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Abstract

We consider the local null controllability of a modified Navier-Stokes system where we include nonlocal
spatial terms. We generalize a previous work where the nonlocal spatial term is given by the linearization
of a Ladyzhenskaya model for a viscous incompressible fluid. Here the nonlocal spatial term is more general
and we consider a control with one vanishing component. The proof of the result is based on a Carleman
estimate where the main difficulty consists in handling the nonlocal spatial terms. One key point corresponds
to a particular decomposition of the solution of the adjoint system that allows us to overcome regularity
issues. With a similar approach, we also show the existence of insensitizing controls for the same system.

Communicated by Yannick Privat.

Keywords: Navier-Stokes system, controllability, Carleman estimates, nonlocal spatial terms
2010 Mathematics Subject Classification. 76D05, 93C20, 93B05, 93B07

Contents

[1__Introductionl

2 Proim =
[2.1 Well-posedness results| . . . . .. ... ... o

8__Proof of Theorem (1.3

4 Proof of Theorem[1.7|

4.1 Decomposition of the adjoint system| . . . . . . ... ... ... 0 o 0oL
A2 Carleman estimates]. . . . . . . . . o o
4.3 Removing the nonlocal spatial terms| . . . . . . . . . ... oo
4.4 Proof of Proposition |4.2] . . . . . . . .. L
4.5 Controllability results| . . . . . . . . .

fr

oo

11
11
14
16


mailto:nicolas.carrenog@usm.cl
mailto:takeo.takahashi@inria.fr

b Conclusionl 29

[A Proof of Proposition [2.1] 29

1 Introduction

Assume Q is a domain of RY, d = 2,3 with a smooth boundary 9. We are interested in the control of the
Navier-Stokes system with nonlocal spatial terms:

8tzAz+Z</ b(i)~zdx) ) +Vp+(2-V)z=f+1,u in (0,
i=1 Q

divz=0 in (0,7) x Q, (1.1)
z=0 on (0,T) x 0Q,
2(0,-) =2 in Q.

Here, the state of the system is the velocity z(t,z) € R? and the pressure p(t,2) € R? of the fluid. Note
that o (¢,2),b@ (t,2) € R? are given vector fields and that the control v = u(t,x) € R? is localized in a
nonempty domain w C £2. A similar system was considered in [I8] for controllability issues, and in that article,
the nonlocal spatial term appears from the linearization of a model considered by Ladyzhenskaya [21]. Some
authors have also considered the controllability of partial differential equations with nonlocal spatial terms in
[2, 15, 16l 19, 20, 22| 23] 24, 27]. Note in particular that in [I6], the authors consider a general nonlocal term
in the heat and in the wave equation of the form

/ k(z,y)z(t,y) dy. (1.2)
Q

The nonlocal term in ([L.1)) can be written as above by setting
k(z,y) = Za(i) () @ b9 (y), where a® b : QR (i=1,...,n) (1.3)
i=1

are given functions. In [I6], the authors do not need this particular form of the kernel and show the null-
controllability of the heat equation but their method is based on a compactness-uniqueness argument that does
not permit to deduce directly a controllability result on the nonlinear systems. Moreover, their kernel has to
satisfy analytical conditions. Let us also emphasize that in [I5], the authors consider a nonlinear heat equation
with a nonlocal term similar to the one here. They first show the approximate controllability of the linearized
system by using a compactness-uniqueness argument and then deduce the approximate controllability of the
nonlinear system by using a Kakutani fixed point argument. They obtain the local exact controllability to
trajectories with a passage to the limit. In [I8], the controllability of a Ladyzhenskaya model (see [2I]) is
considered: the corresponding equations are the Navier-Stokes system with a viscosity depending on the L*(Q)
norm of the curl of the fluid velocity. By linearizing around a trajectory, one obtains a local term of the above
form but with n = 1. The controllability of this linear system is proved in [I§] by using Carleman estimates
and leads to the controllability to the trajectories for the Ladyzhenskaya model. Here, we aim at extending this
result in the case where the control has one vanishing component and also for the insensitizing control problem.
Nevertheless, the controllability of the Navier-Stokes system for controls with one vanishing component is known
only for the null-controllability (if there is no condition on the domain of the control). We thus consider here
only the null-controllability of (and the corresponding insensitizing control problem). We also replace the
nonlocal spatial term coming from the linearization of the Ladyzhenskaya model by a more complex spatial
term, that is with n > 1.

Controllability of fluid systems with vanishing components for the control has been studied in several articles,
see, for instance, [4], [3], [7] and [I4]. Note that in [§], the authors obtain the local null controllability of the
Navier-Stokes system in dimension 3 with a control having two vanishing components. Their method is different



than the one used in the previous works and is based on a particular linearization and on results of Gromov. In
the case of insensitizing controls, the problem associated with vanishing components for the control is tackled
in [6] and in [5]. Let us remark that with the method developed here we slightly improve the result obtained
in [6]. Indeed their observability results are obtained with more regularity on the source terms than what is
needed here.

In order to study the controllability of , we linearize it as follows

8tz—Az+Z</b(")-zdx)a(i)—l—Vp:f—i—lwu in (0,7) x Q,
i=1 W@

divz=0 in (0,7) x ©, (1.4)
z=0 on (0,T) x 09,
2(0,-) =2 inQ,

and we show the observability of the corresponding adjoint system that writes as follows:

—8t<p—A<p+Z</ a(i)-@dm>b(i)+Vﬂ'=g in (0,7) x Q,
Q

i=1
dive =0 in (0,7) x Q, (1.5)
¢=0 on (0,T) x 09,
o(T,")=pr inQ.

A standard method to obtain such an observability inequality on the above system was introduced in [I7] and
is based on Carleman estimates (see, [12] for a general presentation and [I3] for the use of Carleman estimate
to deal with the Navier-Stokes system).

In what follows, we assume that d = 2 and we suppose that our control u in satisfies the following
condition

u-eg =0, (1.6)

where (e1, ez) is the canonical basis of R?. One can obtain the same results as the ones stated in this article for
d =3 or for u-e =0 for any vector e € R®.

Let us present here our hypotheses on the functions a and b, i =1,...,n. First we assume the following
regularity conditions on a(” and b

oV e H*(0,T;L*(R)), b9 e H*(0,T;L*()) N L*(0,T; H*(Q)). (1.7)

Then, we introduce

Note that from Sobolev embedding (since d = 2, but it would also holds for d = 3), we have

b e C°([0,T] x Q).

We assume the existence of nonempty open sets w; (¢ =1,...,n) and of a constant ¢ > 0 such that
U w; €Ew (1.9)
i=1
and such that for any i = 1,...,n,
‘B“) >e, W =0 (j>i) in(0,T)x ws. (1.10)




Remark 1.1. Before considering the observability of (|1.5]), one can consider the corresponding unique contin-
uation property: let us consider ¢ a solution of (1.5)) with g = 0. If we assume that

p1=0 in (0,7) X w, (1.11)

do we have ¢ = 0in (0,7) x Q? It seems difficult to find a necessary and sufficient condition for such a property.
We can deduce from (1.11)) that ¢ satisfies

Z(/a() cpdx)b()—f—a_O in (0,7) x w
0 I,

=1

but even for n = 1, this equation involving the pressure may be difficult to use. One way to get rid of the
pressure consists in applying A on the first equation of (|1.5)) and it leads to the heat equation

—0y (A1) — A (Apy) + Z (/ p dx) b =0 in (0,7) x Q.

From (1.11)), this implies that

zn:(/ goda;)b)—O in (0,T) x w

=1

In particular, if for all ¢ the family (I;(i)(t, )) _is linearly independent in w, then we deduce that / a® podr=20
i Q

for all ¢ and for all ¢t and we see that ¢ is a solution of the standard Stokes system. Using [7], this implies

that ¢ = 0 in (0,7) x Q. In our result, we have used the stronger hypothesis (1.10) that implies the linear

independence of the family (5“’) . We could expect that such a condition of linear independence should be

sufficient for the observability of (1.5 but this is an open question at the moment. Note that in our Carleman

estimates (see Section , we follow the above strategy to get rid of the pressure. Let us also remark that the

linear independence of the family (U”(t, )) _in w implies the linear independence of the family (b(i) (t, )) in
K3 K3

w.

Remark 1.2. In the proof of the main results, we can see that if b = 0 in (0,T) x Q for some i, then
the corresponding local term does not play any role and can be removed at the beginning of the proof (see
Section . Thus, the condition can be assumed only for the subfamily of (b)) such that b % 0. For
such a family, there exist nonempty open sets w; (i =1,...,n) and a constant ¢ > 0 such that

in (O,T) X (7.)1

The hypothesis (1.10) is stronger than the above condition and, as explained above, it is not clear if it is
necessary for the controllability of ([L.1]). This technical condition allows us to deal with the nonlocal terms.

Notation. In the whole paper, we use C' as a generic positive constant that does not depend on the other terms
of the inequality. The value of the constant C' may change from one appearance to another. We also use the
notation X <Y if there exists a constant C' > 0 such that we have the inequality X < CY.

Let us state our first main result:

Theorem 1.3. Let us consider T > 0 and assume (1.7), (1.9) and (L1.10). There exist continuous functions
0;:[0,T] > Ry, i=1,2,3, with o; >0 in [0,T), 0;(T) = 0 such that any solution ¢ of (1.5 satisfies

||0'3‘P||L2(07T;L2(Q)) + (0, ')||L2(Q) S ||U2<P1\|L2(0,T;L2(w)) + ||019||L2(0,T;L2(Q)) : (1.12)



The functions o1, 02, 03 are defined precisely by (3.1]), (3.2]) in Section [3[ by using the Carleman weights that
we describe in Section 2.2

Remark 1.4. The above result implies in particular the unique continuation property discussed in Remark
if we assume the sufficient conditions , and . It also implies the final state observability of the
system with g = 0 (see [26], Definition 6.1.1, p.173] for a precise definition of this concept). Following the
method in [I5], [I6], for instance, it might be possible to show directly this inequality by using a compactness-
uniqueness argument if we can show the unique continuation property by a different method. Using a standard
duality argument, this would allow us to obtain the null controllability of . However, without the weight
functions in , the null-controllability of the nonlinear system seems difficult to reach and that is why
we rely here on a proof based on Carleman estimates.

By standard methods (see, for instance, Section 4 in [18]), we deduce from Theorem [I.3] the following result:

Corollary 1.5. Assume (1.7)), (1.9) and (1.10). There exists a continuous function oy : [0,T] — R, with
o0 >01in[0,T), 0o(T) = 0 such that the following property holds: for any
f

22 € Hi(Q), divz® =0, < € L*((0,T) x Q),
03

there exists u € L?(0,T; L*(w)) satisfying (1.6) and such that the solution z of (L.4)) satisfies

f

03

z

g0

+ ZO||H1(Q)> . (1.13)

<C
L2(0,T;H?(Q))NCO([0, T HY (2))NH' (0,T;L2 (2)) ( L2((0,T)x%)

In particular, z(T,-) = 0.
Moreover, there exists a constant cqg such that if

g3

< Co,
L2((0,T)xQ)

there exists u € L*(0,T; L*(w)) such that the solution z of (.1 satisfies (1.13) and in particular, z(T,-) = 0.

The precise definition of oy is given by ([3.3]) by using the Carleman weights in Section with the condition
(3.5 for the null-controllability of (|1.1)).

Let us consider the existence of insensitizing controls for ([1.1)). More precisely, we assume that the initial
condition contains uncertainties, and we consider the corresponding system:

||ZO||H1(Q) +

n
Orzr — Azp + Z ( b .z, dx) a) + Vp, + (2r - V)zr = f+1yu in (0,T) x Q,
i=1 9
divz, =0 in (0,T) x Q,
zr =0 on (0,T) x 09,
2(0,) =24+ 72 inQ,

where ||EOHL =1 and 7 € R} is assumed to be small. For 7 = 0, we write z instead of z, (so that z is the

2 Q)
solution of (1.1) with w replaced by wy). We have replaced w by wy since we need here a control region larger
than for the controllability result of the previous section. The system is observed by a sentinel 7 chosen here

as )
J(zr) == // |z dz dt,
2 0, T)xO

where O is a nonempty open subset of 2. The insensitization problem consists in finding a control u such that

dJ (z7)
dr

=0 V2" e L*(Q) with [[2°], ) = 1.
=0



However, by considering the system

—Opw — Aw—I—Z(/ wdm)b D4 Ve+ (Vo) w—(2-V)w=2zlp in(0,T)x €,
Q

divw =0 in (0,T) x Q, (1.14)
w=0 on (0,T) x 09,
w(T,)=0 in Q,

one can write (after some standard computations)

dJ (z:)
dr

= / w(0,z) - 2°(x) da.
=0 Q

Consequently, it is equivalent to search for a control u such that the solution w of satisfies w(0,-) = 0.
Since the right-hand side of w is z1¢p where z is the solution of , we deal with a controllability problem for
a cascade system with a forward equation and a backward equation. It is usual to avoid some possible issues
at t = 0 by assuming z° = 0. In fact, it is a difficult problem to determine an adequate class for the initial
conditions z° such that the result below remains valid. One can quote [9] where the authors tackle this issue
for the heat equation. In order to show this null-controllability result, we consider the linearized system:

8tz—Az+Z</ b(i)-zdx> a(i)—i—Vp:f(O)—f—lwhu in (0,7) x Q,
i=1 /&

—Ow — Aw + Y (/ o™ -w dx) b +Vg=fM +21p in(0,T)xQ, (1.15)
Q

i=1
divz=divw =0 in (0,7) x Q,
z=w=0 on (0,7) x 09,
2(0,)=0 inQ, w,)=0 in®

)

and its adjoint system:

—0p — Ap + Z </ a® . dx) b 4+ Vr, =1¢lo + g® in (0,7) x Q,
Q

i=1

o — A+ </Q b - g dx) o +Vmy =g in (0,T) x (1.16)
i=1

divp=divyy =0 1in (0,7T) x
p=1%=0 on(7T)><aQ7
o(T,)=0 inQ, (0,:)=¢" inQ.

We introduce
4l = (Aal — Oy, dival )> (1.17)

We assume that a(? and b(i) satisfy , 1.10) and we add the following hypotheses: first we suppose the
additional regularity on a'’ .
a e L2(0,T; HY(Q)). (1.18)

Note that from Sobolev embeddings, (since d = 2, but is also holds for d = 3), we have
a e ([0, 7] x Q).

Then, we assume the existence of nonempty open sets @; (i =1,...,n), @ and a constant ¢ > 0 such that

Usdiedeo, w:=wud (1.19)



with the following properties

bhi=0 in(0,T)x& (i=1,...,n), (1.20)
and for any i1 =1,...,n,

i >c, a9=0 (j>4i) in(0,T)x & (1.21)

Note that condition (1.19) yields in particular that O Nwy # 0.

Remark 1.6. We don’t need in ([1.21)) to have the same order as (1.10) and we can thus permute the indices i
in (L21).

Theorem 1.7. Assume (1.7)), (1.9), (1.10]), (1.18)), (1.19]), (1.20)) and (1.21). There exist continuous functions
0;:[0,T] = Ry, i =1,2,3, with o; > 0 in (0,T], 5;(0) = 0 such that any solution (p,¥) of (L.16) satisfies

1032l 220,7:22(02)) + 193% M 220,722 (02))

<0>( (1.22)

<1>‘

S ||32<P1||L2(0,T;L2(wh)) + H31g + Halg

L2(0,T5L2(92)) L2(0,T5L2(Q))

We give the precise definitions of 7;, ¢ = 1,2, 3 in Section

Remark 1.8. Even if we remove the nonlocal spatial terms in our systems and , the above result
improves the insensitizing control result obtained in [6]. Indeed, in this previous work, a regularity condition for
the source terms is g/ € L2(0,T; H(Q)) whereas, with our approach, we only need ¢ € L%(0,T; L*(Q)). A
tool that we introduce here to deal with these regularity problems is an adequate decomposition of the solution
of the adjoint system. In many articles devoted to the controllability of the Navier-Stokes system, the solution of
the adjoint system is decomposed into two functions and here we show how to generalize such a decomposition
by splitting the solution in several functions which allows us to work with a regular solution for the Carleman
estimate. A similar decomposition is already proposed in [I] but they need to modify the Carleman weights so
that they are regular at ¢t = 0. Such a strategy cannot be applied in the context of insensitizing controls since we
have to work with a forward system and a backward system. We thus need to consider another decomposition

as in [I].

We deduce from the above result the existence of insensitizing controls for the linear and for the nonlinear
problem:

Corollary 1.9. Assume (1.7), (L.10), (1.9), (1.18)), (1.21), (1.19), and (1.20). There exists a continuous

function 5 : [0,T] = Ry, with 5o > 0 in (0,T], 50(0) = 0 such that for any

©) £(1)
—fA ,—fA € L*((0,T) x Q),
g3 g3

there exists u € L*(0,T; L*(w)) satisfying (T.6) and such that the solution (z,w) of (L.15)) satisfies
(z,0) _ ‘ (fO, f1)

~

g0

03

L2(0,T;H?(Q))NCO([0,T;HY(2))NH(0,T;L2(X2)) ~ L2((0,T)x Q)

In particular, w(0,-) = 0.
Moreover, there exists a constant co such that for any

f

=~ < ¢p,
03

L2((0,T)x)

there exists u € L*(0,T; L*(w)) such that the solution (z,w) of (T.1)), (T.14) with z° = 0 satisfies
’ f

53
In particular, w(0,-) = 0.

()

0o

<
L2(0,T;H?(2))NCO([0,T);H (Q))NH(0,T;L2(Q2)) ~

(1.23)

L2((0,T)xQ) .



The precise choice for gy is given by (4.5) in Section

Remark 1.10. A different strategy to show the null-controllability of (L.15)) would consist in using a fictitious
control method such as in [10]. In order to use this approach, one has to solve an algebraic problem for the
Stokes system with nonlocal spatial terms, which is a difficult issue but that might give different conditions

from (1.21)).

The outline of the article is as follows: in the next section, we start by some well-posedness and regularity
results for linear systems of the form and (L.16). Then we introduce the Carleman weights we will use
to show Theorem [I.3] and we recall some classical Carleman estimates. In Section [3] we show Theorem [I.3]
by introducing our new decomposition for the solution of the adjoint system and then performing a Carleman
estimate on one of the terms of this decomposition. Finally, Section {4 is devoted to the proof of Theorem
and Corollary by using a similar decomposition as the one used in the proof of Theorem [1.3

2 Preliminaries

2.1 Well-posedness results

Notation. To simplify the notation in the article, we write

LW, 1) = (9,9°) (2.1)
if B
3,51/1A¢+Z</b(i)~wd:c>a(i)+V7T—g in (0,7) x Q,
i=1 /&
divyy =0 1in (0,T) x Q,
=0 on (0,T) x 0Q,
w(ov ) = ¢0 in Qa
and
‘C*(@aﬂ-) = (gﬂOT) (22)
if .
8tg0Acp+Z</ a(i)«godx>b(i)+V7rg in (0,7) x Q,
i=1 /O
dive =0 in (0,7) x Q, (2.3)

w=0 on (0,T) x 09,
o(T,) =pr inf.

We also set
X1 = L*(0,T; H* () N H'(0,T; L*(2)),

Xy := L2(0,T; HY(Q)) N H*(0,T; L*(Q)),
X3 := L*(0,T; H5(Q)) N H*(0,T; L*(Q2)).

Note that by interpolation results, we have

k k—1
Xe=| (H O, 7;52D@) | (| ) €70, T); B>~ (Q))
j=0 Jj=0

We have the following results that can be obtained in a standard way. For the sake of completeness, we give a
sketch of the proof for the first proposition in Appendix [A] The second one can be obtained in a similar way.



Proposition 2.1. Assume (1.7). Then, for any o7 € HY(R), diver = 0 in Q and g € L*(0,T; L*()), there
exists a unique solution of [2.2) (p,7) € X1 x L*(0,T; H'(Q)/R) and we have the estimate

H‘PHXI + HV7T||L2(07T;L2(Q)) < H‘PTHH1(Q) + HgHL2(O,T;L2(Q))' (2.4)
Assume g € X1, with g(T,-) = 0. Then, the solution of L (p,7) = (g,0) satisfies ¢ € Xo with the estimate

lellx, < llgllx, - (2.5)

Assume g € Xo, with g(T,-) = 0ig(T,-) = 0. Then, the solution of L* (¢, ) = (g,0) satisfies ¢ € X3 with the
estimate
lellx, < llgllx, - (2.6)

Proposition 2.2. Assume (1.7) and (.18)). Then, for any ¥° € HE () such that divy)® = 0 in Q and for any
g € L*(0,T; L*(Q)), there exists a unique solution of R.1) (v, 7) € X1 x L*(0,T; H'(Q)/R) and we have the
estimate

11, + 197l L2 o.7z20)) S 18] 1y + 1902200, 7522(02) -

Assume g € X1, with g(0,-) = 0. Then the solution of L(¢,7) = (g,0) satisfies 1p € Xo with the estimate

1Pl x, < llgllx, -

Assume g € Xo, with g(0,-) = 0:g(0,-) = 0. Then, the solution of L(1p,m) = (g,0) satisfies v € X3 with the
estimate
1¥llx, < llgllx, -

2.2 Some standard Carleman estimates

We recall here some Carleman estimates that were obtained in previous articles. Let us first introduce the
weights functions. Using [I7] (see also [26, Theorem 9.4.3, p.299]), there exist for any i = 1,...,n, n; € C*(Q)
satisfying

7; >0in Q, n; =0 on 09, max; = 1, Vn #0in Q\ w;.

We use 7; to define the following standard functions:

exp {A(2m + 2)} — exp{A(2m + n;(z))}
tm (T — t)™ ’

exp{A(2m + n;(z))}
tm(T — t)™ ’

a;(t,z) = &i(t,w) =

where
m=>=9 A>1

The minimum and the maximum of these functions with respect to x do not depend on i:

exp {A(2m + 2)} — exp{2Am} . exp{2A\m}
ay(t) = maxa;(t,x) = , t) =miné;(t,r) = ———F~—, 2.7
A(0) = maxay(t.2) e &) =ming(t) = DECEL. @)
. exp {A(2m +2)} —exp{A(2m + 1)} exp{A\(2m + 1)}
oy (t) =minoy(t, x) = , t) = max§;(t,x) = —————7—, 2.8
(1) = minay(t.2) e 6(t) = maxg(t,7) = TP (28)
so that
&G <ELE, et e M Le™™™ (i=1,...,n). (2.9)
We also have the following useful formula: for any ¢ € (0,1), if A > —1Ine, then
emsv L et Loms=9)ay (5 e (1, n}). (2.10)



Note that we have the following useful relations: for any j > 1, there exists a constant C' > 0

T 4|25 < om (g (2.11)
We also have n
& 2 Tom- (2.12)
In particular, for so > 0, if s > soT*™,
s&y = s04™. (2.13)

We can now state a Carleman estimate for the gradient operator (see, for instance, [7, Lemma 3]):

Lemma 2.3. Assume i € {1,...,n} and r € R. There exist Ay, o > 0 depending on the geometry and on n;
such that for any X\ = Ao, s = soT*™ and u € L*(0,T; H' (Q2)),

// e 2% (sAE) TP ul? da dt
(0,T)xQ

< // (8A&)" e 5% |V dxdt+// (sX&) T2 e 259 u? du dt.
(0,T)xQ2 (0,T)xw,

In particular, for any u € L*(0,T),
ul? dedt < // e 25
(0,T)xw;

// 6725(1.;
(0, T)xQ2

The second Carleman estimate we recall here corresponds to the Laplace operator (see, for instance, [7l
Lemma 4]):

ul? dz dt.

Lemma 2.4. Assume i € {1,...,n} and r € R. There exist Ay, sp > 0 depending on the geometry and on n;
such that for any X = X, s = soT*™ and u € L*(0,T; H*(Q) N H} (Q)),

// Sr+4)\r+6£;’+4672sai 7.L|2 dr dt+ // S’r+2)\r+4£;”+2672sa1
(0, T)xQ (0, T)xQ2

5 // Sr+1)\r+2§:+1672sai Au|2 d$dt+// Sr+4)\r+6é~z+4672sai
(0,T)x%2 (0,T)xw;

Finally, we recall a Carleman estimate for the heat equation with Neumann boundary conditions:

Vul? dxdt

ul? dx dt.

du+Au=fO in (0,7) x Q,

—% =f@ on (0,T) x o9

The following lemma is obtained in [II] (see also [7, Lemma 5]):

(2.14)

Lemma 2.5. Assume i € {1,...,n}. There exist Ao, so > 0 depending on the geometry and on n; such that for
any X\ = Ao, s = so(T?™ +T™),

V€ L0, T; L7(Q), f® € L*(0,T; L*(09)),
and u € L*(0,T; H'(Q2)) N C°([0,T); L*(Q)) weak solution of (2.14),

// SN e 25 |y |? da dt + // sAZg e 25w
(0,T)xQ (0,T)x$
5 // e—23a¢|f(1)‘2 dz dt + // s)\fﬁe_zso‘”\fmﬁ dvy dt
(0,T)xQ (0,T) x 8%

+ // SN2 |y|? da dt.
(0,T) xw;

Vul? dxdt
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Notation. In all that follows, we use sg, A\ as generic positive constants that may change from one appearance
to another, but always in an increasing way.

3 Proof of Theorem [1.3

This section is devoted to the proof of Theorem The functions o1, 09,03 are defined below by using the
weights introduced in Section More precisely, let us consider Ny, No > 0. We write N := N; + Ny. We
define

e~ Nasay in |:€, T:| 67(N+1/2)saﬁ in |:12—" T:|
o1 = , 09 := , (3.1)
T T T T
—Nasay - . - —(N+1/2)say - . -
[e ]<2> in [0,2} [e }(2) in [0,2]
S3>\4€§>67(N+1)sau in |:§,T:|

03 1= (3.2)

. T T
g () n fo.5]
Note that o;(T) =0 (i = 1,2, 3).

We are going to show the existence of so > 0 and Ag > 0 such that for A > Ao and s > so(T™ + T2m),
Theorem [I.3] with o; defined as above.
Then for Corollary we assume Ny > 1 and we define

e~ (N2=1)say in | L T]
27
gg -— (33)
[e*(szl)San} I in |0 Z
2 "2
Note that ,
g9 g3 0'00'1 0o
-, = L*>(0,T 3.4
e ) (3.9
and if
Na > Ny +3, (3.5)
then, we have
o2
L e 1>=(0,T).
g3

These properties allow us to deduce Corollary [1.5 from Theorem [1.3| (see, for instance, Section 4 in [I§]).

3.1 Decomposition of the adjoint system

In order to prove Theorem we decompose the solution of (|1.5)) into three parts. We recall that Ny, Ny > 0
and that N = N; + N5. Then we set
pi=e Nt (j=1,2)

and we consider the following decomposition of the solution (¢, ) of (|L.5):

p1pap = proM + 0@ + o), (3.6)

where
’C*(Sp(l)’ W(l)) = (p297 0)7 (3'7)
£, 7?) = (Nasafpr,0) . (3.8)

11



L3, 73 = (Nsozﬁ <<p(2) + <p(3)) ,O) . (3.9)

We are going to use Proposition to estimate <p ) and <p ) and we show a Carleman estimate on L,O(B). In
order to state this estimate, we introduce the following quantities associated with <p(3):

I(e¥) := / /(O T)me—%‘“ <5A2§1 ]v2A<p§3>\2+s3A4gf ‘vmpg?ﬂf) du dt
+// e~ 2501 ( 5)\6¢8 ’A(pl ‘ + sO\BED ‘Vg@ ’ 4 s8N0 ‘gp ’ ) da di
(0,T)xQ

2
+// 6_230‘“86)\855 ‘90(3)‘ dx dt (3.10)
0,T)xQ

and

76) = e + e

(v 19 L2(0,T;H2()) 1049 L2(0,T;L2())

2
e Je:01®) Jono e
+H 2¥ L2(0,T;H4(Q)) 1|20 L?(OTH2(Q))+ 209 L2(0TL2(Q))
2

0 3>‘ Haa <3>’ He 82 <3>‘ Ha 3>‘ 3.11
+H 3¥ L2(0TH6(Q))+ 3%¥ L2(0,T;H4()) 3 L2 OTH2(Q))+ 3 t(p L2(0,T:L2(Q)) ( )
where

I e N () e A e S () e N P e (3 B R G R B)
With the above notation, we can state the Carleman estimates we obtain for <p(3):

Proposition 3.1. Let us consider T > 0 and assume (1.7)), (1.9) and (1.10). There exist s > 0 and Ao > 0
such that for X\ > \g and s > so(T™ +T*™), any solution o of (L.5) can be decomposed as in (3.6), [3.7), (3.9)
and (3.9) and the functions 4,0(1), go(z) and go(?’) satisfy

(1) (2)
| Hx +e HX S Mo2gllze o,y <) » (3.13)
and )
I(‘P(S)) + J(¢(3)) < ||P29H2L2((0,T)XQ) + // e 5 <<p§3)) dx dt. (3.14)
(0,T)xw

In particular, ¢ verifies the following estimate:

// 36/\85’?672(N+1)50‘ﬁ |§0‘2 dr dt
(0, T)xQ2

S // e N0 g2 dy dit + // e *@N+tDas |0 12 dg db. (3.15)
(0,T)xQ (0,T)xw

We deduce Theorem from Proposition in a standard way by using the well-posedness of (1.5 (see
Proposition . In the remainder of this section, we prove the above proposition.
First, let us show (3.13)). Applying Proposition we have

L st

Using (2.11)), we deduce from the above relation that for s > 7™,

| Nasogore®|| % lloagllzaomycon

12



and combining this with Proposition we deduce

(2) H

Hso , S le29ll20.m)x0) (3.16)

and we have proved (3.13). In order to prove (3.14)), we proceed in several steps. We start by showing the
following lemma:

Lemma 3.2. With the hypotheses of Proposition we have the following estimate

J(<p(3)) < ||P29||2L2((0,T)x9) + “53)\4 (@)3 e 5% () (3.17)
Proof. From ({3.9)), we deduce
£4(01®, 07 ) = (Nstraf (42 +9) = 0163,0) | (3.18)
(009, 0,1%) = (Nstaa (62 + ¢@) — 0469, 0), (3.19)
L*(059®), 0573 = (NSHgOéé ( @) 4l ) — 0 ,O) (3.20)
From (3.12), (2.11) and @2.13)), for s > T™ 4 T*™,
|Nsbrof| + 167 < 83/\45’?6750‘“. (3.21)
Using the above estimate and (3.16]), and applying Proposition to (3.18)), we deduce
2
(3) 3 P (3)
o1, S No2gliaoimymey + %4 @) e I (ODx)
Combining this estimate with (3.21]), we obtain
2
016 + e <3>‘ |22 (g0)° e <3>‘ 3.22
H Y L2 0. 72 () Y a0 mnza)) ™ ”'029HL2((0T e T |sTA (&) 7 2 myxe) (3.22)
From (3.12), (2.11) and (2.13)), we have for s > T™ + T*™,
|Nsayf| + |05 < 61, ‘Ns (a§92)" +104) < A€ e
Thus, from ([3.22)
3 e~ sa
HNSQQ%( @ 4 )_9/ <3>H S 1102902 0.y ey + Hs N (&) e n@S)‘m((o .
Applying Proposition to (3.19) and using the above estimate yield
2
(3) 2 3,4 3 —say,  (3)
H92<p ng S o291z o,y <) + HS A (&) e )L2((0 T)xQ)
Using (3.21)) and (3.22)), we deduce
2
02| Jesoue Jescie],
H 29 L2(0,T;H4(Q)) +|rece L2(0,T;H?(Q)) + L2(0,T;L%(Q))
S ||P29||L2 ((0,1)x9) T HS X&) e 20T (3.23)

13



From (3.12)), (2.11)) and (2.13)), we have for s > 7™,

’Nsa§95| + ‘9é| S 927 ‘NS (aégg)/‘ + |9g| S 91, ‘NS (aégg)// 9:/3//| S 83)\4 (fﬁ)?) e s (324)

Thus, using (3.22) and (3.23)), we deduce

HNsegag( @) 4 3 )_9/ (3)H < Hp29\|L2((OT)XQ)+Hs A (&)? _saws)‘

L2((0,T)xQ)
Applying Proposition to (3.20)), we obtain

<3>’ ° .
L2((0,T)xQ)

2
H03<p(3)HX < ||p29||i2((0,T)><Q) + HSB/\4 (511)3 e 5%
3

Using (3.24)), (3.23), (3.22), we deduce

o5 Jesoce]; Jesore) Jesore],
H 397 L2 o.1smrs ) +||fs0ee L2(0TH4(Q))+ 30t P Lz(OTHz(Q))+ 3P L2 0 p2 )

S IP20ll72 (0 myxe) + |72 (€)° 78&”@(3)'L2<<0T>xm' (3.25)
Gathering (3.25)), (3.23)) and (3.22)) and recalling (3.11)) yield (3.17)). O

3.2 Carleman estimates

We are now going to use Carleman estimates (see Section [2.2)) and Lemma [3.2] to show (3.14) First we have the
following result:

Lemma 3.3. With the hypotheses of Proposition[3.1] there exist so > 0 and \g > 0 such that for A = \g and
5> so(T™ + T*™), we have the following estimate

2
1(80(3)) ( )< ||P29||L2((0T 1x€2) +Z// S o250 (/Q a(z).@(s) dx) da dt
X
—2sa 3y4¢3 (3) 516¢5 3)|? gy10.8| (3
+ =25 s/\gl(vml ‘ +3A51‘A¢1 ‘ + 58 51‘901 ‘ dz dt. (3.26)
(0,7) xwy

Proof. Taking the divergence of the first equation of (3.9)), we obtain the following relation for 73

Ar® = -3 ( / a3 dx) div b, (3.27)
Q

=1

In particular, recalling that b is given by (I.8), we can get rid of the pressure in the first equation of (3.9) by
applying the operator VA on its first component:

—9,VALY — AVALY + Z ( / O d:c) Vb® = Nsa} (VA@ n VAgo(g)) in (0,7 x 9.

Then we apply Lemma to the above system with ¢ = 1: there exist sop > 0 and Ay > 0 such that for A > \g
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and s > so(T™ + T°™),

// 3/\453 —2sa1 VA§013)‘ de dt + // S)\261€72so¢1
(0,T)xQ 0,T)xQ
< // s (aé)Z e~ 25 VA(pl ) dr dt + // s au e 25
0,T)xQ 0,7 x

2
VQAgpgg) ‘ dz dt

vmpf)‘ dz dt

+Z// e~ 25 (/ a® . o dx) da dt+// sAEge 250 g VASO(B) drydt
(0,T)xQ Q (0,T)x 89 on
2
+ / / sStgle 2o [l
(0 T)le

Note that, from and (2.9)), for any € > 0, there exists so > 0 such that for s > soT™,

|saﬁ675°‘1 | <e (s{l)l+1/m e %,

In particular, using (2.13)) and (3.16)), there exist so > 0 and Ag > 0 such that for A > X\g and s > so(T™ +

2
VQA@?) ‘ dz dt

// A4§3 —2sa1
(0,T)x
2
< —25(11 (i) ., ,(3)
P29 + // (/a © dm) dx dt
o291 .1y x0 Z o i

+ / / sAgge200s | dy dt + / / s Nigfe 2
(0,7) x99 on (0,7) xw1

Then, we apply Lemma [2.3] and Lemma [2.4] (with i = 1) to deduce

o |2
// sSN10¢Be—25n gp@‘ dx dt+// sO\Bgbe2sm
(0,T)xQ2 (0,T)xQ
2
+ / / Sa0gle 2o | Ao dodt 5 / / $Algde 2
(0,T)xQ (0,T)xQ

2
+// 85)\6@6*25“1 Acpgg)’ dmdt—i—// ss)\mf?e*%“l
(O,T)le (O,T)le

Moreover, using the Poincaré inequality and the fact that <pg3) = 0 on 09, we have for a.e. t € (0,T),

2
/‘wé?’)’ dxﬁ/
Q

and with the divergence condition, we obtain

2
// 56)\85567250‘” <p§3)’ dx dt < // sO\Bgbe25n
0, T)xQ2 0, T)xQ2

Combining the above estimate with (3.28)) and (3.29) and recalling (3.10)), we deduce that

2
( (3)) S ||p2g||L2 ((0,T)xQ) + Z// _28(“ (/ (l(l) . (,0(3) da:) dx dt
0,7)xQ2 Q

+// e—2s01 ( B\ ‘VA(pl ‘ 4 P26 ’A@ ‘ +58)\1°£1‘ 3) ) ) dz dt
(0,T)xw1

+ // S)\gﬂ€72saﬁ a
(0,7) x99 on

VA<p13)‘ dzdt + / / sA2E e 25
(0,T)XQ

2
vmp(?’) VAcp(lg)’ da dt.

2
w@‘ dz dt

2
VAgogg) ‘ dz dt

2
cpgg) ’ dx dt.

902302 )‘ dx

2
wf”’ dz dt.

VAQD(B)

15
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The above estimate and (3.17)) yield

2
I(®) + J(e®) < ||P29||L2((0T ) +Z// - o251 (/Q al® . p3) dg;) dx dt
X
+ / / e 20 ( g [vap? ] + A0 ’AA‘”] + 52108 || > do dt
(0 T)le

0
—|—// sAEge 250 | —
(0,T) x 59 g on

From the trace theorem, interpolation results, (2 and the fact that m > 9, we also have

// 725(1”8}\5’1 ‘VAQD@)
(0, T)x 0

Therefore, the above estimate and (3.30) imply the existence of Ag,sp > 0 such that for A > Ag and s >
so (T?™ +1T™), (3:26) holds. O

VA¢§3) dydt. (3.30)

3/2 H 1/2

L2(0,T;H4(Q))

dy dt < A~ H@gga 3>‘

3)‘

L2(0,T;HS(Q))

3.3 Proof of Proposition

We are now in a position to prove Proposition [3.1| (and thus to prove Theorem |[1.3]). We have already (3 and

to obtain (3.14)), with respect to Lemma it remains to remove the nonlocal spatlal terms at the rlght hand

side of the inequality and then the local terms involving derivatives of <p§3).

Proof of Proposition[3.1. We set
1

- Hn+1)
Using (2.10) and Lemma there exist 5o > 0 and \g > 0 such that for A > \g and s > so(T™ + T°™),

2 2
// 6725041 </ CL(n) . @(3) dl’) dr dt < // 6*2(175)50% </ a(n) . <P(3) d[l?) dx dt
(0,T)x2 Q (0,T)xQ Q
2
< // e~ 2(1-9)san </ al™ . o® dx) dx dt. (3.31)
(0,T) Xwp, Q

Using (3.27) and applying the operator A on the first component of the first equation of (3.9) we deduce

—O Aap(?’) Ach(?’) + Z </ go(s) dz:) b = Nsag (Agogg) + A¢§3)) in (0,7) x Q,

=1

where we recall that b is given by (|1.8)). Using (1.10) for i = n, we deduce from (3.31)) and the above equation
that

2 2
// 6723041 (/ CL(n) . (,0(3) dl‘) de dt 5 // 672(175)504” (@A@f’)) dz dt
(0, T)xQ2 Q (0,T) X wn,
9 2
. / / o200 (A%0) dr di + / / e 200 (st Ap(V) du di
(0,T) Xwn (0,T)Xws,

n—1 2
+ [lp2g]? + / / e~2(1-)s0r, ( / o . o d;v) d dt.
L2(0.T)x) ; (0,T)xQ Q
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Then we can proceed by induction, using (1.10]), and we deduce from (3.26)) that
2
1) + () S o291l 72 (0.1 %0

2 2 2
+ / / e~ (ﬁx‘g%‘vm?)‘ + 8207 | Al | + s 106 [ o7 ) da dt.
(0,T) xw1

o , 2 2 2
+Z// e~ 2(1=(n—i+1)d)say <(8tAap§3)> + (A%@&S)) + (sagAgo?)) ) dx dt. (3.32)
i—1 (0, 7)) xw,
Using (1.9)), let us consider open subsets @ i= 1,...,5, such that
n
U w,eoWe.. . ea® ew. (3.33)
i=1

We also consider smooth functions
XD e C*(R?%[0,1]), xP =1ma®, suppx® caY (i=1,...,4).
We deduce from (3.32)) and (2.10) that
2
1(®) + (@) S llp29ll22 0.0y x02)

. / / ¢~2(1-3 oy (m@53>\2+\a@§3>)2+]¢§3>\2+ (2ae®)” + (A%&?”)Q) du dt. (3.34)
(0,T)x@w™®

We have
// o251 5oy (Azwgg))Q dv dt < // X(1)6725(174L5)au (A2¢§3))2 e di
(0,7)xw® (0,T)x&2)
= —// X(l)e—Qs(l—fr,)OéuVAQQOg?)).VASO(l?)) dx dt—// 6_23(1_4%)0“A2(,053)VX(1)'VAQO(lg) dx dt
(0,T)xw(2) (0,T)x&(2)

S [[ese|

) 1/2
VAcp(ls)’ dz dt) .

// 6_25(1_4%4)%1
L2(0,T;H?(2)) (0,T)x&®

We can proceed similarly to estimate successively

// 6728(174%)0% VAQOgS)‘Q de dt, // 6—25(174%)0411
(0,T)x@(2 (0,T) x@®)

// 6728(174%)aﬁ
(0,T)x&®)
For the last term, we integrate by parts in time:

1 p 2 1 .
// 6728(174—5)041 (atA(P(ls)) de dt = — // 6725(174—5)(1” (8152A<p§3)) (Awgg)) dx dt
(0,T)x@™® (0,T)xw™®)

! % //(O,T)xam <672S(174%)au>ﬂ <A(pg3))2 d dt

L 2
// 720 A do dt
L2(0,T;H?(Q)) (0,T)x&®3)
+// 6728(174%)0%
(0,T)x@®

Using the above computations, we deduce (3.14)) from ([3.34). We obtain (3.15)) by combining (3.14)) with (3.6]
and ([3.13)). This ends the proof of Proposition O

2
A¢§3)‘ da dt,

2
’ da dt.

Vw@

1/2
< ||os026)|

2
Ap® ‘ dz dt.
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4 Proof of Theorem

This section is devoted to the proof of Theorem First we need to define the functions oy, i = 1,2,3. As in
Section there exist (see [I7] or [26, Theorem 9.4.3, p.299]) for any i = 1,...,n, ij; € C*(Q) satisfying

7; >0in Q, 7; =0 on 99, mdaxﬁizl, Vi #£0in Q\ @;. (4.1)
We use 7); to define the following standard functions:
Gilt, 7) = exp {A(2m + 2)} — exp{A(2m + ﬁl(ac))}’ Eta) = exp{\(2m + ﬁl(x))},
tm(T —t)™ tm(T —t)™

where
m>=11, A>1.

Recalling the definitions (2.7)) and (2.8]), we have
§<ESE, et Le T Le ™ (i=1,...,n).

Let us consider My, My > 0 and let us write M := M; + M. We recall that Ny, Ny and N are defined at
the beginning of Section [3] We assume

No>M+1 (4.2)
and we define
T T
eszsau in |:0, 2:| 67Msau in |:0, 2:|
6.\1 — s (/7\2 = ) (43)
T T T T
—Mssa : —Msa :
[e 2 “] <2> in {Q’T} [e ”] <2> in [27T}
T
e~ (N+D)say in [0, 2]

03 1= (4.4)
{e*(NJrl)Sau} r in T T
2 2’
Note that 7;(0) =04¢=1,2,3.

We are going to show the existence of so > 0 and Ag > 0 such that for A > Ao and s > so(T™ + T2m),
Theorem [T.7 holds with the weights defined as above.
For Corollary we assume Mo > 1 and we define

e~ (M2—1)say in {O, T}

o (3) [

Note that PN
22 78 %070 ¢ 1=(0,T)
Op Op gg
and if
2Ms > N + 3. (4.6)
then, we have
i
— € L*(0,7T). (4.7)
03

We are going to show Corollary with the above choices and for for A > A\ and s > so(T™ + T*™), where
sp > 0 and \g > 0 are large enough.

Remark 4.1. There exist Ny, Ny, M7 and M, satisfying (3.5)), (4.2) and (4.6). For instance one can take
Ny =2, No=13, My =2, My=9.
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4.1 Decomposition of the adjoint system

As for the proof of Theorem we first start by decomposing the solution of (|1.16|) into three parts. We only
need to focus on 1 since we have already obtained a Carleman estimate for ¢ in Proposition We recall that
My, Ms > 0 and that M = M, + M. We set

pi = e Misor (7 =1,2).

From (1.16)) and using the notation (2.1)), we see that 1 is solution of

ﬁ(l/f, 7r1/1) = (g(l)a ZZJO)a (48)
Let us consider the following decomposition of :
pioat = o) + 9 4+, (4.9)
where
/3(1#(1)’ 7T1(/Jl)> = (Z)\2g(1)7 0)7 (410)
L@, 7Py = (—Mgsaaﬁlip(l)ﬂ) : (4.11)
£, 79) = (~Msa} (v + @) ,0). (4.12)

We estimate (") and w(z) by using Proposition and their regularity properties allow us to perform a
Carleman estimate on 7,/1(3). Let us introduce the following quantities associated with 7,/1(3):

~ ~ ~ 2 2
T(w®) = / / 2 <3A2§1 [VRau@| + a1t | v2auf?)| ) do dt
(0,T)x 2
~ 2 2
+ / / e~ <35A6€f’ A+ X |au?)| ) da dt
(0,T)xQ

2
+ / / e 250 5T ABET ‘w@)‘ dz dt  (4.13)
0, T)xQ2

and
) = 5+ 0
L2(0,T;H?(Q)) L2(0,T:L2(Q))
5.0 5,000 7.520|
+ H 2y ’ L2(0,T;H4()) + H 200 ’ L2(0,T;H2(Q)) + H 20 ’ L2(0,T;L2(R))
+ "(/9\31/)(3)‘ ’ + Hé},@t’(ﬂ(g)‘ ’ + Hé\g,af’(/)(?))‘ ’ + Hé},@?lﬂ(g)‘ ’ (4.14)
L2(0,T;HS(2)) L2(0,T;H4(Q2)) L2(0,T;H?(Q2)) L2(0,T;L2(Q2)) ’

where we have set

~

0, := S5/2—1/m)\4 (5ﬁ)5/2_1/m e—saﬁ, 52 — 83/2—2/m)\4 (£ﬁ>3/2—2/m e—saﬁ’

O3 = s1/273/m b () /273 M e (4.15)
Using (1.19)), we consider an open set &g such that
Uaied ea. (4.16)
i=1

With the above notation, we can state the following estimates:

19



Proposition 4.2. Assume (L.7)), (1.9), (1.10), (1.18), (1.19), (1.20) and (L.21). There exist so > 0 and Ao > 0
such that for X\ > \g and s > so(T™ + T°™), the solution v of (4.8)), can be decomposed as in (£.9), ([@.10)),

(4.11) and (4.12) and the functions D @ and @) satisfy

(1)‘ H <2>) <HA <1>‘ 417
Hw X, +Y X, P29 L2((0,T)x<) ( )
and ) 9
T(W®) + J(® §HA (1)‘ +// e 2e(1=35)es | A (3)‘ da dt. 4.18
(™) + (@) S P29 L2 (0T %) ot Uy (4.18)

In particular, any solution (¢,v) of (L.16|) verifies the following estimate:

// e 2(N+1)say |<,0|2 dx dt + // e 2MAD)soy |1/’|2 dx dt
(0,T)x%2 (0,T)xQ
5 // e_QMSO‘ﬁ g(O)‘2 dr dt+// €—2M2804u
(0,T)xQ (0,T)xQ

+// e Mas o) | dr dt. (4.19)
(0,T) x (wUBD)

We now prove the above proposition. First we can show (4.17)) by applying Proposition

2
g(l)‘ dx dt

L ) T
so that
HMzsaéﬁﬂb(l)‘ X < Hﬁzg(l)‘ L2((0.T)xQ)
and thus
me)’ X S HMQSOZéﬁlw(l)‘ X, S HﬁZ‘q(l)‘ L2((0,T)xQ) (4.20)

The above estimates yield . It remains to show . First, we have the following result:
Lemma 4.3. With the hypotheses of Proposition[{.4, we have the following estimate

T(09) £ 85 ey * 7@ 21

Proof. The proof is completely similar to the proof of Lemma instead of (3.18)), (3.19) and (3.20), we
consider the following systems obtained from (4.12]):

£(§1¢(3),§m$)) _ <7MS§104§ (1/)(2) + ¢(3)) T 5/11/}(3)’0) 7
L, 0m)) = (~Msta (6 +9) +80,0),
L(05®), §3ﬁfb3)) = <_M5§3a§ (1/)(2) + 1/,(3)) +0,®), 0) _

Then, we use Proposition [2.2| (instead of Proposition in the proof of Lemma to show that j(zb(g’))
defined by (4.14) satisfies (4.21)).

20



4.2 Carleman estimates

We now use Carleman estimates (see Section and Lemma to show (4.18)). First we have the following
result:

Lemma 4.4. With the hypotheses of Proposition[[.3, there exist so > 0 and N\g > 0 such that for X > Ao and
5> so(T™ + T*™), we have the following estimate

2 n & ; ’
n // e—25a1 (/ b(i) '(/)(3) da’;) dz dt
L2((0,T)x ) ; (0,T)xQ Q

~ 2 2 2
+ / / B <53A42§‘v%¢§3>‘ +35A6€§]vm¢§3)‘ + sTASET )Awﬂ ) dz dt. (4.22)
(0,T)x&1

Tw®) + Tw®) 5 |[p2g"|

Proof. Taking the divergence of the first equation of (4.12)), we obtain the following relation for Wfp3):

n

Amff) — Z ( / (@) . 4p(3) da:) diva®.
Q

i=1

Then, applying the operators A and V?A on the first component of the first equation of 7 we deduce
9,80 — A2 37 < / b . 3 dx) i) = —Msa (Aw?) + A¢§3>) in (0,T) x Q (4.23)
i=1 /&
and
n . .
8tV2Aw§3) _ AVQA¢§3) 4 Z (/ b(z) ¢(3) dl‘) v?d(z)
i=1
= —Msa} (v%w@ + v%u@) in (0,7) x Q0 (4.24)

where 4 is defined by (1.17). We continue by following the steps in Section first, we apply Lemma to
(4.24): there exist sg > 0 and Mg > 0 such that for A > A\ and s > so(T™ 4+ T°™),

/ / NG VQAW)‘ dz dt + / / SAZE e~ 2™

(0,T)xQ (0,T)xQ
< // 52 (ag)z e~ 250 VSAwl dm dt + // s? an e 250

0,T)xQ 0,7) x
. . 9
+ / / e 2™ ( / AQERTIC) dm) dz dt + / / SAEge 25 | —
Z (0,T)xQ Q (0,T)x 89 ‘ on
+// S3>\4§672s&1
(O,T)le

2 ( 1\2 —2sa
Joryea (07

can be absorbed by the right-hand side of (4.25|) and by using (4.20]), we have

2 (o 26725621
//(O,T) x (au)

2
v%ﬁ”] dz dt

V3 AW 2>‘ dz dt

VQAW)

dry dt

2832
VAP dadt. (4.25)

The term
3A.(3)]2
Ve Ay, ‘ dx dt,

V3 Adp 2)] dzdt < Hp29 1>‘

L2((0,T)xQ)
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Then, we apply Lemma [2.3] to deduce

~ 2 ~
/ / sTABET 250 Awf”)’ dx dt + / / SAGem 2o
(0, T)xQ (0, T)xQ

/S // 83>\4£f€728a1
(0, T)xQ

2
vmz)f’)‘ de dt

2
vmpf”)‘ dz dt

2 ~
v%ﬁ”‘ de dt + / / SN e 2
(0,T)x@1

T // 37)\85176—25621
(0,T)x &1

Using the ellipticity of the Laplace operator with Dirichlet boundary conditions, we deduce that

2 2 ~
/ / ST e (‘wig)‘ + |ve?| ) dedt S / / SN2
(0,T)x (0,T)x2

Moreover, using the Poincaré inequality and the fact that wég) = 0 on J9, we have for a.e. t € (0,7T),

ey
(0,T)xQ (0,T)xQ

and with the divergence condition, we obtain

2
// 57)\8«5ﬁ7e_28“ﬁ %3)’ dz dt < // 87)\8@76—23%
(0,T)xQ (0,7)xQ

Combining the above estimate with (£.25)), [£.26) and ([Z.27), we deduce that I(1)®) defined by ([@.13) satisfies

2 n N ) 2
1 / / e~ 2501 ( / b . qh3) dx) dx dt
L2((0,T)x %) ; (0,T)xQ Q v

~ 2 2 2
+ / / ¢~ 250 <53A4§§‘V2A¢§3>‘ +35A6§f‘vw§3>‘ 4 sTASET ]AW’)‘ ) dz dt
(0,T)x &1

2
A¢§3)’ dedt. (4.26)

2
Awf’)‘ dz dt. (4.27)

2
amzz;g?’)] d

2
wf’)’ de dt.

Tw®) 5 [p2g™|

2
A dydt.
mn

0
+// SAEpe 25
(0,T) x 592 0
Combining the above inequality with (4.21)) we deduce

2 n - . 2
+ e~ 25 ( / QRRTAC) d;z:> dx dt
L2((0,T) %) ; //(O,T)XQ 9 v

~ 2 2 2
+ / / e~ 250 <53A4§§‘v2A¢§3>‘ +55A6§f]vmp§3>] +sTASET ]qu?)‘ ) dz dt
(0,T)xw1

F®) + T 5 s

2
—nVQAwf” dydt. (4.28)

(0,T) x 592 0

Then, from trace theorems and interpolation inequalities

1o} 3 2 1/2 3/2
it IR Vi W Y e MOV il e
/an Fr e IR e PO L PSR L PRTPSS (g PPN
Thus, using ([.15) and (2.12)), we have for m > 11, and s > so(T?™ + T™),
2 R 1/2 - 3/2
/ / e~ 2 g)g, ‘av%w”) dy dt < AT Hoﬂp@)‘ H93¢<3>’ .
(0,T) x99 on L2(0,T; H4(Q)) L2(0,T;H())

Combining the above estimate and (4.28]), we deduce the existence of \g > 0 and sg > 0 such that for A > Ag
and s > so(T?™ 4+ T™), ([#.22) holds. O
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4.3 Removing the nonlocal spatial terms

In this section, we are going to remove the nonlocal spatial terms in (4.22)) together with several local terms in
(3) : : .
;" to obtain the following result:

Lemma 4.5. With the hypotheses of Proposition[[.3, there exist so > 0 and Ao > 0 such that for X > \g and
5> so(T™ + T*™), we have the following estimate

R R 2
Tw®) + J@®) + |[s*Atgfe- N Dmesy

(W) + J(@) + |[s° A e PllL2 o<
2

i "87/2)\457/267(1\/{“)3% ’ 2
i L2((0,T)xQ)

2

1 oy o)
~ szg L2((0,T)x) t P29 L2((0,T)xQ)

+// 6_3(2N+1)0‘ﬁ |901|2 dz dt-i—// 6725(174%)0111
(0,T)xw (0,T)x &)

_ 1
- Hn+1)
Using (2.10) and Lemma there exist so > 0 and \g > 0 such that for A > \g and s > so(T™ + T°™),

, 2
// o250 (/ p(n) . ¢(3) dgg) dr dt < // e~ 2(1-8)sa, </ p(m) .1/1(3) dq;) dx dt
(0,T)xQ Q (0.1 !
2
< // o—2(1=8)san (/ b)) dm) dx dt.
(0,7)x@n @

Using (1.21)) for ¢ = n, (4.23]) and the above equation, we deduce that

~ 2 ~ 2
/ / e ( / b @ dm) d dt S / / e 2008 (9 a0(7) da dt
(0,7)x 2 Q (0.7) %G,
N 2 _ 2
+ // e~ 2(1-9)san (A%ﬁ@) dx dt + // e~ 2(1-9)san (saéAw§3)> dx dt
(0,T)x@wn, 0,T)X@Wnp

2
Z// 2(1—-8)san, </ b(l) . 11/;(3) dgj) dx dt
L2((0,T)x Q) 0,T)x Q2

Then we can proceed by induction by using ([1.21)), and we deduce from (4.22) that

@2
Al ’ dz dt. (4.29)

Proof. We set

+ szg ’

Tw®) + J0®) < g

L2((0,T)x Q)

+// o= 2581 < 3>\4§‘V2Aw§3)‘ " 5)\6A5’VA1/J§3)‘ + sTABET ’qu?)‘ > dx dt
OT)le

) 2 2
+ Z / / ¢ 2= (n=i D) ((atAw ) + (a27) + (sajauf) ) dx dt. (4.30)
0,T)Xw;
Using (4.16]), we can consider open subsets o= 1,...,3, such that

& e oW e w® e w® =g (4.31)

‘C§

i=1
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and smooth functions
YD e Cc>®(R?%*[0,1]), ¥ =1ino®, suppx® colV (i=1,2).
We deduce from (4.30) that

~ ~ 2
IW®) + J(®) < szg(”‘

L2((0,T)xQ)
2 2 2 2
¥ / / o—25(1- 35 ) (‘v%w@] + (atmp?)) + \vmpf’)‘ + ’mp@‘ ) dr dt. (4.32)
(0,T)x(™)
By integrating by parts and by using (4.15]), we have

1 2 1 2
// e 25(1= g5 )o (Azwgs)) do dt < // X(l)e—2s(1—4—5)an (AQ%?’)) dz dt
(0,T)xw®) (0,7)xw(2)

= — // X(l)e’zs(l’ﬁ)“”VA%pgg)-VAz/)f’) dx dt—// eiQS(lfﬁ)“”Azwgg)Vﬁl)-VAw;B) da dt
(0,T)xw(®2)

(0,T)xw(2)

// 6—28(1—4%1)an
L2(0,T;H5(Q2)) (0,7)x&(2)
We can proceed similarly to estimate

// 6725(174%)% VA%B)‘Q dx dt, // 6725(174%)%
(0,T)xw(2) (0,T)x oM

For the last term, we integrate by parts in time:

1 2 1
// 6—25(1—4—5)04,5 (6tA'¢)§3)) dr dt = 7// 6—25(1—4—5)04,5 (atZAd}g?’)) (Aw?’)) dx dt
(0,T) xw™ (0,T) xw™

+ % //(O,T)xaz(U <6_2s(1_4%)°‘”)n (A¢§3))2 dr dt

, 1/2
// e e N
L2(0,T;H?()) (0,T)xw(®)

+// 6—25(1—‘%3)04‘1
(0,T)xw(3)

Using the above computations, (4.32)) yields (4.18]). Recalling (4.13)), (4.9)), and (4.17]), we have

2
—2say 7A8 TS a2 dr dt < H’\ (1)‘ f (3)
(& S X .
//(O,T)XQ & |12y SAP29 a0y xe) +1(v™)

< )

) 1/2
vmp@‘ dx dt> .

2
v"‘mpf‘" de dt.

< |[Boze|

dx dt.

2
Au?|

On the other hand, since ¢ satisfies (1.16), it is solution of (1.5)) with
g9:=v¢lo+ g
Applying (3.15) yields

2 2

H83A4£é367(N+1)saﬁ<p‘

— Nosa 2 —Nasa
5”6 Na uwHLQ((O,T)xQ)_FHe N3 ﬁg(o)‘

L2((0,T)x Q) L2((0,T)x Q)

+// e—s(2N+1)ay |<p1|2 dr dt
(0, T)xw

and since Ny > M + 1, we can combine this relation with (4.18)) and deduce (4.29). O
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4.4 Proof of Proposition

We are now in a position to prove Proposition With respect to Lemma we only need to remove the

local term in % in (4.29)).
Proof of Proposition[{.4 Using ([@.16), there exists ¥ € C*°(R?;[0,1]), such that
y=1in0® =&y, suppycC®

and we can write

// 6—25(1—4%)0415
(0,T) x®

2
A¢§3>‘ da dtg// ye~2(1=3 ) Az,b(?’)’ d dt
(0, T)xw

= / / e 2e(1ds e (Awl ) (ﬁ@Awl — At — w(z)) do dt. (4.33)
0, T)xw
Applying the operator A on the first component of the first equation of (1.16) and using (1.20)), we deduce

—0 A1 — Aoy = Ay + Ag\” — 8, divg® in (0,7) x &
Combining the above relation with (4.33)), we find

// 6—25(1—4%)%
(0,T)xw(3)

2
Aw?)) dz dt

< [ et (au®) (ppdae
(0,T)x&

+ 1201 + P12 AgY — 1520s, divg©@ + prayi + Aw@)) de dt. (4.34)

Now, we estimate each term of right-hand side of the above relation. First,
f// Xef2s( ) (A?/J )(ﬁlﬁgc'?tAapl) dx dt
0, T)xw
/ / o—s(z+M— )au) (axav® +2vy - vAG® + xa20) oy du dt
0 T)><w
/ / et M)y (AxatAwl 12V - 8, VALY + o, A2 P ) o1 dz dt
0,T7)x
so that, using (4.15)),

- //( : 5(6_28(1_4%)&” (A?ﬂf))) (P1P20;Apr) dx dt
0, T)x&

1/2
) // =28 (1HM g e lp1|? da dt . (4.35)
L2(0,T;H*(Q)) (0,T)x@
Similarly,

-/ /( et (av) (ﬁlﬁzA%l) dz dt
0,T)x@
1/2
// —2@(1+M—*)an ‘Q@l| dx dt ,
r2o.m:u52) \ JJomxo

< (HMW\

[P

L2(0,T;H*(Q))

S “531/1(3)’
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- )26728(1 i )ou (A¢(3 ) Ag — 0, divg® ) dax dt
(0,T)x@

) 1/2
) (3)‘ // o 2s(1HM— 5 )y )’ de dt
H 2’(/} LQ(OTH4(Q)) (0,T)x& gl v
<@ <3>‘ H <o>‘
~ H 2v L2(0,T;H4()) Pip2g L2(0,T;L2())
and
- / / g2 (Agf?) <51A¢§” +A¢§2>> dz dt.
(0,T)x&
1/2
2
- —as(1- o (AL H <1>’ H <2>‘
- <//(0,T)><we H(aul?) doa U oz TV sz
< |, <3>‘ HA <1>’ . (4.36
~ H 1 L2(0,T;H2(Q)) P29 L2((0,T)x ) ( )

Gathering (4.29), (4.34), (4.35)—(4.36)) and using No > M + 1 imply

(¢(3))+J(¢(3 +H 3/\453 N+1)saw’

+ H 7/2/\457/2 —(M+1)sauw’

L2((0,T)x Q) L2((0,T)x Q)

(0) ’

L2((0,T)x€) + Hmng

+ // 67‘9(2N+1)aﬁ |@1|2 dx dt + // 3725(1+M )aﬁ ‘(p | dx dt. (437)
0, T)xw (0, T)xw

The above relation implies (4.19)) and this concludes the proof of Proposition O

L2((0,T)x%)

4.5 Controllability results
First let us deduce Theorem [I.7] from Proposition [£.2}

Proof of Theorem[I.7, We consider sy > 0 and Ao > 0 from Proposition [£:2] and in what follows, we fix A = g
and s = so(T™ + TZm)
Since Ny > M + 1,
N+1>M> M

and there exists P > 2 such that

1 P2 \" N+1<N+1
4(P-1) M My

In particular, from
—(N +1)say(T/2) + Masoy(T/P) <0, —(N+1)say(T/2)+ Msay(T/P) <O. (4.38)
We consider xo € C*°([0,T]) such that
xo=0 in[0,7/P], xo=1 in[T/2,T], |xol S1/T.
Then we deduce from that

L* (X0, XoTp) = <X01/110+X09() x6w70>7

(4.39)
L(xo¥, xomy) = (Xog(l) + Xo¢70) .
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Then, combining Proposition 2.1 and Proposition we deduce

(0) ‘

<1>’

IxX0%ll 0,72y + X0 2o 7.2y S || o9 . |xos

L2(0,T;L2(Q L2(0,T;L2(Q))

+ X092l 20,7120 + IX0¥ I 20,7 12(02)) -
In particular, from (4.3)), (4.4) and (4.38)),

1032l L2 /2,7512(0)) T 103U L2072, 71200

< o~ (N+D)sa(T/2)+ Masa, (T/P) < o]

# [

Halg LQ(T/P,T;L2(Q))>

L3(T/P,T;L*(Q))

1 - S 1e% -~ ~
+ —e (N+1) ﬁ(T/2)+M ﬁ(T/P) (||U2<10HLQ(T/P,T/Q;L2(Q)) + ||0-2wHLZ(T/P,T/Z;LQ(Q)))

<7

~

# [

1020l 27/ prj2sr2 ) T 1028 L2 (1) prj2s2 @)y - (4:40)

L2(0,T;L2(Q)) L2(0,T5L3(Q2))

Then, we deduce from (4.19) that

1032l L20,7/2:12(0)) + 19381 L2(0,7/2:22())

< Hﬁlg(o)‘ + 10201l 120,722 (wU)) -

(1)’

=+ H319
L2(0,T5L2(92)) L2(0,T5L3(Q2))
Combining the above relation and (4.40) yields the result. O

The proof of Corollary is completely standard and we only present the main ideas to prove it from
Theorem

Proof of Corollary[1.9 First, we define the space

Xy = {(@,W¢,¢7ﬂw)60w([O,T]xQ) cdivep=divy =0, =1 =0o0n(0,T) x 09,

/mpdx:/ww dsz},
Q Q

the operators

LYo :=—0yp — Ap + Z (/ a . dx) b
Q

i=1

Lip = 0pp — A + </Q b -4 dm) a®,
=1

and the bilinear symmetric form

(s Ty 0, T ), (P Ty Wy Ty ) ) e = //(0 . Q&%(L*ap + Vr, —lo) - (L*¢ + Vi, — ¥le) dr dt
1) X

+ // 8%(L1/} + Vﬂ'w) . (L*¢+ Vﬁ'q/,) dx dt+ // (/3'\5501@1 dx dt.
0, T)xQ (0,T) x (wUD)

From (1.22)), we deduce that

~ ~ 1/2
||U3<P||L2(0,T;L2(Q)) + ||‘73¢HL2(0,T;L2(Q)) S (s o, 0, )l = (0, T, ¥, ), (9077T<p71/)77rw)>x/ . (4.41)
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and thus || - || x is a norm and we can define the completion X' of Xy for this norm.
We also define

e tdm) = [[ (105 s® ) doar
0, T)xQ
From (4.41)), we deduce that ¢ is a linear continuous form of X and

f(O) f(l)

03 03

_|_
L2((0,T)x )

[l <

L2((0,T)xQ) .

Thus from the Riesz theorem, there exists a unique (p, 7,,%, 7y) € X such that

V((ﬁ,ﬁ'@,l[J,ﬁ'w) ek, ((9077&071/}77%)7 (‘ﬁvﬁwvzﬁvﬁw»?( = f((@mﬂ/fﬂ?w))- (442)

We set
2:=03 (LYo + Vr, —¥lo), w:=355(Ly+ V), u:i=—03p1e1, (4.43)

and from (4.42)), we deduce that

(0) (1)
= + = + = <L 1L
O1llL2((0,1)xQ) 91 1lL2((0,T)xQ) 02 (| L2((0,T) x (wUD)) 03 1L2((0,T)x ) 03 1lL2((0,T)xQ)
and that

// z.(L*<p+vm—1oz/3)dxdt+// w - (L + Viy) do dt
(0,T)xQ (0,T)xQ

:// u-cﬁdmdt—i—// f(°>-¢dxdt+// fY ) do dt.  (4.44)
(0,T) xwy (0, T)xQ 0, T)xQ

The last relation yields that (z,w) is a weak solution of (1.15). We recall that 7y is defined by (4.5). We can

check that
c(z2 P\ _ (1 a6z,
oo’ 0 0o o2’ )’
Sfwog A 7
L <A,A>(A+A1(’) /92,0 )
oo Og o) go 0
and thus using (3.4]), Proposition and Proposition we deduce that
(0) 1)
Ai + Aﬂ N fT + fT . (4.45)
90 |l x, 90 |l x, I3 |lL2((0,1)x Q) 03 |L2((0,T)x)

This implies in particular that w(0,-) = 0.

In order to prove the existence of insensitizing controls for (1.1)) and (1.14)), we define

Fy = {(f(0)7f<1)) : J;(Z) @ € L*((0,T) x Q)}

g3

and the mapping
N Fs— T, (f<0>,f<1>) = (f= (2 V)2 — (Va) w+ (2 V)w)

where (z,w) is the above solution, that is given by (4.43) and that satisfies (4.45)) and (4.44]).

28



Using (4.7, one can check that the map N is well-defined and from (4.45)), we can also show that if

Ai <r
I3 1lL2((0,1)xQ)
and if r is small enough, the closed ball
(0) 1)
Bs := (f(o)»f(l)) € F3; fT fT <2r
03 llL2((0,1)xQ) 03 llL2((0,1)xQ)

is invariant by N and is a strict contraction on this set. This yields the existence of a fixed point for A. The
corresponding solution (z, w) satisfies (I.1)) and (1.14), and (1.23). This concludes the proof of Corollary[1.9] O

5 Conclusion

In this article, we have obtained the local controllability of the system that corresponds to the Navier-
Stokes with a nonlocal spatial term. In order to do this, we have shown a weighted observability type inequality
in Theorem for the adjoint system. One of the main ingredients to prove such an inequality is Carleman
estimates that are a standard tool in the study of the controllability of parabolic systems. Here, due to the
nonlocal spatial terms, we needed to use several weight functions and, to overcome regularity issues, we introduce
a new decomposition (see Section. Such a decomposition can be used in other problems for the controllability
of parabolic systems. We have also managed to show the existence of insensitizing controls for , by using
a similar method.

The results obtained here could be extended to other systems such as the heat equation and the Boussinesq
system with similar nonlocal spatial terms.

There are several open questions that remain to be solved in the future: is it possible to replace the condition
by a weaker condition? Is it possible to show similar results in the case where the nonlocal spatial term
has a general form such as ? At the moment, there are few results in this general case, one can quote for
instance [I6] or [23] where there are strong hypotheses on the regularity of the kernel k.

A Proof of Proposition [2.1

We give here a sketch of the proof of Proposition that is quite standard. The proof of Proposition [2.2| can
be obtained with a similar method.

Proof of Proposition |2.1., The proof of Proposition can be obtained by using the standard Galerkin method
and by following for instance the proof of [25, Proposition 1.2, pp. 267-268] for the Stokes system. The main
idea is to obtain uniform a priori estimates for the approximate solutions. Here, to simplify, we only show a
priori estimates on the solutions of , but one can recover similar estimates for the Galerkin approximation.

First, by multiplying the first equation of by ¢ and integrating in (¢,T") x €2, we obtain that for ¢ € (0,T)

T T
/|<p(t,x)|2 dw+2/ /|Vg0\2 dacdsg/ lor|? d;v+/ /|g|2 dx ds
Q t Jao Q 0o Ja
+ (1 +y° Ha(“
i=1

and with the Gronwall lemma, this yields that for ¢ € (0,T)

T T
[letar dove [ [ Vel dvdss [ for? o [ [ 1ol doas,
Q t Q Q 0 Q

T
2
dx ds
L°°(0,T;L2(Q))> /t /Q|(P|

Hbm
L>(0,T;L2(%2))
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where the constant of the above inequality depends on 7' and on the norms of a'? and b in H? (0,T; L*(Q)).
With the Poincaré inequality, we thus deduce that,

”‘PHLO@(o,T;m(Q)) + ||‘P||L2(0,T;H1(Q)) ~ ”SDT”L2 @ ||g||L2(0T L2(Q)) (A1)

Second, by multiplying the first equation of ([2.3)) by —0:¢ and integrating in (¢,7) x §2, we obtain that for
€(0,7T)

1 T
/ /IZWI drds+ /\Vso( o)’ x<5/|wﬂ2 dm+/ /|g|2 dz ds
Q 0 Q

T n 2
+/ 3 Hao ‘bu)
toi=1

Loo(0,T;L2(52)) ’

2
: d
Lo (0.T:L2(Q) (s, L2 (q ds

and combining the above relation with (A.1)) implies

”‘P”Hl(o,T;L?(Q)) + ||<PHL<>c(0,T;H1(Q)) ~ ”‘PT”Hl(Q + ||9||L2(0 T;L2(Q)) (A.2)

Then, we can see ([2.3) as a stationary Stokes system and apply the elliptic regularity of such a system (see, for
instance, [25, Proposition 2.2, p.33]):

el 20,2 (0)) + 17 L2 0,1 () /m) S 190l L2(0,7312 ()
+ Z o
Combining (A.1)), (A.2 and we deduce (2.4).

Then to obtain (2.5)), we differentiate (2.3) in time to obtain

Hba)

||‘P||L2(0,T;L2(Q))- (A.3)

L>(0,T;L2(Q)) L==(0,T;L%())

—0; (8y) — A (Bp) + Z (/ @ . 9, dx) b 4V (9ym) =g in (0,

div (Orp) =0 in (0,
Op =0 on (0,7) x 09,
@) (T,-) =0 inQ,

with . .
g(l) = 0, — Z (/ 9,0 . © dx) Z </ a® . p d:c> 9pb®.
i=1 WO i=1

From the first part of the proof, we have

10e 20,752 (52)) + 102l 20,5112 (02)) S Hg ’LZ(O,T;H(Q))'

We can check that

<1)’

‘b(w

Hg HI(0T:12(0) ‘ H@HLoo(o,T;Lz(Q))

e
i=1

Combining the above estimate with (A.5]) and (2.4) implies

L2(0,T5L%(Q))

(0)
S 9ller o720y ; H“ L0 (0,T3L2(9))

Ml oo (0,7522(02)) -

H1(0,T;L2(Q)) ‘ Le°(0,T5L2(Q2))

102 1. 0,75220)) T 1102l 20,7120 S N9l 0752200 - (A.6)
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Then, using the elliptic regularity of the Stokes system (see, for instance, [25, Proposition 2.2, p.33]), we deduce
||90||L2(0,T;H4(Q)) + HWHLz(o,T;HB(Q)/R) S ||3t%0||L2(o,T;H2(Q))
e
i=1

Gathering (A.6), (2.4) and the above estimate yields (2.5)).
Finally, to obtain (2.6]), we differentiate (A.4)) in time to obtain

Hbu)

||<P||Loo(o,T;L2(Q)) :

L= (0,T5L%(Q)) L2(0,T;H?())

R ACHEINCIIEDY (/Q al - 97 da:) b + v (9271) = g i (0,T) x Q,
=1

div (07¢) =0 in (0,7) x €,
920 =0 on (0,T) x 09,
(97¢) (T,) =0 inQ,

with

n

g? = g — Z [(/ 8?a(i) S dx) b 4 (/ a® . p dx) Q?b(i) +2 (/ a9, dx) b
Py Q Q Q
+2 ( / oa - dx) b + 2 ( / a® - 9, dm) atb@} .
Q Q

S Mgl 0200y + Z Ha(z)
=1

We can check that

|

‘bu)

H2(0,T;L2()) ’ ) ||<‘0||L°°(0,T;L2(Q)) .

L2(0,T;L%(Q)) H2(0,T;L2(Q
From the first part of the proof and the above estimate, we have
HatQ('DHHl(O,T;LZ(Q)) + HatQS"Hm(o,T;Hz(Q)) S N9l gz 075220 - (A7)

Using the elliptic regularity of the Stokes system (see, for instance, [25, Proposition 2.2, p.33]) on (A.4)), we
deduce from the above estimate that

1021l 2071902y < N9l m20,7:2200)) + 19 107, 12(02)) -

Then, using the elliptic regularity of the Stokes system (see, for instance, [25, Proposition 2.2, p.33]) on (2.3)
and the above estimate, we obtain

”‘P”L?(QT;HG(Q)) S ||g||H2(07T;L2(Q)) + ”g”Hl(O,T;H?(Q)) + ||g||L2(0,T;H4(Q)) :

Combining the above relation and (A.7)) gives (2.6]). O
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