ2|B1|2 + s4λ4ξ4|B2|2)dxdt+

∫∫
Qω

s7λ8ξ7e−2sα|φ|2 dxdt

+

∫ T

0
s3λ3ξ∗3e−2sα∗

(|b2(t)|2 + |b1(t)|2 + |B2(L, t)|2 + |B2(0, t)|2)dt

+

∫ T

0
sλξ∗e−2sα∗

(|b3(t)|2 + |b4(t)|2 + |B1(L, t)|2 + |B1(0, t)|2 + |∂xB2(L, t)|2 + |∂xB2(0, t)|2)dt
)
.

Proof. The proof of this Carleman result is rather long and is postponed to the Appendix A. ■

Remark 7 We do not use the Carleman estimate proven in [2] for a fourth-order equation with
non-homogeneous Dirichlet boundary conditions. In fact, in that article, the authors get a Carleman
estimate with only s7λ8ξ7e−2sα|φ|2 on the left-hand side. To get s3λ4ξ3|φxx|2 on the left-hand side,
we need to make some integrations by parts, and we can not get rid of the boundary terms appearing
if we use non-homogeneous Dirichlet boundary conditions. That is the reason why we choose to
deal with non-homogeneous Neumann boundary conditions.

We can easily deduce from Theorem 6, the following Carleman inequality for the backward system
of two coupled fourth-order equations with non-homogeneous Neumann boundary conditions.

Theorem 8 Let ΨT ∈ L2(0, L)2, η̄ ∈ L2(Q)2, (b̄1, b̄2, b̄3, b̄4) ∈ L2(Q)2, let m > 1/2 and ω ⊂ (0, L).
There exists λ0 > 0 and C > 0 such that any solution Ψ of

−∂tΨ+ ∂4
xΨ = Π̃∂3

xΨ+ Λ̃∂2
xΨ+ Γ̃∂xΨ+ Θ̃Ψ + η̄, in Q,

Ψ2x(0, t) = b̄1(t), Ψ2x(L, t) = b̄2(t), in (0, T ),
Ψ3x(0, t) = b̄3(t), Ψ3x(L, t) = b̄4(t), in (0, T ),
Ψ(x, T ) = ΨT (x), in (0, L),

satisfies for every λ ≥ λ0 and s ≥ C(T 2m + T 2m−1),∫∫
Q
s3λ4ξ3e−2sα|Ψ2x|2 + s7λ8ξ7e−2sα|Ψ|2dxdt

≤ C

(∫∫
Q
e−2sα|η̄|2dxdt+ s7λ8

∫∫
Qω

e−2sαξ7|Ψ|2dxdt

+s3λ3

∫ T

0
e−2sα∗

(ξ∗)3(|b̄1|2 + |b̄2|2)dt+ sλ

∫ T

0
e−2sα∗

ξ∗(|b̄3|2 + |b̄4|2)dt
)
.
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Now we are ready to prove the following proposition.

Proposition 9 There exists C := C(L, ω), λ0 > 0 such that for all ΦT ∈ L2(0, L)2, m > 1/2 the
corresponding solution Φ of system (2.2) satisfies

(3.13)

∫∫
Q
e−2sα

10∑
r=0

(sξ)23−2rλ24−2r|∂r
xΦ|2dxdt ≤ C

∫∫
Qω

e−2sαs23λ24ξ23|Φ|2dxdt,

for every s ≥ C(T 2m + T 2m−1) and λ ≥ λ0.

Proof. Let ΦT in C∞
c (0, L)2 then owing to Theorem 3, we can prove by recurrence that the

solution of (2.2) verifies Φ ∈ [C(0, T ;H4d+2(0, L)) ∩ L2(0, T ;H4d+4(0, L)) ∩Hd+1(0, T ;L2(0, L))]2

for all d ∈ N. We derive our system (2.2) eight times in space and get the following problem with
Ψ = Φ8x, 

−∂tΨ+ ∂4
xΨ = Π̃∂3

xΨ+ Λ̃∂2
xΨ+ Γ̃∂xΨ+ ∆̃Ψ + η̄, in Q,

Ψ2x(0, t) = Φ10x(0, t), Ψ2x(L, t) = Φ10x(L, t), in (0, T ),
Ψ3x(0, t) = Φ11x(0, t),Ψ3x(L, t) = Φ11x(L, t), in (0, T ),
Ψ(x, T ) = ΨT (x) := ∂8xΦ

T (x), in (0, L),

where η̄ = η̄(Φ, ∂xΦ, . . . , ∂7xΦ) ∈ L2(Q). Furthermore, we get Φ10x(0, t), Φ10x(L, t), Φ11x(0, t),
Φ11x(L, t) ∈ L2(0, T ). Thus, we can apply the Carleman estimate given in Theorem 8 with ω8 ⋐ ω
to get

(3.14)

∫∫
Q
s3λ4ξ3e−2sα|Ψ2x|2 + s7λ8ξ7e−2sα|Ψ|2dxdt

≤ C

(∫∫
Q
e−2sα|η̄|2dxdt+ s7λ8

∫∫
Qω8

e−2sαξ7|Ψ|2dxdt

+ s3λ3

∫ T

0
e−2sα∗

(ξ∗)3(|Φ10x(0, t)|2 + |Φ10x(L, t)|2)dt

+sλ

∫ T

0
e−2sα∗

ξ∗(|Φ11x(0, t)|2 + |Φ11x(L, t)|2)dt
)
.

We follow [10, 13] and divide the proof of Proposition 9 into:

• Step 1. We estimate the boundary terms on the right-hand side of (3.14).

• Step 2. We compare
∫∫

Q s3λ4ξ3e−2sα|Ψ2x|2 + s7λ8ξ7e−2sα|Ψ|2dxdt with the left-hand side

wanted in (3.13).

• Step 3. We re-estimate the right-hand side.

Step 1. Estimation of the boundary terms. By using Lemma 15 in Appendix A, we get

s3λ3

∫ T

0
e−2sα∗

(ξ∗)3(|Φ10x(0, t)|2 + |Φ10x(L, t)|2)dt

≤ 2

L
s3λ3

∫ T

0
e−2sα∗

(ξ∗)3
∫ L

0
|Φ10x|2dxdt+ 4s3λ3

∫ T

0
e−2sα∗

(ξ∗)3
∫ L

0
|Φ10x||Φ11x|dxdt.
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Thus,

s3λ3

∫ T

0
e−2sα∗

(ξ∗)3(|Φ10x(0, t)|2 + |Φ10x(L, t)|2)dt

≤ Cs4λ4

∫ T

0
e−2sα∗

(ξ∗)4
∫ L

0
|Φ10x|2dxdt+ Cs2λ2

∫ T

0
e−2sα∗

(ξ∗)2
∫ L

0
|Φ11x|2dxdt.

In the same way we obtain

sλ

∫ T

0
e−2sα∗

ξ∗(|Φ11x(0, t)|2 + |Φ11x(L, t)|2)dt

≤ Cs2λ2

∫ T

0
e−2sα∗

(ξ∗)2
∫ L

0
|Φ11x|2dxdt+ C

∫ T

0
e−2sα∗

∫ L

0
|Φ12x|2dxdt.

Let Φ̂ := ρΦ with ρ ∈ C∞([0, T ]) defined by ρ := (sξ∗)ae−sα∗
, with a ∈ R to be chosen later.

We have that ∂i
tρ(T ) = 0 for all i ∈ N. Thus, Φ̂ is solution to the system

−∂tΦ̂ + ∂4
xΦ̂ = Π∂3

xΦ̂ + Λ∂2
xΦ̂ + Γ∂xΦ̂ + ∆Φ̂− ρtΦ in Q,

Φ̂(0, t) = Φ̂(L, t) = 0 in (0, T ),

∂xΦ̂(0, t) = ∂xΦ̂(L, t) = 0 in (0, T ),

Φ̂(x, T ) = 0, in (0, L).

As the compatibility conditions are trivially satisfied, Theorem 3 gives us for any d ∈ N

(3.15) ∥Φ̂∥L2(0,T ;H4d+4(0,L))∩Hd+1(0,T ;L2(0,L)) ≤ C∥ρtΦ∥L2(0,T ;H4d(0,L))∩Hd(0,T ;L2(0,L)).

We estimate the derivatives in time of ρ := (sξ∗)ae−sα∗
, with a ∈ R, α and ξ given in (3.4) and

the estimates on derivatives in time (3.5),

ρt = (as(sξ∗)a−1ξ∗t − s(sξ∗)aα∗
t )e

−sα∗
.

Thus,
|ρt| ≤ CT (sξ∗)a+1+1/me−sα∗

,

|ρtt| ≤ CT 2(sξ∗)a+2+2/me−sα∗
,

|ρttt| ≤ CT 3(sξ∗)a+3+3/me−sα∗
.

First, we take d = 1 in (3.15) with ρ = (sξ∗)4e−sα∗
, and then d = 0 with ρ = ∂t((sξ

∗)4e−sα∗
) to get

∫ T

0
(sξ∗)8e−2sα∗∥Φ∥2H8(0,L)dt ≤ C∥ρtΦ∥2L2(0,T ;H4(0,L)∩H1(0,T ;L2(0,L))

≤ C∥ρttΦ∥2L2(0,T ;L2(0,L))

≤ CT 4

∫ T

0
(sξ∗)12+4/me−2sα∗∥Φ∥2L2(0,L)dt.
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Secondly, we take d = 2, in (3.15) d = 1 and lastly d = 0, with successively ρ = e−sα∗
,

ρ = ∂t(e
−sα∗

) and ρ = ∂tt(e
−sα∗

) to get∫ T

0
e−2sα∗∥Φ∥2H12(0,L)dt ≤ C∥ρtΦ∥2L2(0,T ;H8(0,L)∩H2(0,T ;L2(0,L))

≤ C∥ρttΦ∥2L2(0,T ;H4(0,L))∩H1(0,T ;L2(0,L))

≤ C∥ρtttΦ∥2L2(0,T ;L2(0,L))

≤ CT 6

∫ T

0
(sξ∗)6+6/me−2sα∗∥Φ∥2L2(0,L)dt.

By interpolation, we have for all u ∈ H12(0, L) that

∥u∥2H10(0,L) ≤ C∥u∥H8(0,L)∥u∥H12(0,L),

and consequently∫ T

0
(sξ∗)4e−2sα∗∥Φ∥2H10(0,L)dt ≤ C

∫ T

0
∥(sξ∗)4e−sα∗

Φ∥H8(0,L))∥e−sα∗
Φ∥H12(0,L))dt

≤ CT 5

∫ T

0
e−2sα∗

(sξ∗)max[12+4/m,6+6/m]∥Φ∥2L2(0,L)dt.

We also have by interpolation, for all u ∈ H12(0, L),

∥u∥2H11(0,L) ≤ C∥u∥H10(0,L)∥u∥H12(0,L),

implying∫ T

0
(sξ∗)2e−2sα∗∥Φ∥2H11(0,L) ≤ C

∫ T

0
∥(sξ∗)4e−sα∗

Φ∥H10(0,L))∥e−sα∗
Φ∥H12(0,L))

≤ CT 11/2

∫ T

0
e−2sα∗

(sξ∗)max[12+4/m,6+6/m]∥Φ∥2L2(0,L).

Finally, for s ≥ C(T 2m + T 2m−1) and m ≥ 1 we obtain the estimation

(3.16)

∫∫
Q
s3λ4ξ3e−2sα|Φ10x|2 + s7λ8ξ7e−2sα|Φ8x|2dxdt

≤ C

(∫∫
Q
e−2sα|η̄|2dxdt+ s7λ8

∫∫
Qω8

e−2sαξ7|Φ8x|2dxdt

+s22λ4

∫∫
Q
e−2sα∗

(ξ∗)22|Φ|2dxdt
)
.

Step 2. If we use Lemma 5 with r = 21 and Φ, we have

s23λ24

∫∫
Q
e−2sαξ23|Φ|2dxdt ≤ C

(
s21λ22

∫∫
Q
e−2sαξ21|Φx|2dxdt

+s23λ24

∫∫
Qω8

e−2sαξ23|Φ|2dxdt

)
.
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We apply Lemma 5 successively with r = 19, 17, ..., 7 to Φx,Φxx, ....,Φ7x. Furthermore, we have∫∫
Q
e−2sα|η̄|2dxdt ≤ C

∫∫
Q
e−2sα

7∑
i=0

|Φix|2dxdt.

Then, using (3.16) we get

∫∫
Q
e−2sα

10∑
r=0

(sξ)23−2rλ24−2r|∂r
xΦ|2

≤ C

∫∫
Qω8

e−2sα
8∑

i=0

(sξ)23−2rλ24−2r|∂r
xΦ|2dxdt

+ Cs22λ4

∫∫
Q
e−2sα∗

(ξ∗)22|Φ|2dxdt.

Thus, for s and λ large enough, we can absorb the last right-hand term to obtain

(3.17)

∫∫
Q
e−2sα

10∑
r=0

(sξ)23−2rλ24−2r|∂r
xΦ|2 ≤ C

∫∫
Qω8

e−2sα
8∑

i=0

(sξ)23−2rλ24−2r|∂r
xΦ|2dxdt.

Step 3. Local terms on the right-hand side. Let (ωi)i=0,...,7 be a sequence of open subsets such
that ω8 ⋐ ω7 ⋐ · · · ⋐ ω. Let θ7 ∈ C2([0, L]) such that

Supp(θ7) ⊂ ω7,
θ7 = 1 in ω8,
0 ≤ θ7 ≤ 1 in (0, L).

Notice that we have
|∂x(θ7e−2sαξ7)| ≤ Csλe−2sαξ8,

and by integration by parts

s7λ8

∫∫
Qω8

e−2sαξ7|Φ8x|2dxdt ≤ s7λ8

∫∫
Qω7

θ7e
−2sαξ7|Φ8x|2dxdt

≤ Cs8λ9

∫∫
Qω7

e−2sαξ8|Φ8x||Φ7x|dxdt+ Cs7λ8

∫∫
Qω7

e−2sαξ7|Φ9x||Φ7x|dxdt

≤ ϵs7λ8

∫∫
Qω7

e−2sαξ7|Φ8x|2dxdt+ ϵs5λ6

∫∫
Qω7

e−2sαξ5|Φ9x|2dxdt

+ Cϵs
9λ10

∫∫
Qω7

e−2sαξ9|Φ7x|2dxdt.

The first two terms of the last inequality can be absorbed by the left-hand terms of (3.17) by
choosing ϵ sufficiently small. Similarly, with θk ∈ C2([0, L]) for k = 0, . . . , 6, satisfying

Supp(θk) ⊂ ωk,
θk = 1 in ωk+1,
0 ≤ θk ≤ 1 in (0, L),
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we obtain

s23−2(k+1)λ24−2(k+1)

∫∫
Qωk+1

e−2sαξ23−2(k+1)|Φ(k+1)x|2dxdt

≤ s23−2(k+1)λ24−2(k+1)

∫∫
Qωk

θke
−2sαξ23−2(k+1)|Φ(k+1)x|2dxdt

≤ ϵs23−2(k+1)λ24−2(k+1)

∫∫
Qωk

e−2sαξ23−2(k+1)|Φ(k+1)x|2dxdt

+ ϵs23−2(k+2)λ24−2(k+2)

∫∫
Qωk

e−2sαξ23−2(k+2)|Φ(k+2)x|2dxdt

+ Cϵs
23−2kλ24−2k

∫∫
Qωk

e−2sαξ23−2k|Φkx|2dxdt.

Again, the first two terms of the last inequality can be absorbed by the left-hand terms of (3.17)
by choosing ϵ sufficiently small. Thus, we get the desired result of Proposition 9, i.e.,∫∫

Q
e−2sα

10∑
r=0

(sξ)23−2rλ24−2r|∂r
xΦ|2 ≤ Cs23λ24

∫∫
Qω0

e−2sαξ23|Φ|2dxdt.

■
As a usual consequence of Proposition 9, we can deduce the following observability inequality.

Lemma 10 There exists Cobs > 0 such that for every (ϕT
1 , ϕ

T
2 ) ∈ L2(0, L)2, the solution to system

(2.2) satisfies, ∫ L

0
|Φ(x, 0)|2dx ≤ Cobs

∫∫
ω0×(0,T )

e−2s0αξ23|Φ|2dxdt.

Proof.
We first prove the dissipation of the adjoint problem (2.2). Let (φT

1 , φ
T
2 ) ∈ L2(0, L)2. We

multiply each equation of (2.2) by φ1 and φ2, respectively, and we integrate on (0, L). Then, we
get for j = 1, 2

∫ L

0
(−∂tφj + ∂4

xφj −
2∑

i=1

[
−aij∂

3
xφi + (−3∂xaij + bij)∂

2
xφi + (−3∂2

xaij + 2∂xbij − cij)∂xφi

+(−∂3
xaij + ∂2

xbij − ∂xcij + dij)φi

]
)φjdx = 0.

Let us estimate each term. First, we have∫ L

0
(−∂tφj + ∂4

xφj)φjdx = −1

2
∂t

∫ L

0
φ2
jdx+

∫ L

0
|∂2

xφj |2dx.

Then, with ϵ > 0 to be chosen later, we have by applying Young’s inequality and Ehrling’s Lemma
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that

|
∫ L

0
−aij∂

3
xφiφjdx| = |

∫ L

0
∂x(aij)∂

2
xφiφjdx+

∫ L

0
aij∂

2
xφi∂xφjdx|

≤ ∥∂x(aij)∥∞
∫ L

0
|∂2

xφi||φj |dx+ ∥aij∥∞
∫ L

0
|∂2

xφi||∂xφj |dx

≤ ϵ

∫ L

0
|∂2

xφi|2dx+ C

∫ L

0
|φj |2dx+ C

∫ L

0
|∂xφj |2dx

≤ ϵ

∫ L

0
|∂2

xφi|2dx+ ϵ

∫ L

0
|∂2

xφj |2dx+ C

∫ L

0
|φj |2dx.

In the same way, we obtain

|
∫ L

0
(−3∂xaij + bij)∂

2
xφiφjdx| ≤ (3∥∂xaij∥∞ + ∥bij∥∞)

∫ L

0
|∂2

xφi||φj |dx

≤ ϵ

∫ L

0
|∂2

xφi|2dx+ C

∫ L

0
|φj |2dx.

With Young’s inequality and Ehrling’s Lemma, we get

|
∫ L

0
(−3∂2

xaij + 2∂xbij − cij)∂xφiφjdx| ≤ (3∥∂2
xaij∥∞ + 2∥∂xbij∥∞ + ∥cij∥∞)

∫ L

0
|∂xφi||φj |dx

≤ ϵ

∫ L

0
|∂2

xφi|2dx+ C

∫ L

0
|φj |2dx.

And lastly, we can write

|
∫ L

0
(−∂3

xaij + ∂2
xbij − ∂xcij + dij)φiφjdx| ≤ (∥∂3

xaij∥∞ + ∥∂2
xbij∥∞ + ∥∂xcij∥∞ + ∥dij∥∞)

∫ L

0
|φi||φj |dx

≤ C

∫ L

0
|φi|2dx+ C

∫ L

0
|φj |2dx.

Then, by summing all those inequalities, we easily get

−∂t

∫ L

0
|Φ|2dx ≤ C

∫ L

0
|Φ|2dx,

from where we deduce that ∫ L

0
|Φ(x, 0)|2dxe−Ct ≤

∫ L

0
|Φ(x, t)|2dx.

We integrate this inequality between T/4 and 3T/4 to get∫ L

0
|Φ(x, 0)|2dx ≤ C

∫ 3T/4

T/4

∫ L

0
|Φ(x, t)|2dxdt.

The desired result can be obtained in the standard way from this inequality. ■
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4 Fictitious control method: adding a control

As mentioned already, in order to obtain our null controllability result with one control input, we
first obtain the same result but using two control inputs. To make this result useful later, we need
to work with controls that are regular enough. Let us introduce θ ∈ C2([0, L)] such that

Supp(θ) ⊂ ω,
θ = 1 in ω0,
0 ≤ θ ≤ 1 in (0, L).

The previous result of observability, Lemma 10 enables us to obtain the following null controllability
result with two controls.

Proposition 11 The system

(4.1)


∂tU + ∂4

xU = A∂3
xU +B∂2

xU + C∂xU +DU + θH, in Q,
U(0, t) = U(L, t) = 0, in (0, T ),
∂xU(0, t) = ∂xU(L, t) = 0, in (0, T ),
U(x, 0) = U0(x), in (0, L),

is null controllable at any time T , that is, for any U0 ∈ L2(0, L)2, there exists a control H ∈ L2(Q)2

such that the solution to system (4.1) satisfies U(., T ) = 0 in (0, L). Moreover, for every K ∈ (0, 1),
we have eKs0α∗

H ∈ L2(0, T ;H10(0, L)2) ∩H2(0, T ;H2(0, L)2) and the estimate

(4.2) ∥eKs0α∗
H∥L2(0,T ;H10(0,L)2)∩H2(0,T ;H2(0,L)2) ≤ C∥U0∥L2(0,L)2 .

Proof. To prove Proposition 11, we follow exactly the proof of Proposition 2.4 in [13]. We use the
duality method of Fursikov and Imanuvilov [18]. Let U0 ∈ L2(0, L)2, k ∈ N∗, and ρ := ξ23e−2sα.
We consider the optimal control problem

(4.3)

 minimize Jk(H) :=
1

2

∫∫
Q
ρ−1|H|2dxdt+ k

2

∫ L

0
|U(x, T )|2dx,

H ∈ L2(Q, ρ−1/2)2,

where U is the solution in C([0, T ];L2(0, L)2)∩L2(0, T ;H2
0 (0, L)

2) to system (4.1). The functional
Jk : L2(Q, ρ−1/2)2 → R+ is differentiable, coercive and strictly convex on L2(Q, ρ−1/2)2. Thus,
there exists a unique solution to the optimal control problem (4.3), and the optimal control Hk is
characterized thanks to the solution Uk to the primal system

(4.4)


∂tUk + ∂4

xUk = A∂3
xUk +B∂2

xUk + C∂xUk +DUk + θHk, in Q,
Uk(0, t) = Uk(L, t) = 0, in (0, T ),
∂xUk(0, t) = ∂xUk(L, t) = 0, in (0, T ),
Uk(x, 0) = U0(x), in (0, L),

the solution Φk to the dual system,

(4.5)


−∂tΦk + ∂4

xΦk = −∂3
x(A

∗Φk) + ∂2
x(B

∗Φk)− ∂x(C
∗Φk) +D∗Φk, in Q,

Φk(0, t) = Φk(L, t) = 0, in (0, T ),
∂xΦk(0, t) = ∂xΦk(L, t) = 0, in (0, T ),
Φk(x, T ) = kUk(x, T ), in (0, L),
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and

(4.6)

{
Hk = −ρθΦk, in Q,

Hk ∈ L2(Q, ρ−1/2).

We divide the rest of the proof into two steps. First, we prove that the sequence (Hk)k∈N∗

converges to a control H ∈ L2(Q, ρ−1/2) with an associated solution to (4.1) satisfying U(., T ) = 0
in (0, L). Then, we prove that the control is regular enough and satisfies (4.2).
Due to (4.4), (4.5) and (4.6), we have

Jk(Hk) =
−1

2

∫∫
Q
θΦ∗

kHkdxdt+
1

2

∫ L

0
Φ∗
k(x, T )Uk(x, T )dx

=
1

2

∫ L

0
Φ∗
k(x, 0)U

0(x)dx.

Thanks to the observability inequality given in Lemma 10, we also have

∥Φk(., 0)∥2L2(0,L) ≤ Cobs

∫∫
Q
ρθ2|Φk|2dxdt = Cobs

∫∫
Q
ρ−1|Hk|2dxdt

≤ 2CobsJk(Hk) ≤ 2Cobs∥Φk(., 0)∥L2(0,L)∥U0∥L2(0,L).

Thus, we get
∥Φk(., 0)∥L2(0,L) ≤ 2Cobs∥U0∥L2(0,L),

and we easily deduce that,

(4.7) Jk(Hk) ≤ Cobs∥U0∥2L2(0,L).

Thanks to the well-posedness result in Theorem 2, we have

∥Uk∥C([0,T ];L2(0,L)2)∩L2(0,T ;H2
0 (0,L)

2) ≤ C(∥U0∥L2(0,L)2 + ∥θHk∥L2(Q))

≤ C(1 + Cobs)∥U0∥L2(0,L)2 ,

where C does not depend on U0 nor k. We deduce then that we can extract some subsequences of
Hk and Uk still denoted by Hk and Uk such that

Hk ⇀ H in L2(Q, ρ−1/2),
Uk ⇀ U in C([0, T ];L2(0, L)2) ∩ L2(0, T ;H2

0 (0, L)
2),

Uk(., T ) ⇀ 0 in L2(0, L).

Passing to the limit in (4.4), U is solution to (4.1), and U(., T ) = 0 in (0, L) with control H ∈
L2(Q, ρ−1/2). Using (4.7), we get that

∥H∥2
L2(Q,ρ−1/2)

≤ Cobs∥U0∥L2(0,L)2 .

Now, let us prove that this control H is sufficiently regular, i.e., belong to L2(0, T ;H10(0, L)2)∩
H2(0, T ;H2(0, L)). First of all, for any K ∈ (0, 1) there exists a constant C > 0 such that

e2Ks0α∗ ≤ Cξ−23e2s0α.

Thus, we have

∥e2Ks0α∗
Hk∥2L2(Q)2 ≤ C

∫∫
Q
ξ−23e2s0α|H|2dxdt ≤ Jk(Hk) ≤ Cobs∥U0∥2L2(0,L)2 .
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Furthermore, we know that for any n ≥ 0, any η ≥ 0,{
|∂n

x (ξ
ηe−2s0α| ≤ Cξη+ne−2s0α,

|∂2
t ∂

2
xξ

ηe−2s0α| ≤ CT 2ξη+4+2/me−2s0α.

Then, we obtain for n = 1, . . . , 10

∥e2Ks0α∗
∂n
xHk∥2L2(Q)2 ≤ C

∫∫
Q
e−4s0α+2s0α∗

n∑
i=0

ξ46+2(n−i)|∂i
xΦk|2dxdt

and similarly, for n,m = 0, . . . , 2, we get

∥e2Ks0α∗
∂n
x∂

m
t Hk∥2L2(Q)2 ≤ C

∫∫
Q
e−4s0α+2s0α∗

n,m∑
i,j=0

Tm−j(ξ46+2(n−i)+(2+2/m)(m−j)|∂i
x∂

j
tΦk|2dxdt.

As for any η, ν > 0, there exists a constant Cη,ν such that,

|ξηe−4s0α+2s0α∗ | ≤ Cη,νξ
νe−2sα,

we deduce from all those previous inequalities,

∥eKs0α∗
Hk∥2L2(0,T ;H10(0,L)2)∩H2(0,T ;H2(0,L)2) ≤ C

∫∫
Q
e−2sα

10∑
r=0

(sξ)23−2rλ24−2r|∂r
xΦk|2.

It remains to use our Carleman estimate (3.13) to get

∥eKs0α∗
Hk∥2L2(0,T ;H10(0,L)2)∩H2(0,T ;H2(0,L)2) ≤ C

∫∫
Qω

e−2sαξ23|Φk|2dxdt ≤ C∥Hk∥2L2(Q)2 .

By using estimate (4.7), we obtain

∥eKs0α∗
Hk∥L2(0,T ;H10(0,L)2)∩H2(0,T ;H2(0,L)2) ≤ C∥U0∥L2(0,L)2 .

We conclude by letting k → +∞. ■

5 Algebraic resolution method: removing a control

In the previous section, we obtain the null controllability with two controls, and now we will remove
one of those to prove our main result, namely Theorem 1.

Let U0 ∈ L2(0, L)2. From Proposition 11, we know that there exists a control H ∈ L2(Q)2

such that the solution Ũ to system (4.1) satisfies Ũ(·, T ) = 0 in (0, L) and also eKs0α∗
H ∈

L2(0, T ;H10(0, L)2) ∩ H2(0, T ;H2(0, L)2. Assume that we are able to built a trajectory (Û , ĝ)
solution of

(5.1)



∂tÛ + ∂4
xÛ = A∂3

xÛ +B∂2
xÛ + C∂xÛ +DÛ +H +Gĝ, in Qω,

Û(0, t) = Û(L, t) = 0, in (0, T ),

∂xÛ(0, t) = ∂xÛ(L, t) = 0, in (0, T ),

Û(x, 0) = 0, in (0, L),

Û(x, T ) = 0, in (0, L).
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Due to the well-posedness result in Theorem 2, we see that the solution has the regularity
Û ∈ C([0, T ];L2(0, L)2) ∩ L2(0, T ;H2

0 (0, L)). Thus, we can define (U, h) := (Ũ − Û ,−ĝ) belonging
to C([0, T ];L2(0, L)2) ∩ L2(0, T ;H2

0 (0, L)) × L2(Q), which is the desired solution of (1.1) starting
from the initial state U0 and arriving at the null state at time T .

In this way, in order to end the proof of Theorem 1 we have to build the trajectory (Û , ĝ)
solution of (5.1). This is where algebraic resolution comes in, as in [12, 13], among others. Notice
that we have to find (Û , ĝ) for any given control H, because that control changes depending on the
initial state U0 to be steered to zero.

Let H = (h1, h2) be given with supp(H) strictly included in Qω. We need for (5.1) a solution
(Û , ĝ) (with appropriate regularity) with its support also strictly included in Qω. Denoting Û =
(û1, û2), we rewrite the problem as solving L(û1, û2, ĝ) = (h1, h2) where

L(û1, û2, ĝ) :=
(
L1(û1, û2)− ĝ
L2(û1, û2)

)
:=


∂tû1 + ∂4

xû1 −
2∑

j=1

(a1j∂
3
xûj + b1j∂

2
xûj + c1j∂xûj + d1j ûj)− ĝ

∂tû2 + ∂4
xû2 −

2∑
j=1

(a2j∂
3
xûj + b2j∂

2
xûj + c2j∂xûj + d2j ûj)


Now, the goal being to find a partial differential operator M such that

(5.2) L ◦M = Id in Qω.

As we shall use later, once we have the operator M, we just have to take (û1, û2, ĝ) = M(h1, h2).
We can first just solve L2(û1, û2) = h2 and then take ĝ = L1(û1, û2)− h1 as is done, for example,
in [14]. Thus, we look for a partial differential operator M2 such that

L2 ◦M2 = Id in Qω.

Remark 12 Notice that the steps (û1, û2) = M2h2 and after ĝ = L1 ◦M2h2 − h1, require h2 has
to be regular enough. We will derive the control in space and time.

A key step is realizing that solving L2 ◦M2 = Id in Qω is equivalent to solving

M∗
2 ◦ L∗

2 = Id in Qω.

The adjoint L∗
2 of the operator L2 is given by

L∗
2ϕ :=

(
A1ϕ
A2ϕ

)
=

(
∂3
x(a21ϕ)− ∂2

x(b21ϕ) + ∂x(c21ϕ)− d21ϕ
−∂tϕ+ ∂4

xϕ+ ∂3
x(a22ϕ)− ∂2

x(b22ϕ) + ∂x(c22ϕ)− d22ϕ

)
.

The goal is now to make some algebraic manipulations with A1ϕ and A2ϕ in order to get ϕ. We
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consider the operator

Q(ϕ) =



A1ϕ
∂xA1ϕ
∂2xA1ϕ
∂3xA1ϕ
∂4xA1ϕ
∂5xA1ϕ
∂6xA1ϕ
∂tA1ϕ
∂txA1ϕ
∂txxA1ϕ
A2ϕ

∂xA2ϕ
∂2xA2ϕ
∂3xA2ϕ
∂4xA2ϕ
∂5xA2ϕ



=



I 0
∂x 0
∂2x 0
∂3x 0
∂4x 0
∂5x 0
∂6x 0
∂t 0
∂tx 0
∂txx 0
0 I
0 ∂x
0 ∂2x
0 ∂3x
0 ∂4x
0 ∂5x



◦ L∗
2ϕ = S ◦ L∗

2ϕ := M



ϕ
ϕx

ϕ2x

ϕ3x

ϕ4x

ϕ5x

ϕ6x

ϕ7x

ϕ8x

ϕ9x

ϕt

ϕtx

ϕtxx

ϕt3x

ϕt4x

ϕt5x



.

We clearly see that S is an operator of degree 6 in space, 1 in time, and 1-2 in time-space,
and M is a 16 × 16 square matrix depending on the coefficients (a2,j , b2,j , c2,j , d2,j)j=1,2 and their
derivatives in time and space. Let us suppose that

(5.3) |detM(x, t)| > C, for every (x, t) ∈ O × (T1, T2)

where O is an open subset of Qω. Then, with this hypothesis, the matrix M is invertible. By
denoting P1 the projection on the first component we get

P1M
−1M

(
ϕ, ϕx, ϕ2x, ϕ3x, ϕ4x, ϕ5x, ϕ6x, ϕ7x, ϕ8x, ϕ9x, ϕt, ϕtx, ϕtxx, ϕt3x, ϕt4x, ϕt5x

)t
= ϕ

or
P1M

−1S ◦ L∗
2ϕ = ϕ.

Thus, we can choose
M∗

2 := P1M
−1S.

In order to get (û1, û2) = M2h2, we need to derive h2, once in time, six times in space, and 1-2
times in time-space. After that, to get ĝ = L1(û1, û2)−h1 we need to derive again h2 at a maximum
of 2 times in time, 10 times in space, and 1-6 and 2-2 times in time-space. Looking at the regularity
we need, we obtain

h2 ∈ H2(L2) ∩ L2(H10) ∩H1(H6) ∩H2(H2) = L2(H10) ∩H2(H2).

The desired trajectory is given by (Û , ĝ) = M(θH) withM defined in (5.2) andM : L2(0, T ;H10(0, L)2)∩
H2(0, T ;H2(0, L)2 → L2(ω × (0, T ))3.

Remark 13 Of course, there are some limitations on the coefficients to manage to get ϕ at the
end. The matrix M has to be invertible. The determinant of M can be explained in terms of the
coefficients.
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Remark 14 Case of constant coefficients. We can remark that if the coefficients are constant, the
determinant of the matrix is null. This is also the case in the work [14]. In that case, we can follow
[13] where the idea is to take (û1, û2, ĝ) = M(h1, h2) := (h2, 0,L1(h2, 0)− h1) and then we get,

L ◦M(h1, h2) = N (h1, h2) := (h1,−a21∂
3
xh2 + b21∂

2
xh2 − c21∂xh2 + d21h2).

However, we can remark that if we want to prove an observability inequality with an observation
on |N ∗Φ|2 then we must ask for a21 = 0, obtaining only a coupling term of order 2 on the second
equation. Indeed, we need a sort of Poincaré’s inequality in |N ∗Φ|2 for ϕ ∈ H2

0 . Thus, we can only
have up to second-order coupling terms.

A Appendix

The proof of Theorem 6 is decomposed into two steps:

1. First we prove a Carleman estimate with s7λ8ξ7e−2sα|φ|2 on the left hand side by using a
proof by transposition. This proof follows also [2] where a Carleman estimate for a Kuramoto-
Sivashinsky equation with non-homogeneous Dirichlet boundary conditions is given.

2. Then we multiply the PDE in (3.11) by s3λ4ξ3e−2sαφ and make some integration by parts to
get s3λ4ξ3|φxx|2 on the left hand side.

We first view φ as a solution by transposition of (3.11), that is, φ is the unique solution in
L2(Q) of

(A.1)

∫∫
Q
φg dxdt =

∫∫
Q
B0w dxdt−

∫∫
Q
B1wx dxdt+

∫∫
Q
B2wxx dxdt+

∫ L

0
φTw(x, T ) dx

+

∫ T

0
(b2(t)−B2(L, t))wx(L, t) dt−

∫ T

0
(b1(t)−B2(0, t))wx(0, t) dt

+

∫ T

0
(B1(L, t) + ∂xB2(L, t)− b4(t))w(L, t) dt−

∫ T

0
(B1(0, t) + ∂xB2(0, t)− b3(t))w(0, t) dt,

where g ∈ L2(Q) and w is the solution of

(A.2)


wt + w4x = g, in Q,
w2x(0, t) = 0, w2x(L, t) = 0, in (0, T ),
w3x(0, t) = 0, w3x(L, t) = 0, in (0, T ),
w(x, 0) = 0, in (0, L).

Then, we choose to solve the null controllability problem, i.e., to find (w, h) such that

(A.3)


wt + w4x = s7λ8ξ7e−2sαφ+ h1ω, in Q,
w2x(0, t) = 0, w2x(L, t) = 0, in (0, T ),
w3x(0, t) = 0, w3x(L, t) = 0, in (0, T ),
w(x, 0) = 0, w(x, T ) = 0, in (0, L).

With the Carleman estimate given in Lemma 4, we solve the controllability problem (A.3) thanks to
the Lax-Milgram theorem. We use the same type of proof and notation as in the proof of Theorem
3.5 in [2].
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First we define the space

E0 := {q ∈ C∞(Q̄), q2x(0, t) = q2x(L, t) = q3x(0, t) = q3x(L, t) = 0}.

Let us define P (q) := −qt + q4x and κ : E0 × E0 → R the bilinear form,

κ(q1, q2) :=

∫∫
Q
e−2sαP (q1)P (q2)dxdt+ s7λ8

∫∫
Qω

e−2sαξ7q1q2dxdt,

and ℓ : E0 → R the linear form

ℓ(q) := s7λ8

∫∫
Q
e−2sαξ7φqdxdt.

We choose s and λ large enough so that the Carleman estimate (3.8) is satisfied, then κ(., .)1/2

defines a norm in E0. We call E the completion of E0 for this norm, then E is a Hilbert space for
the scalar product (., .)E := κ(., .). By using the usual Cauchy-Schwartz inequality and (3.8), we
get,

(A.4) |ℓ(q)| ≤ C(s7λ8

∫∫
Q
ξ7e−2sα|φ|2dxdt)1/2κ(q, q)1/2,

that is ℓ is a bounded operator on E and we can apply Lax-Milgram theorem, there exists a unique
q̂ ∈ E such that κ(q̂, q) = ℓ(q) for all q ∈ E. Let us define

ŵ := e−2sαP (q̂), ĥ := −s7λ8ξ7e−2sαq̂1ω.

Then we easily get by using κ(q̂, q̂) = ℓ(q̂) with (A.4)

(A.5)

∫∫
Q
e2sα|ŵ|2dxdt+ s−7λ−8

∫∫
Qω

e2sαξ−7|ĥ|2dxdt ≤ Cs7λ8

∫∫
Q
ξ7e−2sα|φ|2dxdt.

Furthermore, we can verify that (ŵ, ĥ) is a solution to the control problem (A.3). We take g =
s7λ8ξ7e−2sαφ+ ĥ1ω in (A.1)-(A.2). That gives us∫∫

Q
s7λ8ξ7e−2sα|φ|2 dxdt = −

∫∫
Qω

ĥφdxdt+

∫∫
Q
B0ŵ dxdt−

∫∫
Q
B1ŵx dxdt

+

∫ T

0
b2(t)ŵx(L, t) dt−

∫ T

0
b1(t)ŵx(0, t) dt

+

∫ T

0
(B1(L, t)− b4(t))ŵ(L, t) dt−

∫ T

0
(B1(0, t)− b3(t))ŵ(0, t) dt.
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Then we have by using Young’s inequality,

(A.6)

∫∫
Q
s7λ8ξ7e−2sα|φ|2 dxdt

≤ C

(∫∫
Qω

s7λ8ξ7e−2sα|φ|2dxdt+
∫∫

Q
e−2sα(|B0|2 + s2λ2ξ2|B1|2 + s4λ4ξ4|B2|2) dxdt

+ s3λ3

∫ T

0
e−2sα∗

ξ∗3(|b1(t)|2 + |b2(t)|2 + |B2(L, t)|2 + |B2(0, t)|2)dt

+sλ

∫ T

0
e−2sα∗

ξ∗(|b3(t)|2 + |b4(t)|2 + |B1(L, t)|2 + |B1(0, t)|2 + |∂xB2(L, t)|2 + |∂xB2(0, t)|2)dt
)

+ ϵ

(∫∫
Q
e2sα(|ŵ|2 + s−2λ−2ξ−2|ŵx|2 + s−4λ−4ξ−4|ŵxx|2) dxdt+ s−7λ−8

∫∫
Qω

e2sαξ−7|ĥ|2dxdt

+ s−3λ−3

∫ T

0
e2sα

∗
ξ∗−3(|ŵx(L, t)|2 + |ŵx(0, t)|2) dt

+s−1λ−1

∫ T

0
e2sα

∗
ξ∗−1(ŵ(L, t)2 + ŵ(0, t)2) dt

)
.

We already have estimate (A.5). The last two boundary terms of the previous inequality,
s−4λ−4

∫∫
Q ξ−4e2sα|ŵxx|2dxdt, and

∫∫
Q s−2λ−2ξ−2e2sα|ŵx|2dxdt in terms of

∫∫
Q s7λ8ξ7e−2sα|φ|2

remain to be estimated. We have first:

s−2λ−2

∫ T

0
[∂x(ξ

−2e2sα)|ŵ|2]L0 dt = s−2λ−2

∫ T

0
[e2sαλξ−1(−2s− 2ξ−1)η′|ŵ|2]L0 dt

= 2s−2λ−1

∫ T

0
e2sα

∗
ξ∗−1(s+ ξ∗−1)(η′(0)|ŵ(0, t)|2 − η′(L)|ŵ(L, t)|2)dt.

Using the definition of the weight (3.3), we get

s−2λ−2

∫ T

0
[∂x(ξ

−2e2sα)|ŵ|2]L0 dt ≥ 2δs−1λ−1

∫ T

0
e2sα

∗
ξ∗−1(|ŵ(0, t)|2 + |ŵ(L, t)|2)dt.

Thus we have with (3.6),

2δs−1λ−1

∫ T

0
e2sα

∗
ξ∗−1(|ŵ(0, t)|2 + |ŵ(L, t)|2)dt ≤ s−2λ−2

∫ T

0
[∂x(ξ

−2e2sα)|ŵ|2]L0 dt

≤ s−2λ−2

∫∫
Q
∂xx(ξ

−2e2sα)|ŵ|2dxdt+ 2s−2λ−2

∫∫
Q
∂x(ξ

−2e2sα)ŵŵxdxdt

≤ C

∫∫
Q
e2sα|ŵ|2dxdt+ ϵs−2λ−2

∫∫
Q
ξ−2e2sα|ŵx|2dxdt.

(A.7)

Similarly we get,

s−4λ−4

∫ T

0
[∂x(ξ

−4e2sα)|ŵx|2]L0 dt ≥ 2δs−3λ−3

∫ T

0
e2sα

∗
ξ∗−3(|ŵx(0, t)|2 + |ŵx(L, t)|2)dt.

Thus, we have
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2δs−3λ−3

∫ T

0
e2sα

∗
ξ∗−3(|ŵx(0, t)|2 + |ŵx(L, t)|2)dt ≤ s−4λ−4

∫ T

0
[∂x(ξ

−4e2sα)|ŵx|2]L0 dt

≤ s−4λ−4

∫∫
Q
∂xx(ξ

−4e2sα)|ŵx|2dxdt+ 2s−4λ−4

∫∫
Q
∂x(ξ

−4e2sα)ŵxŵxxdxdt

≤ Cs−2λ−2

∫∫
Q
ξ−2e2sα|ŵx|2dxdt+ ϵs−4λ−4

∫∫
Q
ξ−4e2sα|ŵxx|2dxdt.

(A.8)

We estimate those integrals in several steps.

A.1 Estimating the second-order term

We multiply equation (A.3) by s−4λ−4ξ−4e2sαŵ and integrate by parts in Q:∫∫
Q
s−4λ−4ξ−4e2sαŵ(ŵt + ŵ4x − s7λ8ξ7e−2sαφ− ĥ1ω)dxdt = 0.

We get

(A.9)∫∫
Q
s−4λ−4ξ−4e2sα|ŵxx|2dxdt = −

∫∫
Q
s−4λ−4ξ−4e2sαŵŵtdxdt+

∫∫
Q
s3λ4ξ3esαŵe−sαφdxdt

+

∫∫
Q
s−4λ−4ξ−4e2sαŵĥ1ωdxdt−

∫∫
Q
s−4λ−4∂xx(ξ

−4e2sα)ŵŵxxdxdt

− 2

∫∫
Q
s−4λ−4∂x(ξ

−4e2sα)ŵxŵxxdxdt.

We estimate each of the five terms appearing in the right hand side of the previous inequality with
Young’s inequality, (3.5) and (3.6),

∣∣ ∫∫
Q
s−4λ−4ξ−4e2sαŵŵtdxdt

∣∣ = ∣∣1
2

∫∫
Q
s−4λ−4∂t(ξ

−4e2sα)|ŵ|2dxdt
∣∣

≤ CT

∫∫
Q
s−3λ−4ξ−3+1/me2sα|ŵ|2dxdt ≤ C

∫∫
Q
e2sα|ŵ|2dxdt,

when m > 1/2 and s ≥ CT 2m. Furthermore, we get

|
∫∫

Q
s3λ4ξ3esαŵe−sαφdxdt| ≤ Cs6λ8

∫∫
Q
ξ6e−2sα|φ|2dxdt+ C

∫∫
Q
e2sα|ŵ|2dxdt,

|
∫∫

Q
s−4λ−4ξ−4e2sαŵĥ1ωdxdt| ≤ Cs−8λ−8

∫∫
Qω

e2sαξ−8|ĥ|2dxdt+ C

∫∫
Q
e2sα|ŵ|2dxdt,

|
∫∫

Q
s−4λ−4∂xx(ξ

−4e2sα)ŵŵxxdxdt| ≤ C

∫∫
Q
s−2λ−2ξ−2e2sα|ŵŵxx|dxdt

≤ C

∫∫
Q
e2sα|ŵ|2dxdt+ ϵ

∫∫
Q
s−4λ−4ξ−4e2sα|ŵxx|2dxdt,

22



|
∫∫

Q
s−4λ−4∂x(ξ

−4e2sα)ŵxŵxxdxdt| ≤ C

∫∫
Q
s−3λ−3ξ−3e2sα|ŵxŵxx|dxdt

≤ C

∫∫
Q
s−2λ−2ξ−2e2sα|ŵx|2dxdt+ ϵ

∫∫
Q
s−4λ−4ξ−4e2sα|ŵxx|2dxdt.

Thus we get, with ϵ > 0 sufficiently small, from (A.9) and the five previous estimates,∫∫
Q
s−4λ−4ξ−4e2sα|ŵxx|2dxdt ≤ C

∫∫
Q
e2sα|ŵ|2dxdt+ Cs6λ8

∫∫
Q
ξ6e−2sα|φ|2dxdt

+ Cs−8λ−8

∫∫
Qω

e2sαξ−8|ĥ|2dxdt+ C

∫∫
Q
s−2λ−2ξ−2e2sα|ŵx|2dxdt.

By using (A.5), we have,

∫∫
Q
s−4λ−4ξ−4e2sα|ŵxx|2dxdt ≤ Cs7λ8

∫∫
Q
ξ7e−2sα|φ|2dxdt+ C

∫∫
Q
s−2λ−2ξ−2e2sα|ŵx|2dxdt.

(A.10)

A.2 Estimating the first-order term

By using some integration by parts, (3.5) and (3.6), we have∫∫
Q
s−2λ−2ξ−2e2sα|ŵx|2dxdt =

∫ T

0
[s−2λ−2ξ−2e2sαŵxŵ]

L
0 dt−

∫∫
Q
s−2λ−2∂x(ξ

−2e2sα)ŵxŵdxdt

−
∫∫

Q
s−2λ−2ξ−2e2sαŵxxŵdxdt

=

∫ T

0
s−2λ−2ξ∗−2e2sα

∗
[ŵxŵ]

L
0 dt−

∫∫
Q
s−2λ−2∂x(ξ

−2e2sα)ŵxŵdxdt

−
∫∫

Q
s−2λ−2ξ−2e2sαŵxxŵdxdt

≤ |
∫ T

0
s−2λ−2ξ∗−2e2sα

∗
[ŵxŵ]

L
0 dt|+ C

∫∫
Q
e2sα|ŵ|2dxdt

+ ϵ

∫∫
Q
s−2λ−2ξ−2e2sα|ŵx|2dxdt+ ϵ

∫∫
Q
s−4λ−4ξ−4e2sα|ŵxx|2dxdt.

Thus we get, with ϵ > 0 sufficiently small,∫∫
Q
s−2λ−2ξ−2e2sα|ŵx|2dxdt ≤ |

∫ T

0
s−2λ−2ξ∗−2e2sα

∗
[ŵxŵ]

L
0 dt|+ C

∫∫
Q
e2sα|ŵ|2dxdt

+ ϵ

∫∫
Q
s−4λ−4ξ−4e2sα|ŵxx|2dxdt.

(A.11)

Lastly we estimate the boundary terms
∫ T
0 s−2λ−2ξ∗−2e2sα

∗
[ŵxŵ]

L
0 dt,

|
∫ T

0
s−2λ−2ξ∗−2e2sα

∗
[ŵxŵ]

L
0 dt| ≤ C

∫ T

0
s−1λ−1ξ∗−1e2sα

∗
(|ŵ(0, t)|2 + |ŵ(L, t)|2)dt

+ ϵ

∫ T

0
s−3λ−3ξ∗−3e2sα

∗
(|ŵx(0, t)|2 + |ŵx(L, t)|2)dt.

(A.12)
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With (A.7) and (A.8) in (A.12) we have,

(A.13) |
∫ T

0
s−2λ−2ξ∗−2e2sα

∗
[ŵxŵ]

L
0 dt| ≤ C

∫∫
Q
e2sα|ŵ|2dxdt

+ ϵs−2λ−2

∫∫
Q
ξ−2e2sα|ŵx|2dxdt+ ϵs−4λ−4

∫∫
Q
ξ−4e2sα|ŵxx|2dxdt.

With (A.11) and (A.13) we have for ϵ sufficiently small,

(A.14)

∫∫
Q
s−2λ−2ξ−2e2sα|ŵx|2dxdt ≤ C

∫∫
Q
e2sα|ŵ|2dxdt+ ϵ

∫∫
Q
s−4λ−4ξ−4e2sα|ŵxx|2dxdt.

A.3 Adding a zero-order term on the left-hand side

Now we use (A.14) with (A.10) to get for ϵ sufficiently small,

(A.15)∫∫
Q
s−4λ−4ξ−4e2sα|ŵxx|2dxdt+

∫∫
Q
s−2λ−2ξ−2e2sα|ŵx|2dxdt ≤ Cs7λ8

∫∫
Q
ξ7e−2sα|φ|2dxdt.

This estimate (A.15) with (A.5), (A.7) and (A.8) allows us to obtain,

(A.16) s−1λ−1

∫ T

0
e2sα

∗
ξ∗−1(|ŵ(0, t)|2 + |ŵ(L, t)|2)dt ≤ Cs7λ8

∫∫
Q
ξ7e−2sα|φ|2dxdt.

and

(A.17) s−3λ−3

∫ T

0
e2sα

∗
ξ∗−3(|ŵx(0, t)|2 + |ŵx(L, t)|2)dt ≤ Cs7λ8

∫∫
Q
ξ7e−2sα|φ|2dxdt.

It remains to apply all those estimates in (A.6) to obtain the first Carleman estimate, for ϵ suffi-
ciently small,

(A.18)

∫∫
Q
s7λ8ξ7e−2sα|φ|2 dxdt ≤ C

(∫∫
Q
e−2sα(|B0|2 + s2λ2ξ2|B1|2 + s4λ4ξ4|B2|2)dxdt

+ sλ

∫ T

0
e−2sα∗

ξ∗(|b3(t)|2 + |b4(t)|2 + |B1(L, t)|2 + |B1(0, t)|2 + |∂xB2(L, t)|2 + |∂xB2(0, t)|2)dt

+s3λ3

∫ T

0
e−2sα∗

ξ∗3(|b1(t)|2 + |b2(t)|2 + |B2(L, t)|2 + |B2(0, t)|2)dt+
∫∫

Qω

s7λ8ξ7e−2sα|φ|2 dxdt
)
.

This ends the first part of the proof of Theorem 3.12.

A.4 Adding a second-order term on the left-hand side

We multiply (3.11) by s3λ4ξ3e−2sαφ, we first estimate the following integral I :

I :=

∫∫
Q
s3λ4ξ3e−2sαφ (−φt + φ4x) dxdt,

= I1 + I2
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We first have

I1 := −
∫∫

Q
s3λ4ξ3e−2sαφφtdxdt =

1

2

∫∫
Q
s3λ4∂t(ξ

3e−2sα)|φ|2dxdt.

Thus for s ≥ C(T 2m + T 2m−1) and m > 1/2, with (3.6) we obtain,

(A.19) |I1| ≤ CT

∫∫
Q
λ4(sξ)4+1/me−2sα|φ|2dxdt ≤ C

∫∫
Q
λ8(sξ)7e−2sα|φ|2dxdt.

I2 :=

∫∫
Q
s3λ4ξ3e−2sαφφ4xdxdt

=

∫ T

0
[s3λ4ξ3e−2sαφφ3x]

L
0 dt−

∫∫
Q
s3λ4∂x(ξ

3e−2sα)φφ3xdxdt−
∫∫

Q
s3λ4ξ3e−2sαφxφ3xdxdt

=

∫ T

0
[s3λ4ξ3e−2sαφφ3x − s3λ4∂x(ξ

3e−2sα)φφ2x − s3λ4ξ3e−2sαφxφ2x]
L
0 dt

+

∫∫
Q
s3λ4∂xx(ξ

3e−2sα)φφ2xdxdt+ 2

∫∫
Q
s3λ4∂x(ξ

3e−2sα)φxφ2xdxdt+

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt

:= I21 +

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt.

Thus

(A.20)

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt = I − I1 − I21 ≤ |I|+ |I1|+ |I21|

We can first estimate the cross terms in φφ2x appearing in I21 with the estimates on the weights
given in (3.6).

∫∫
Q
s3λ4|∂xx(ξ3e−2sα)||φφ2x|dxdt ≤ C

∫∫
Q
s5λ6ξ5e−2sα|φφ2x|dxdt

≤ C

∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+ ϵ

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt

and we also have for the term in φxφ2x appearing in I21,

∫∫
Q
s3λ4|∂x(ξ3e−2sα)||φxφ2x|dxdt ≤ C

∫∫
Q
s4λ5ξ4e−2sα|φxφ2x|dxdt

≤ C

∫∫
Q
s5λ6ξ5e−2sα|φx|2dxdt+ ϵ

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt.

(A.21)

Now we estimate the boundary terms appearing in I21. For that, we first prove an easy technical
lemma.

Lemma 15 Let f ∈ H1(0, L), then |f(L)|2 + |f(0)|2 ≤ 2

L
∥f∥2L2(0,L) + 4

∫ L

0
|f(x)f ′(x)|dx.
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Proof. For the right boundary term we have easily,

|f(L)|2 = [
x

L
f2(x)]L0 =

∫ L

0
∂x(

x

L
f2(x))dx =

1

L

∫ L

0
f2(x)dx+

∫ L

0

2x

L
f(x)f ′(x)dx

≤ 1

L
∥f∥2L2(0,L) + 2

∫ L

0
|f(x)f ′(x)|dx,

and similarly we have,

|f(0)|2 = [
x− L

L
f2(x)]L0 =

∫ L

0
∂x(

x− L

L
f2(x))dx =

1

L

∫ L

0
f2(x)dx+

∫ L

0

2(x− L)

L
f(x)fx(x)dx

≤ 1

L
∥f∥2L2(0,L) + 2

∫ L

0
|f(x)f ′(x)|dx.

■
We apply Lemma 15 to the boundary terms appearing in I21.

|
∫ T

0
[s3λ4ξ3e−2sαφφ3x]

L
0 dt| = |

∫ T

0
s3λ4ξ∗3e−2sα∗

(φ(L, t)b4(t)− φ(0, t)b3(t))dt|

≤ C

∫ T

0
s5λ7ξ∗5e−2sα∗

(|φ(L, t)|2 + |φ(0, t)|2)dt+ C

∫ T

0
sλξ∗e−2sα∗

(|b3(t)|2 + |b4(t)|2)dt

≤ C

∫ T

0
s5λ7ξ∗5e−2sα∗

(

∫ L

0
|φ|2 + |φφx| dx)dt+ C

∫ T

0
sλξ∗e−2sα∗

(|b3(t)|2 + |b4(t)|2)dt

≤ C

∫∫
Q
s7λ8ξ7e−2sα|φ|2 + ϵ

∫∫
Q
s5λ6ξ5e−2sα|φx|2dt+ C

∫ T

0
sλξ∗e−2sα∗

(|b3(t)|2 + |b4(t)|2)dt.

Similarly,

|
∫ T

0
[s3λ4∂x(ξ

3e−2sα)φφ2x]
L
0 dt| ≤ C

∫ T

0
s4λ5ξ∗4e−2sα∗

(|φ(L, t)b2(t)|+ |φ(0, t)b1(t)|)dt

≤ C

∫ T

0
s5λ7ξ∗5e−2sα∗

(|φ(L, t)|2 + |φ(0, t)|2)dt+ C

∫ T

0
s3λ3ξ∗3e−2sα∗

(|b2(t)|2 + |b1(t)|2)dt

≤ C

∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+ ϵ

∫∫
Q
s5λ6ξ5e−2sα|φx|2dxdt

+ C

∫ T

0
s3λ3ξ∗3e−2sα∗

(|b2(t)|2 + |b1(t)|2)dt.

Furthermore,

|
∫ T

0
[s3λ4ξ3e−2sαφxφ2x]

L
0 dt| ≤

∫ T

0
s3λ4ξ∗3e−2sα∗

(|φx(L, t)b2(t)|+ |φx(0, t)b1(t)|)dt

≤ C

∫ T

0
s3λ5ξ∗3e−2sα∗

(|φx(L, t)|2 + |φx(0, t)
2|) + C

∫ T

0
s3λ3ξ∗3e−2sα∗

(|b2(t)|2 + |b1(t)|2)dt

≤ C

∫ T

0
s3λ5ξ∗3e−2sα∗

(

∫ L

0
|φx|2 +

∫ L

0
|φxφ2x|) + C

∫ T

0
s3λ3ξ∗3e−2sα∗

(|b2(t)|2 + |b1(t)|2)dt

≤ C

∫∫
Q
s5λ6ξ5e−2sα|φx|2dxdt+ ϵ

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2)dxdt

+ C

∫ T

0
s3λ3ξ∗3e−2sα∗

(|b2(t)|2 + |b1(t)|2)dt.
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It remains to estimate the term
∫∫

Q s5λ6ξ5e−2sα|φx|2dxdt. By integration by parts, we first obtain

∫∫
Q
s5λ6ξ5e−2sα|φx|2dxdt

=

∫ T

0
[s5λ6ξ5e−2sαφxφ]

L
0 dt−

∫∫
Q
s5λ6∂x(ξ

5e−2sα)φxφdxdt−
∫∫

Q
s5λ6ξ5e−2sαφ2xφdxdt

=

∫ T

0
[s5λ6ξ5e−2sαφxφ]

L
0 dt−

1

2

∫ T

0
[s5λ6∂x(ξ

5e−2sα)|φ|2]L0 dt+
1

2

∫∫
Q
s5λ6∂xx(ξ

5e−2sα)|φ|2dxdt

−
∫∫

Q
s5λ6ξ5e−2sαφ2xφdxdt.

We estimate each of those terms separately thanks to Lemma 15, Young’s inequality and estimates
(3.6).

(A.22) |
∫ T

0
[s5λ6ξ5e−2sαφxφ]

L
0 dt|

≤ C

∫ T

0
s6λ7ξ∗6e−2sα∗

(

∫ L

0
|φ|2 +

∫ L

0
|φφx|dx)dt+ ϵ

∫ T

0
s4λ5ξ∗4e−2sα∗

(

∫ L

0
|φx|2 +

∫ L

0
|φxφ2x|dx)dt

≤ C

∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+ ϵ

∫∫
Q
s5λ6ξ5e−2sα|φx|2dxdt+ ϵ

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt,

|
∫ T

0
[s5λ6∂x(ξ

5e−2sα)|φ|2]L0 dt| ≤ C

∫ T

0
s6λ7ξ∗6e−2sα∗

(

∫ L

0
|φ|2 +

∫ L

0
|φφx|)dt

≤ C

∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+ ϵ

∫∫
Q
s5λ6ξ5e−2sα|φx|2dxdt,

|
∫∫

Q
s5λ6∂xx(ξ

5e−2sα)|φ|2dxdt| ≤ C

∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt,

|
∫∫

Q
s5λ6ξ5e−2sαφ2xφdxdt| ≤ C

∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+ ϵ

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt.

Thus, we get, for ϵ sufficiently small,

(A.23)

∫∫
Q
s5λ6ξ5e−2sα|φx|2dxdt ≤ C

∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+ ϵ

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt.

With all those previous estimates, we deduce that
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|I21| ≤ C

∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+ ϵ

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt+ C

∫∫
Q
s5λ6ξ5e−2sα|φx|2dxdt

+ C

∫ T

0
s3λ3ξ∗3e−2sα∗

(|b2(t)|2 + |b1(t)|2)dt+ C

∫ T

0
sλξ∗e−2sα∗

(|b3(t)|2 + |b4(t)|2)dt

≤ C

∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+ ϵ

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt

+ C

∫ T

0
s3λ3ξ∗3e−2sα∗

(|b2(t)|2 + |b1(t)|2)dt+ C

∫ T

0
sλξ∗e−2sα∗

(|b3(t)|2 + |b4(t)|2)dt.

(A.24)

On the other side, with (3.11), we know that

I =

∫∫
Q
s3λ4ξ3e−2sαφ(B0 + ∂xB1 + ∂2

xxB2)dxdt

=

∫∫
Q
s3λ4ξ3e−2sαφB0dxdt−

∫∫
Q
s3λ4∂x(ξ

3e−2sα)φB1dxdt−
∫∫

Q
s3λ4ξ3e−2sαφxB1dxdt

+

∫∫
Q
s3λ4ξ3e−2sαφ2xB2dxdt+ 2

∫∫
Q
s3λ4∂x(ξ

3e−2sα)φxB2 dxdt+

∫∫
Q
s3λ4∂xx(ξ

3e−2sα)φB2 dxdt

−
∫ T

0
s3λ4ξ∗3e−2sα∗

(B2(L, t)φx(L, t)−B2(0, t)φx(0, t))dt

−
∫ T

0
s3λ4[∂x(ξ

3e−2sα)B2(x, t)φ(x, t)]
L
0 dt

+

∫ T

0
s3λ4ξ∗3e−2sα∗

((B1(L, t) + ∂xB2(L, t))φ(L, t)− (B1(0, t) + ∂xB2(0, t))φ(0, t))dt.

By using (3.6), we have,

|I| ≤C

(∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+

∫∫
Q
s−1ξ−1e−2sα|B0|2dxdt+

∫∫
Q
s4λ5ξ4e−2sα|φ||B1|dxdt

+

∫∫
Q
s4λ6ξ4e−2sα|φx|2dxdt+

∫∫
Q
s2λ2ξ2e−2sα|B1|2dxdt+

∫∫
Q
s5λ6ξ5e−2sα|φ||B2|dxdt

+

∫∫
Q
s2λ4ξ2e−2sα|φ2x|2dxdt+

∫∫
Q
s4λ4ξ4e−2sα|B2|2dxdt+

∫∫
Q
s4λ5ξ4e−2sα|φx||B2|dxdt

+

∫ T

0
s5λ7ξ∗5e−2sα∗

(|φ(L, t)|2 + |φ(0, t)|2)dt+
∫ T

0
s3λ5ξ∗3e−2sα∗

(|φx(L, t)|2 + |φx(0, t)|2)dt

+

∫ T

0
s3λ3ξ∗3e−2sα∗

(|B2(L, t)|2 + |B2(0, t)|2)dt

+

∫ T

0
sλξ∗e−2sα∗

(|B1(L, t)|2 + |B1(0, t)|2 + |∂xB2(L, t)|2 + |∂xB2(0, t)|2)dt
)
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And then,

|I| ≤ C

(∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+

∫∫
Q
s4λ6ξ4e−2sα|φx|2dxdt+

∫∫
Q
s2λ4ξ2e−2sα|φ2x|2dxdt

+

∫∫
Q
s−1ξ−1e−2sα|B0|2dxdt+

∫∫
Q
s2λ2ξ2e−2sα|B1|2dxdt+

∫∫
Q
s4λ4ξ4e−2sα|B2|2dxdt

+

∫ T

0
s5λ7ξ∗5e−2sα∗

(|φ(L, t)|2 + |φ(0, t)|2)dt+
∫ T

0
s3λ5ξ∗3e−2sα∗

(|φx(L, t)|2 + |φx(0, t)|2)dt

+

∫ T

0
s3λ3ξ∗3e−2sα∗

(|B2(L, t)|2 + |B2(0, t)|2)dt

+

∫ T

0
sλξ∗e−2sα∗

(|B1(L, t)|2 + |B1(0, t)|2 + |∂xB2(L, t)|2 + |∂xB2(0, t)|2)dt
)
.

Thus, with the help of (A.23) and Lemma 15, we obtain an estimation on |I|.

|I| ≤ C

(∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+

∫∫
Q
s−1ξ−1e−2sα|B0|2dxdt

+

∫∫
Q
s2λ2ξ2e−2sα|B1|2dxdt+

∫∫
Q
s4λ4ξ4e−2sα|B2|2dxdt

+

∫ T

0
s3λ3ξ∗3e−2sα∗

(|B2(L, t)|2 + |B2(0, t)|2)dt

+

∫ T

0
sλξ∗e−2sα∗

(|B1(L, t)|2 + |B1(0, t)|2 + |∂xB2(L, t)|2 + |∂xB2(0, t)|2)dt
)

+ ϵ

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt.

(A.25)

We are now ready to get the wanted estimate with (A.19), (A.20), (A.24) and (A.25),

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt ≤ |I|+ |I1|+ |I21|

≤ C

(∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+

∫∫
Q
s−1ξ−1e−2sα|B0|2dxdt+

∫∫
Q
s2λ2ξ2e−2sα|B1|2dxdt

+

∫∫
Q
s4λ4ξ4e−2sα|B2|2dxdt

+

∫ T

0
s3λ3ξ∗3e−2sα∗

(|b2(t)|2 + |b1(t)|2 + |B2(L, t)|2 + |B2(0, t)|2)dt

+

∫ T

0
sλξ∗e−2sα∗

(|b3(t)|2 + |b4(t)|2 + |B1(L, t)|2 + |B1(0, t)|2 + |∂xB2(L, t)|2 + |∂xB2(0, t)|2)dt
)

+ ϵ

∫∫
Q
s3λ4ξ3e−2sα|φ2x|dxdt.
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Thus for ϵ sufficiently small we have :

∫∫
Q
s3λ4ξ3e−2sα|φ2x|2dxdt

≤ C

(∫∫
Q
s7λ8ξ7e−2sα|φ|2dxdt+

∫∫
Q
s−1ξ−1e−2sα|B0|2dxdt+

∫∫
Q
s2λ2ξ2e−2sα|B1|2dxdt

+

∫∫
Q
s4λ4ξ4e−2sα|B2|2dxdt

+

∫ T

0
s3λ3ξ∗3e−2sα∗

(|b2(t)|2 + |b1(t)|2 + |B2(L, t)|2 + |B2(0, t)|2)dt

+

∫ T

0
sλξ∗e−2sα∗

(|b3(t)|2 + |b4(t)|2 + |B1(L, t)|2 + |B1(0, t)|2 + |∂xB2(L, t)|2 + |∂xB2(0, t)|2)dt
)
.

(A.26)

And with (A.18) and (A.23), we have the desired Carleman estimate of Theorem 6. ■
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[17] E. Fernández-Cara, M. González-Burgos, S. Guerrero, and J.-P. Puel, Null con-
trollability of the heat equation with boundary Fourier conditions: the linear case, ESAIM
Control Optim. Calc. Var., 12 (2006), pp. 442–465.

[18] A. V. Fursikov and O. Y. Imanuvilov, Controllability of evolution equations, vol. 34 of
Lecture Notes Series, Seoul National University, Research Institute of Mathematics, Global
Analysis Research Center, Seoul, 1996.

[19] P. Gao, A new global Carleman estimate for Cahn-Hilliard type equation and its applications,
J. Differential Equations, 260 (2016), pp. 427–444.
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