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Abstract

This paper deals with controllability properties of a cubic Ginzburg-Landau
equation with dynamic boundary conditions. More precisely, we prove a local
null controllability result by using a single control supported in a small subset of
the domain. In order to achieve this result, we first linearize the system around
the origin and analyze it by the duality approach and an appropriate Carleman
estimate. Then, using an inverse function theorem, the local null controllability
of the nonlinear system is proven.
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1 Introduction and main results

1.1 Introduction

Let Ω ⊂ Rd (d ≥ 2) be a bounded domain with boundary Γ := ∂Ω of class C2.
Given the parameters a, b, c > 0, α, γ ∈ R \ {0}, we consider the following cubic
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Ginzburg-Landau equation with dynamic boundary conditions
∂tu− a(1 + αi)∆u+ c(1 + γi)|u|2u = 1ωh in Ω× (0, T )

∂tuΓ + a(1 + αi)∂νu− b(1 + αi)∆ΓuΓ + c(1 + γi)|uΓ|2uΓ = 0 on Γ× (0, T ),

u = uΓ on Γ× (0, T )

(u(0), uΓ(0)) = (u0, uΓ,0) in Ω× Γ.

(1)

Here, (u, uΓ) is the state of the system, (u0, uΓ,0) the initial conditions and h ∈
L2(ω× (0, T );C) is a control acting on ω ⊂ Ω. We denote by ∆Γ the Laplace-Beltrami
operator on Γ and by ∂νy the normal derivative associated to the outward normal ν
of Ω.

We notice that (1) can be seen as a coupled system in the variables (u, uΓ), which
is controlled by a single control h in a (small) subset ω of Ω. This means that the first
equation of (1) is controlled directly by the action of the control, while the second
equation is being controlled through the side condition u = uΓ on Γ× (0, T ).

The main objective of this work is to obtain the local null controllability of system
(1) in X (where X is an appropriate Banach space), i.e., we will prove the existence
of a number δ > 0 such that, for every initial state (u0, uΓ,0) ∈ X which fulfills

∥(u0, uΓ,0)∥X ≤ δ,

we can find a control h ∈ L2(ω × (0, T )) such that the associated solution (u, uΓ) of
(1) satisfies

y(·, T ) = 0 in Ω, yΓ(·, T ) = 0 on Γ.

1.2 Previous results

The cubic complex Ginzburg-Landau equation is one of the most studied nonlinear
equations used to model physical phenomena. This equation has been used to describe
several phenomena ranging from nonlinear waves, second-order phase transitions,
superconductivity, superfluidity and Bose-Einstein condensation to liquid crystals and
strings in field theory. For a detailed description of relevant applications in different
fields, see [1] and [2].

The existence and uniqueness of solutions of nonlinear Ginzburg-Landau equations
with Dirichlet or periodic boundary conditions have been intensely investigated in
several papers. For instance, we refer to [3], [4], [5], [6], [7], [8], [9] and the references
therein. Concerning controllability properties of the Ginzburg-Landau equation with
Dirichlet boundary conditions, only a few papers have been devoted to the study of the
controllability of such problems. In [10], the stabilization of the linearized Ginzburg-
Landau model with Dirichlet boundary conditions around an unstable equilibrium
state is studied. Moreover, in [6], the author develop a Carleman inequality for an
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operator of the form

(a+ ib)∂t + div(A · ∇),

with A being a smooth, uniformly elliptic matrix, and a null controllability result for
the linear PDE with a distributed control. In 2009, L. Rosier and B.-Y. Zhang in [11]
proved a controllability result for the nonlinear case. In this case, the control acts on
a part of the boundary, and the proof is based on a suitable Carleman estimate for
the linear adjoint system. Then, combining a fixed-point argument together with the
theory of sectorial operators, the authors obtained a local controllability result for
a wide class of nonlinearities. In particular, controllability results for the cubic and
quintic Complex Ginzburg-Landau are provided.

Recently, some results on inverse problems and controllability issues have been
obtained for PDEs with dynamic boundary conditions; see, for instance, [12], [13], [14],
[15], [16], and [17] for the heat equation, [18] for the wave equation, and [19] for the
Schrödinger operator. In these works, the authors has been used the duality equiva-
lence to prove the associated observability inequality by using Carleman estimates. At
this level, we point out that it is not evident at all that such systems can be controlled
by the action of a single control due to the tangential derivative terms. In fact, in the
case of the linear wave equation with mixed boundary conditions (oscilatory boundary
conditions and Dirichlet boundary conditions) [18], the authors obtain exact controlla-
bility results where the control region is on the whole boundary (and therefore on the
whole system). On the other hand, in a similar setting, in [19] the authors obtained
the exact controllability of the linear Schrödinger equation with dynamic boundary
conditions. In this case, the control acts only on a part of the boundary. To prove
the associated observability inequality, the authors used a Global Carleman estimate
for the Schrödinger operator, where the weight function is adapted to the geometric
properties of the domain.

Concerning the Ginzburg-Landau equation with dynamic boundary conditions,
we mention [20], where well-posedness of linear/nonlinear of such models is obtained
and long time behavior of solutions is characterized when Lipschitz nonlinearities are
considered. However, to the best of the authors’ knowledge, this is the first time that
the null controllability for the cubic Ginzburg-Landau is studied.

1.3 General setting

In this section, we set up the notation and terminology used in this paper. The set
Γ = ∂Ω can be seen as an (d − 1)-dimensional compact Riemannian submanifold
equipped by the Riemmanian metric g induced by the natural embedding Γ ⊂ Rd. In
addition, we shall denote by dS the (d− 1)-Lebesgue measure for Γ.

Since we are considering dynamic boundary conditions, we need to define some
differential operators on Γ, which can be defined in terms of the associated metric.
However, for our purposes, it will be enough to use the most important properties of
the underlaying operators and spaces. Details can be found, for instance, in [21]. For
the sake of completeness, we recall some of those properties.
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The tangential gradient ∇Γ of yΓ at each point x ∈ Γ can be seen as the projection
of the standard Euclidean gradient ∇y onto the tangent space of Γ at x ∈ Γ, where
yΓ is the trace of y on Γ, i.e., we have the identity

∇ΓyΓ = ∇y − ν∂νy

where y = yΓ on Γ and ∂νy is the normal derivative associated to the outward normal
ν. In particular, notice that ∇ΓyΓ is well defined for every y ∈ H2(Ω) such that y = yΓ
on Γ. In this way, the tangential divergence divΓ in Γ is defined by

divΓ(FΓ) : H
1(Γ;R) → R, yΓ 7→ −

∫
Γ

FΓ · ∇ΓyΓdS.

The Laplace-Beltrami operator is given by ∆ΓyΓ := div(∇ΓyΓ), for all yΓ ∈
H2(Γ;R). In particular, the surface divergence theorem holds:∫

Γ

∆ΓyΓzΓdS = −
∫
Γ

∇ΓyΓ · ∇ΓzΓdS ∀yΓ ∈ H2(Γ;R), ∀zΓ ∈ H1(Γ;R).

In order to simplify the notation, here and subsequently, the function spaces refer
to complex-valued functions unless otherwise stated.

For 1 ≤ p ≤ +∞, we consider the Banach space Lp := Lp(Ω)×Lp(Γ), endowed by
the norm given by the relation

∥(u, uΓ)∥2Lp := ∥u∥2Lp(Ω) + ∥uΓ∥2Lp(Γ).

In particular, for p = 2, the space L2 := L2(Ω)×L2(Γ) is a Hilbert space equipped
with the scalar product

⟨(u, uΓ), (v, vΓ)⟩L2 := ℜ
∫
Ω

uvdx+ ℜ
∫
Γ

uΓvΓdS.

For k ≥ 1, we also introduce the space

Hk := {(y, yΓ) ∈ Hk(Ω)×Hk(Γ) ; y
∣∣
Γ
= yΓ},

where Hk(Ω) and Hk(Γ) are the usual Sobolev spaces.

1.4 Main result

Our main result states the local null controllability on the space H1:
Theorem 1.1. Suppose that d = 2 or d = 3. Let a, b, c > 0, α, γ ∈ R \ {0}. Then,
for every T > 0 and ω ⋐ Ω, there exists δ > 0 such that, for every (u0, uΓ,0) ∈ H1

satisfying

∥(u0, uΓ,0)∥H1 ≤ δ,

4



there exists a control h ∈ L2(ω × (0, T )) such that the unique corresponding solution
(u, uΓ) of (1) satisfies

u(·, T ) = 0 in Ω, uΓ(·, T ) = 0 on Γ,

To prove Theorem 1.1 we first deduce a null controllability result for a linear system
associated to (1):

∂ty − a(1 + αi)∆y = f + 1ωh in Ω× (0, T ),

∂tyΓ + a(1 + αi)∂νy − b(1 + αi)∆ΓyΓ = fΓ on Γ× (0, T ),

y = yΓ on Γ× (0, T ),

(y, yΓ)(0) = (y0, yΓ,0) in Ω× Γ,

(2)

where (f, fΓ) will be taken to decrease exponentially to zero in t = T . Then, we prove
a new Carleman estimate for the adjoint system of (2) (see estimate (47) below). This
will provide existence of a unique solution to a suitable variational problem, from which
we define a solution (y, yΓ, h) to (2) such that y(T ) = 0 in Ω. Moreover, the solution
is such that eC/(T−t)(y, yΓ, h) ∈ L2×L2(ω× (0, T )), for some constant C > 0. Finally,
by an inverse mapping theorem, we deduce the null controllability for the nonlinear
system. We point out that this strategy has been widely used to prove controllability
results for nonlinear PDEs. In particular, we mention that this technique has been
used recently to prove local null controllability for the termistor problem [22], the null
controllability a quasi-linear parabolic system [23], and to give numerical boundary
controllability results for a parabolic equation with a nonlinear diffusion term [24].

The rest of the paper is organized as follows. In Section 2, we establish the existence
and uniqueness of solutions of (1) and (2). In Section 3, we prove a suitable Carleman
estimate for the Ginzburg-Landau operator with dynamic boundary conditions. In
Section 4, we prove the observability estimate for the adjoint system and prove the
null controllability of (2). In Section 5 we prove Theorem 1.1. Finally, in Section 6 we
give additional comments related to our results.

2 Existence and uniqueness of solutions

In this section, we present new results concerning existence and uniqueness for the
Ginzburg-Landau equations with dynamic boundary conditions.

2.1 Linear problem

We consider the Cauchy problem
Lu = f in Ω× (0, T ),

LΓ(u, uΓ) = fΓ on Γ× (0, T ),

u = uΓ on Γ× (0, T ),

(u(0), uΓ(0)) = (u0, uΓ,0) in Ω× Γ.

(3)
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where

Lu := ∂tu− a(1 + αi)∆u, LΓ(u, uΓ) := ∂tuΓ + a(1 + αi)∂νu− b(1 + αi)∆ΓuΓ, (4)

respectively. Notice that the problem (3) can be seen in the abstract form{
U ′(t) = AGLU(t) + F (t) t ∈ (0, T ),

U(0) = U0,
(5)

where AGL : D(AGL) ⊂ L2 → L2 is the operator defined by

AGL(U) :=

[
a(1 + αi)∆u

−a(1 + αi)∂νu+ b(1 + αi)∆ΓuΓ

]
∀U :=

[
u
uΓ

]
∈ D(AGL), (6)

with domain

D(AGL) :=

{
U =

[
u
uΓ

]
∈ H1 : (∆u,∆ΓuΓ) ∈ L2

}
= H2,

where the last equivalence is justified in [25], and

F (t) =

[
f(t)
fΓ(t)

]
∈ L2(0, T ;L2).

If AW is the Wentzell-Laplacian operator introduced in [12], then it is easy to see that
AGL can be written as

AGL = (1 + αi)AW , D(AW ) = D(AGL) = H2.

Then, arguing as in [11, Section 2] we have the following result:
Proposition 2.1. The operator AGL defined in (6) is densely defined and generates
an analytic semigroup (etAGL)t≥0 in L2.

According to Proposition 2.1, the existence and uniqueness of strong solutions of
(5) in the usual sense are guaranteed. In the next subsection, we provide existence
and uniqueness of solutions in appropriate spaces by energy estimates and density
arguments.
Proposition 2.2. Suppose that (u0, uΓ,0) ∈ L2 and (f, fΓ) ∈ L2(0, T ;L2). Then, the
weak solution (u, uΓ) of (3) belongs to C0([0, T ];L2) ∩ L2(0, T ;H1). Moreover, there
exists a constant C1 > 0 such that the associated solution (u, uΓ) of (3) satisfies

∥(u, uΓ)∥C0([0,T ];L2) + ∥(u, uΓ)∥L2(0,T ;H1) ≤ C1∥(f, fΓ)∥L2(0,T ;L2) + C1∥(u0, uΓ,0)∥L2 .
(7)

Proof. Firstly, we multiply by u the first equation of (3) and integrate in Ω. Secondly,
we multiply the second equation of (3) by uΓ and integrate on Γ. Next, we add these
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identities and take the real part on the obtained equation. After integration by parts,
this yields

1

2

d

dt

(∫
Ω

|u(t)|2dx+

∫
Γ

|uΓ(t)|2dS
)
+ a

∫
Ω

|∇u(t)|2dx+ b

∫
Γ

|∇ΓuΓ(t)|2dS

=ℜ
∫
Ω

f(t)u(t)dx+ ℜ
∫
Γ

fΓ(t)uΓ(t)dS.

By Young’s inequality, it is easy to check that

∥(u, uΓ)∥2C0([0,T ];L2) + ∥(u, uΓ)∥2L2(0,T ;H1) ≤ C∥(f, fΓ)∥2L2(0,T ;L2) + C∥(u0, uΓ,0)∥2L2 ,

which clearly implies (7).

Proposition 2.3. Let (u, uΓ,0) ∈ H1 and (f, fΓ) ∈ L2(0, T ;L2). Then, the associated
weak solution (u, uΓ) of (3) belongs to H1(0, T ;L2) ∩ C0([0, T ];H1) ∩ L2(0, T ;H2).
Moreover, there exists a constant C2 > 0 such that (u, uΓ) satisfies

∥(u, uΓ)∥H1(0,T ;L2) + ∥(u, uΓ)∥C0([0,T ];H1) + ∥(u, uΓ)∥L2(0,T ;H2)

≤C2∥(f, fΓ)∥L2(0,T ;L2) + C2∥(u0, uΓ,0)∥H1 .
(8)

Proof. The proof is divided into three steps.
• Step 1: Our first task is to obtain estimates L2(0, T ;L2). In order to do that, we
multiply the first equation of (3) by (1 − αi)∂tu and integrate in Ω. In addition, we
multiply the second equation of (3) by (1−αi)∂tuΓ and integrate on Γ. Then, we sum
up these identities and take the real part. This yields∫

Ω

|∂tu(t)|2dx+

∫
Γ

|∂tuΓ(t)|2dS +
1

2
a(1 + α2)

d

dt

∫
Ω

|∇u|2dx

+
1

2
b(1 + α2)

d

dt

∫
Γ

|∇ΓuΓ|2dS = ℜ
∫
Ω

(1− αi)f∂tudx+ ℜ
∫
Γ

(1− αi)fΓ∂tuΓdS.

Integrating in time the above inequality, we easily get

∥(u, uΓ)∥2H1(0,T ;L2) + ∥(u, uΓ)∥2C0([0,T ];H1) ≤ C∥(f, fΓ)∥2L2(0,T ;L2) + C∥(u0, uΓ,0)∥2H1 .

(9)

• Step 2: We shall derive estimates in L2(0, T ;H2). To do this, we firstly point out
that the estimate of ∂tu implies that

∥∆u∥L2(0,T ;L2(Ω)) ≤ C∥(f, fΓ)∥L2(0,T ;L2) + C∥(u0, uΓ,0)∥H1 .

By elliptic regularity applied to the first equation of (3), we have

∥u(t)∥H2(Ω) ≤ C∥f(t)∥L2(Ω) + C∥∂tu(t)∥L2(Ω) + C∥uΓ(t)∥H3/2(Γ),
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a.e. in (0, T ). Integrating on t ∈ [0, T ], we deduce that

∥u∥L2(0,T ;H2(Ω)) ≤ C∗∥(f, fΓ)∥L2(0,T ;L2) + C∗∥(u0, uΓ,0)∥H1 + C∗∥uΓ∥L2(0,T ;H3/2(Γ)),

(10)

for some constant C∗ > 0. Now, from the second equation of (3), we deduce that

∥uΓ∥L2(0,T ;H2(Γ)) ≤C∥fΓ∥L2(0,T ;L2(Γ)) + C∥∂νu∥L2(0,T ;L2(Γ)) + C∥∂tuΓ∥L2(0,T ;L2(Γ))

≤C∥(f, fΓ)∥L2(0,T ;L2) + C∥(u0, uΓ,0)∥H1 + C∥∂νu∥L2(0,T ;L2(Γ)).
(11)

Moreover, by interpolation inequalities, we have that for every 0 < s < 1/2 and
ε > 0, there are positive constants Cs and Cε such that

∥∂νu∥L2(0,T ;L2(Γ)) ≤ Cs∥u∥L2(0,T ;H3/2+s(Ω)) ≤ Cε∥u∥L2(0,T ;H1(Ω)) + ε∥u∥L2(0,T ;H2(Ω)).

(12)

Combining (10), (11) and (12) together with estimate (7), we get

∥u∥L2(0,T ;H2(Ω)) ≤ C∥(f, fΓ)∥L2(0,T ;L2(Ω)) + C∥(u0, uΓ,0)∥H1 , (13)

where we have chosen ε > 0 small enough. With the estimate (13) at hand, by (12)
we can assert that

∥∂νu∥L2(0,T ;L2(Γ)) ≤ C∥(f, fΓ)∥L2(0,T ;L2) + C∥(u0, uΓ,0)∥H1 . (14)

Thus, substituting (14) into (11), we conclude that

∥uΓ∥L2(0,T ;H2(Γ)) ≤ C∥(f, fΓ)∥L2(0,T ;L2) + C∥(u0, uΓ,0)∥H1 . (15)

Finally, combining (10), (15) and (9), we deduce (8).

Now, we study local solutions of the nonlinear problem
Lu+ c(1 + γi)|u|2u = f in Ω× (0, T ),

LΓ(u, uΓ) + c(1 + γi)|uΓ|2uΓ = fΓ in Γ× (0, T ),

u = uΓ on Γ× (0, T ),

(u(0), uΓ(0)) = (u0, uΓ,0) in Ω× Γ,

(16)

where L and LΓ are given by (4), with a, b, c > 0 and α, γ ̸= 0.
Proposition 2.4. Let d = 2 or d = 3. There exist ε > 0 and C > 0 such that, for
every (f, fΓ) ∈ L2(0, T ;L2), (u0, uΓ,0) ∈ H1 such that

∥(f, fΓ)∥L2(0,T ;L2) + ∥(u0, uΓ,0)∥H1 ≤ ε, (17)
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there exists a unique solution (u, uΓ) of (16) which satisfies

∥(u, uΓ)∥C0([0,T ];H1) + ∥(u, uΓ)∥L2(0,T ;H2) ≤ C
(
∥(f, fΓ)∥L2(0,T ;L2) + ∥(u0, uΓ,0)∥H1

)
.

Proof. We denote B = C0([0, T ];H1) ∩ L2(0, T ;H2). Given (f, fΓ) ∈ L2(0, T ;L2) and
(u0, uΓ,0) ∈ H1, for each (z, zΓ) ∈ B, we consider the system

Lu = f − c(1 + γi)|z|2z in Ω× (0, T ),

LΓ(u, uΓ) = fΓ − c(1 + γi)|zΓ|2zΓ on Γ× (0, T ),

u = uΓ on Γ× (0, T ),

(u(0), uΓ(0)) = (u0, uΓ,0) in Ω× Γ.

(18)

Notice that since d ≤ 3, we have B ↪→ L∞(0, T ;L6) ∩ L2(0, T ;L∞). Furthermore,
we can see that this space can be continuously embedded in L6(0, T ;L9). Indeed, let
v ∈ L∞(0, T ;L6) ∩ L2(0, T ;L∞). By the interpolation of L9(Ω) between L6(Ω) and
L∞(Ω) (see for instance [26]), we have

∥v∥6L6(0,T ;L9(Ω)) =

∫ T

0

∥v(t)∥6L9(Ω) dt

≤
∫ T

0

∥v(·, t)∥4L6(Ω)∥v(·, t)∥
2
L∞(Ω) dt

≤ ∥v∥4L∞(0,T ;L6(Ω))∥v∥
2
L2(0,T ;L∞(Ω)).

The same argument holds for Γ instead of Ω, so the embedding follows.
From Proposition 2.3 and the fact that B ↪→ L6(0, T ;L6) continuously, we have

that (18) has a unique solution (u, uΓ) ∈ B. Hence, we can define the map F : B → B
given by F(z, zΓ) = (u, uΓ). Moreover, we also have that there exists D > 0 such that

∥F(z, zΓ)∥B ≤ D
(
∥(f, fΓ)∥L2(0,T ;L2) + ∥(u0, uΓ,0)∥H1 + ∥(z, zΓ)∥3B

)
. (19)

Clearly, (u, uΓ) ∈ B is a solution of (16) if and only if it is a fixed point of the map
F . We will show that there exists R > 0 such that the restriction of F to the closed
ball BR := {(z, zΓ) ∈ B : ∥(z, zΓ)∥B ≤ R} is a contraction from BR into BR. Then,
the proof will follow from a classic fixed-point result.

Indeed, from (19) and assumption (17), for each (z, zΓ) ∈ BR we have

∥F(z, zΓ)∥B ≤ D
(
ε+R3

)
. (20)

Moreover, for each (z, zΓ), (w,wΓ) ∈ BR, taking into account the equations satisfied
by F(z, zΓ)−F(w,wΓ), from Proposition 2.3 we have that

∥F(z, zΓ)−F(w,wΓ)∥2B ≤ D1∥|z|2z − |w|2w, |zΓ|2zΓ − |wΓ|2wΓ∥2L2(0,T ;L2)

≤D1

{
∥z − w∥2L∞(0,T ;L4(Ω))

(
∥z2 + zw∥2L2(0,T ;L4(Ω)) + ∥w∥4L4(0,T ;L8(Ω))

)
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+∥zΓ − wΓ∥2L∞(0,T ;L4(Γ))

(
∥z2Γ + zΓwΓ∥2L2(0,T ;L4(Γ)) + ∥wΓ∥4L4(0,T ;L8(Γ))

)}
,

and then, taking into account that B ↪→ L∞(0, T ;L4) ∩ L4(0, T ;L8), we get that

∥F(z, zΓ)−F(w,wΓ)∥B ≤ D2R
2∥(z, zΓ)− (w,wΓ)∥B. (21)

Therefore, in order to conclude, we choose R > 0 such that R2 < min

{
1

2D
,
1

D2

}
and

ε > 0 such that ε ≤ R
2D . From (20), (21) and the Banach Fixed point Theorem, we

get the existence of a unique fixed point of F .

3 A new Carleman estimate for the linear
Ginzburg-Landau equation with dynamic
boundary conditions

In this section, we prove a Carleman estimate for the linear Ginzburg-Landau operator
with dynamic boundary conditions. We start by introducing the weight functions that
we shall use. For this purpose, we recall the following
Lemma 3.1 (see [27]). Given a nonempty open set ω′ ⋐ Ω, there exists a function
η0 ∈ C2(Ω) such that

η0 > 0 in Ω, η0 = 0 on Γ, |∇η0| > 0 in Ω \ ω′. (22)

Given ω′ ⋐ Ω, we take η0 with respect to ω′ as in Lemma 3.1. For λ,m > 1, we
define

φ(x, t) :=(t(T − t))−1
(
e2λm∥η0∥∞ − eλ(m∥η0∥∞+η0(x))

)
∀(x, t) ∈ Ω× (0, T ), (23)

ξ(x, t) :=(t(T − t))−1eλ(m∥η0∥∞+η0(x)) ∀(x, t) ∈ Ω× (0, T ). (24)

Theorem 3.2. Let ω ⋐ Ω. Set ω′ ⋐ ω and η0 satisfying (22). Define φ and ξ as in
(23) and (24), respectively. Then, there exist constants C, λ0, s0 > 0 such that for all

10



λ ≥ λ0 and s ≥ s0, we have∫ T

0

∫
Ω

e−2sφ
(
s3λ4ξ3|v|2 + sλ2ξ|∇v|2 + s−1ξ−1|∂tv|2 + s−1ξ−1|∆v|2

)
dxdt

+

∫ T

0

∫
Γ

e−2sφ(s3λ3ξ3|vΓ|2 + sλξ|∇ΓvΓ|2 + sλξ|∂νv|2)dSdt

+

∫ T

0

∫
Γ

(s−1ξ−1|∂tvΓ|2 + s−1ξ−1|∆ΓvΓ|2)dSdt

≤Cs3λ4

∫ T

0

∫
ω

e−2sφξ3|v|2dxdt+ C

∫ T

0

∫
Ω

e−2sφ|L∗(v)|2dxdt

+ C

∫ T

0

∫
Γ

e−2sφ|L∗
Γ(v, vΓ)|2dSdt,

(25)

for all (v, vΓ) ∈ H1(0, T ;L2) ∩ L2(0, T ;H2), where

L∗(v) = ∂tv + a(1− αi)∆v,

L∗
Γ(v, vΓ) := ∂tvΓ − a(1− αi)∂νv + b(1− αi)∆ΓvΓ.

(26)

Proof. For convenience, the proof has been divided into several steps:
• Step 1. In this step, we perform the first estimates of the conjugated variables. For
simplicity, we consider v ∈ C∞(Ω× [0, T ]), vΓ = v. This is due to the density of this
space in H1(0, T ;L2) ∩ L2(0, T ;H2). Now, for λ ≥ λ1 ≥ 1, and s ≥ s0 ≥ 1, define

w :=e−sφv in Ω× (0, T ),

f :=e−sφ(∂tv + a(1− αi)∆v) in Ω× (0, T ),

fΓ :=e−sφ(∂tv − a(1− αi)∂νv + b(1− αi)∆Γv) on Γ× (0, T ).

Straightforward computations show that

∇φ = −∇ξ = −λξ∇η0, ∆φ = −λ2ξ|∇η0|2 − λξ∆η0, ∂νφ = −λξ∂νη
0,

on Γ× (0, T ) with ∂νη
0 ≤ c < 0 on Γ, for some constant c > 0 and

∇Γφ = ∇Γξ = 0, ∆Γφ = ∆Γξ = 0 on Γ× (0, T ).

Then, in Ω× (0, T ) we have the following identity:

f =∂tw + a(1− αi)∆w + as2λ2(1− αi)|∇η0|2ξ2w − asλ2(1− αi)|∇η0|2ξw
− asλ(1− αi)∆η0ξw − 2asλ(1− αi)ξ∇η0 · ∇w + s∂tφw.

(27)

11



On the other hand, on Γ× (0, T ) we have

fΓ =∂tw − a(1− αi)∂νw + asλ(1− αi)∂νη
0ξw + b(1− αi)∆Γw

+ s∂tφw.
(28)

Now, we define

P1w :=a(s2λ2|∇η0|2ξ2w +∆w) + aαi(2sλξ∇η0 · ∇w + (sλ2|∇η0|2 + sλ∆η0)ξw)

+ s∂tφw

P2w :=− a(2sλξ∇η0 · ∇w + (sλ2|∇η0|2 + sλ∆η0)ξw)− aαi(s2λ2|∇η0|2ξ2w +∆w)

+ ∂tw

Rw :=f.

(29)

and

PΓ,1w :=b∆Γw − 2a2

b
αisλ∂νη

0ξw + s∂tφw,

PΓ,2w :=− αbi∆Γw +
2a2

b
sλ∂νη

0ξw + ∂tw,

RΓw :=fΓ − a(1− αi)sλ∂νη
0ξw + a(1− αi)∂νw +

2a2

b
(1− αi)sλ∂νη

0ξw.

(30)

We emphasize that we have incorporated the term 2a2

b αisλ∂νη
0ξw in PΓ,1w and

PΓ,2w. This plays a crucial role since this term is used to obtain a global term of ∇Γw
on the right-hand side of the Carleman estimate (see equation (37)).

Then, (27) and (28) can be written as

P1w + P2w = Rw in Ω× (0, T ), (31)

PΓ,1w + PΓ,2w = RΓw on Γ× (0, T ). (32)

Then, taking the L2(Ω× (0, T ))-norm in (31) and the L2(Γ× (0, T ))-norm in (32),
we obtain

∥P1w∥2L2(Ω×(0,T )) + ∥P2w∥2L2(Ω×(0,T )) + ∥PΓ,1w∥2L2(Γ×(0,T )) + ∥PΓ,2w∥2L2(Γ×(0,T ))

+ 2ℜ⟨P1w,P2w⟩L2(Ω×(0,T )) + 2ℜ⟨PΓ,1w,PΓ,2w⟩L2(Γ×(0,T ))

=∥Rw∥2L2(Ω×(0,T )) + ∥RΓw∥2L2(Γ×(0,T )).

• Step 2. In this step, we devote to compute the terms

⟨P1w,P2w⟩L2(Ω×(0,T )) =

3∑
j,k=1

Ijk,

12



where we have used the notation Ijk to denote the real L2 inner product between the
jth-term of P1w and the kth-term of P2w, defined in (29).

Firstly, the term I11 can be written as

I11 := −a2ℜ
∫ T

0

∫
Ω

z1z2dxdt = I
(1)
11 + I

(2)
11 + I

(3)
11 + I

(4)
11 .

where z1 and z2 are given by

z1 = (s2λ2|∇η0|2ξ2w +∆w), z2 = (2sλξ∇η0 · ∇w + (sλ2|∇η0|2 + sλ∆η0)ξw)

Integration by parts and some algebraic manipulations allow us to obtain

I
(1)
11 :=− 2a2s3λ3ℜ

∫ T

0

∫
Ω

|∇η0|2ξ3w∇η0 · ∇wdxdt

=a2s3λ3

∫ T

0

∫
Ω

(
∇(|∇η0|2) · ∇η0 + |∇η0|2∆η0

)
ξ3|w|2dxdt

+ 3a2s3λ4

∫ T

0

∫
Ω

|∇η0|4ξ3|w|2dxdt− a2s3λ3

∫ T

0

∫
Γ

(∂νη
0)3ξ3|w|2dSdt.

On the other hand, we notice that

I
(2)
11 := −a2

∫ T

0

∫
Ω

(s3λ4|∇η0|4 + s3λ3|∇η0|2∆η0)ξ3|w|2dxdt

Integrating by parts in space, we have

I
(3)
11 :=− a2ℜ

∫ T

0

∫
Ω

∆w(2sλξ∇η0 · ∇w)dxdt

=2a2sλ2

∫ T

0

∫
Ω

ξ|∇η0 · ∇w|2dxdt+ 2a2sλℜ
∫ T

0

∫
Ω

ξ∇w · ∇(∇η0 · ∇w)dxdt

− 2a2sλ

∫ T

0

∫
Γ

ξ∂νη
0|∂νw|2dSdt.

Using the identity

∇w · ∇(∇η0 · ∇w) = ∇2η0(∇w,∇w) +
1

2
∇η0 · ∇(|∇w|2) in Ω× (0, T ),

we notice that

2a2sλℜ
∫ T

0

∫
Ω

ξ∇w · ∇(∇η0 · ∇w)dxdt

=2a2sλ

∫ T

0

∫
Ω

ξ∇2η0(∇w,∇w)dxdt− a2sλ

∫ T

0

∫
Ω

∆η0ξ|∇w|2dxdt
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− a2sλ2

∫ T

0

∫
Ω

ξ|∇η0|2|∇w|2dxdt+ a2sλ

∫ T

0

∫
Γ

∂νη
0ξ(|∇Γw|2 + |∂νw|2)dSdt.

Then, I
(3)
11 is given by

I
(3)
11 =2a2sλ2

∫ T

0

∫
Ω

ξ|∇η0 · ∇w|2dxdt+ 2a2sλ

∫ T

0

∫
Ω

ξ∇2η0(∇w,∇w)dxdt

− a2sλ

∫ T

0

∫
Ω

∆η0ξ|∇w|2dxdt− a2sλ2

∫ T

0

∫
Ω

ξ|∇η0|2|∇w|2dxdt

− a2sλ

∫ T

0

∫
Γ

∂νη
0ξ

(
|∂νw|2 − |∇Γw|2

)
dSdt.

After integration by parts, I
(4)
11 can be written as follows:

I
(4)
11 :=a2ℜ

∫ T

0

∫
Ω

ξw∇w · ∇(sλ2|∇η0|2 + sλ∆η0)dxdt

+ a2ℜ
∫∫ T

0

∫
Ω

λξ
(
sλ3|∇η0|2 + sλ2∆η0

)
w∇η0 · ∇wdxdt

+ a2
∫∫ T

0

∫
Ω

(sλ2|∇η0|2 + sλ∆η0)ξ|∇w|2dxdt

− a2ℜ
∫∫ T

0

∫
Γ

(sλ2|∂νη0|2 + sλ∆η0)ξ(∂νw)wdSdt.

Then, by (22), I11 can be estimated as

I11 ≥C

∫ T

0

∫
Ω

(s3λ4ξ3|w|2 + sλ2ξ|∇η0 · ∇w|2)dxdt

+ Csλ

∫ T

0

∫
Γ

ξ|∂νw|2dSdt+ a2sλ

∫ T

0

∫
Γ

∂νη
0ξ|∇Γw|2dSdt

− Cs3λ4

∫ T

0

∫
ω

ξ3|w|2dxdt−X11,

where X11 satisfies the following upper bound:

X11 ≤C

∫ T

0

∫
Ω

(s3λ3ξ3|w|2 + sλξ|∇w|2)dxdt

+ C

∫ T

0

∫
Γ

(
s2λ3ξ3|w|2 + λξ|∂νw|2

)
dSdt.

It is clear that

I12 =0.
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Moreover, we write I13 as

I13 :=as2λ2ℜ
∫ T

0

∫
Ω

|∇η0|2ξ2w∂twdxdt+ aℜ
∫ T

0

∫
Ω

∆w∂twdxdt

=I
(1)
13 + I

(2)
13 .

Integrating by parts on time and using the fact that w = 0 in t = 0 and t = T , we have

I
(1)
13 =− as2λ2

∫ T

0

∫
Ω

|∇η0|2ξ∂tξ|w|2dxdt.

In the same manner, I
(2)
13 gives

I
(2)
13 =aℜ

∫ T

0

∫
Γ

∂νw∂twdSdt.

Then, I13 is given by

I13 ≥− Cs2λ3

∫ T

0

∫
Ω

ξ3|w|2dxdt− C

∫ T

0

∫
Γ

(sλ1/2ξ|∂νw|2 + s−1λ−1/2ξ−1|∂tw|2)dSdt.

Moreover, from the definition of I21, we see that

I21 =0

From the definitions in (29), we can notice that I22 = α2I11, and then

I22 ≥C

∫ T

0

∫
Ω

(
s3λ4ξ3|w|2 + sλ2ξ|∇η0 · ∇w|2

)
dxdt

+ C

∫ T

0

∫
Γ

(s3λ3ξ3|w|2 + sλξ|∂νw|2)dSdt+ a2α2sλ

∫ T

0

∫
Γ

∂νη
0ξ|∇Γw|2dSdt

− Cs3λ4

∫ T

0

∫
ω

ξ3|w|2dSdt−X22,

where X22 satisfies

X22 ≤C

∫ T

0

∫
Ω

(s3λ3ξ3|w|2 + Csλξ|∇w|2)dxdt

+ C

∫ T

0

∫
Γ

(
s2λ3ξ2|w|2 + λξ|∂νw|2

)
dSdt.
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To compute the term I23, we follow [11]. Then, we write

I23 =
1

2
aαi

∫ T

0

∫
Ω

(2sλξ∇η0 · ∇w + (sλ2|∇η0|2 + sλ∆η0)ξw)∂twdxdt

− 1

2
aαi

∫ T

0

∫
Ω

(2sλξ∇η0 · ∇w + (sλ2|∇η0|2 + sλ∆η0)ξw)∂twdxdt

=I
(1)
23 + I

(2)
23 . (33)

On one hand, integrating by parts in time we have

I
(1)
23

:=− aαi

∫ T

0

∫
Ω

(sλ∂tξ∇η0 · ∇w + sλξ∇η0 · ∇∂tw)wdxdt

− 1

2
aαi

∫ T

0

∫
Ω

(
(sλ2|∇η0|2 + sλ∆η0)∂tξ|w|2 + (sλ2|∇η0|2 + sλ∆η0)ξw∂tw

)
dxdt.

(34)

On the other hand, integration by parts in space yields

I
(2)
23 =aαi

∫ T

0

∫
Ω

(
sλ2|∇η0|2ξw∂tw + sλξw∇η0 · ∇∂tw + sλ∆η0ξw∂tw

)
dxdt

− 1

2
aαi

∫ T

0

∫
Ω

(sλ2|∇η0|2 + sλ∆η0)ξw∂twdxdt

− aαsλi

∫ T

0

∫
Γ

∂νη
0ξw∂twdSdt.

(35)

Then, substituting (34) and (35) into (33) and applying the Young’s inequality, we
show that for all ϵ > 0, there exists C(ϵ) > 0 such that

I23 ≥− C

∫ T

0

∫
Ω

(
s2λ2ξ3|w|2 + λξ|∇w|2

)
dxdt

−
∫ T

0

∫
Γ

(ϵs3λ3ξ3|w|2 + C(ϵ)s−1λ−1ξ−1|∂tw|2)dSdt.

The term I31 is

I31 =− 2as2λℜ
∫ T

0

∫
Ω

ξ∂tφw∇η0 · ∇wdxdt

− a

∫ T

0

∫
Ω

(s2λ2|∇η0|2 + s2λ∆η0)∂tφξ|w|2dxdt
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where the first term can be computed as

− 2as2λℜ
∫ T

0

∫
Ω

ξ∂tφw∇η0 · ∇wdxdt

=as2λ

∫ T

0

∫
Ω

(λ|∇η0|2ξ∂tφ+ ξ∇η0 · ∇(∂tφ) + ∆η0ξ∂tφ)|w|2dxdt

− 2as2λ

∫ T

0

∫
Γ

∂νη
0ξ∂tφ|w|2dSdt

Then, I31 is estimated as

I31 ≥− Cs2λ2

∫ T

0

∫
Ω

ξ3|w|2dxdt− Cs2λ2

∫ T

0

∫
Γ

ξ3|w|2dSdt.

Now, for I32, it is clear that

I32 =− aαsℑ
∫ T

0

∫
Ω

w∇(∂tφ) · ∇wdxdt+ aαsℑ
∫ T

0

∫
Γ

∂tφw∂νwdSdt

≥− C

∫ T

0

∫
Ω

(
s2λ2ξ3|w|2 + ξ|∇w|2

)
dxdt

− C

∫ T

0

∫
Γ

(
s2ξ3|w|2 + ξ|∂νw|2

)
dSdt.

In addition, since w = 0 in t = 0 and t = T , we have

I33 ≥ −Cs

∫ T

0

∫
Ω

ξ3|w|2dxdt.

According to the above estimates, taking s1 and λ1 > 0 large enough if it is
neccesary and choosing ϵ > 0 small enough, we deduce that

⟨P1w,P2w⟩L2(Ω×(0,T ))

≥Cs3λ4

∫ T

0

∫
Ω

ξ3|w|2dxdt+ C

∫ T

0

∫
Γ

(s3λ3ξ3|w|2 + sλξ|∂νw|2)dSdt

+ a2(1 + α2)sλ

∫ T

0

∫
Γ

∂νη
0ξ|∇Γw|2dSdt− Cs3λ4

∫ T

0

∫
ω

ξ3|w|2dxdt−X,

(36)

for s ≥ s1 > 0 and λ ≥ λ1 > 0, where X satisfies

X ≤ Csλ

∫ T

0

∫
Ω

ξ|∇w|2dxdt+ Cs−1λ−1

∫ T

0

∫
Γ

ξ−1|∂tw|2dSdt.

Before going any further, let us point out that the integral term |∇Γw|2 is negative.
However, in the next step we obtain additional terms to solve this problem.
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• Step 3. In this step, we compute the terms

∫ T

0

∫
Γ

PΓ,1wPΓ,2wdSdt =

3∑
j=1

3∑
k=1

Jjk,

where Jjk denotes the real L2 inner product of the jth-term of P1,Γw with the kth-term
of P2,Γw defined in (30). Firstly, we have

J11 =b2αℑ
∫ T

0

∫
Γ

|∆Γw|2dSdt = 0.

Secondly, by the surface divergence theorem, we get

J12 =2a2sλℜ
∫ T

0

∫
Γ

(ξw∇Γ(∂νη
0) · ∇Γw)dSdt− 2a2sλ

∫ T

0

∫
Γ

∂νη
0ξ|∇Γw|2dSdt

≥− 2a2sλ

∫ T

0

∫
Γ

∂νη
0ξ|∇Γw|2dSdt− C

∫ T

0

∫
Γ

(s2λ2ξ|w|2 + ξ|∇Γw|2)dSdt.

Moreover, integrating by parts in time and space, we can assert that

J13 =0.

The term J21 is

J21 =− 2a2α2sλℜ
∫ T

0

∫
Γ

ξw∇Γ(∂νη
0) · ∇ΓwdSdt− 2a2αsλ

∫ T

0

∫
Γ

∂νη
0ξ|∇Γw|2dSdt

≥− 2a2α2sλ

∫ T

0

∫
Γ

∂νη
0ξ|∇Γw|2dSdt− C

∫ T

0

∫
Γ

(s2λ2ξ|w|2 + ξ|∇Γw|2)dSdt.

Furthermore, by definition, J22 is

J22 = 0

For J23, we use Young’s inequality to show that for all ϵ > 0, there exists C(ϵ) > 0
such that

J23 ≥−
∫ T

0

∫
Γ

(
ϵs3λ3ξ3|w|2 + C(ϵ)s−1λ−1ξ−1|∂tw|2

)
dSdt.

By the surface divergence theorem and the fact that ∇Γφ = 0 on Γ × (0, T ), we
deduce that

J31 =0.
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Moreover, by definition, J32 is given by

J32 ≥ −Cs2λ

∫ T

0

∫
Γ

ξ3|w|2dSdt.

On the other hand, integration by parts yields

J33 ≥− Cs

∫ T

0

∫
Γ

ξ3|w|2dSdt.

According to these estimates, we can assert that

⟨PΓ,1w,PΓ,2w⟩L2(Γ×(0,T )) ≥ −2a2(1 + α2)sλ

∫ T

0

∫
Γ

∂νη
0ξ|∇Γw|2dSdt− Y, (37)

where Y satisfies

Y ≤
∫ T

0

∫
Γ

(ϵs3λ3ξ3|w|2 + C(ϵ)s−1λ−1ξ−1|∂tw|2)dSdt

+ C

∫ T

0

∫
Γ

ξ|∇Γw|2dSdt.

From (36) and (37), using that ∂νη
0 ≤ −c < 0 on Γ × (0, T ), taking s1, λ1 > 0

large enough and choosing ϵ > 0 small enough, we obtain

∥P1w∥2L2(Ω×(0,T )) + ∥P2w∥2L2(Ω×(0,T )) + ∥PΓ,1w∥2L2(Γ×(0,T )) + ∥PΓ,2w∥2L2(Γ×(0,T ))

+ C

∫ T

0

∫
Ω

(s3λ4ξ3|w|2 + sλ2ξ|∇η0 · ∇w|2)dxdt

+ C

∫ T

0

∫
Γ

(s3λ3ξ3|w|2 + sλ∂νη
0ξ|∇Γw|2)dSdt

≤∥f∥2L2(Ω×(0,T )) + ∥fΓ∥2L2(Γ×(0,T )) + s3λ4

∫ T

0

∫
ω

ξ3|w|2dxdt+ Z,

(38)

where Z is given by

Z ≤C

∫ T

0

∫
Γ

(s−1/2λ−1/2 + s−1)ξ−1|∂tw|2dSdt

+ Csλ

∫ T

0

∫
Ω

ξ|∇w|2dxdt.

In order to absorb the terms of |∇w| in Ω× (0, T ), ∆w and ∂tw on Γ× (0, T ), we
shall use an indirect estimates using the definitions given in (31) and (32).
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• Step 4. In this step, we obtain estimates for the L2-norm of ∆w, ∇w and ∂tw in
Ω× (0, T ). More precisely, the purpose of this step is to prove the following inequality:∫ T

0

∫
Ω

(
s−1ξ−1|∆w|2 + s−1ξ−1|∂tw|2 + sλ2|∇w|2

)
dxdt

≤C

∫ T

0

∫
Ω

(
s3λ4ξ3|w|2 + sλ2ξ|∇η0 · ∇w|2 + s−1ξ−1|P1w|2 + s−1ξ−1|P2w|2

)
dxdt

+ C

∫ T

0

∫
Γ

(
s3λ3|w|2 + sλ|∂νw|2

)
dSdt.

(39)

To do that, we first estimate the term of ∆w. From the definition of P1 in (29), it
is clear that

s−1

∫ T

0

∫
Ω

ξ−1|∆w|2dxdt

≤C

∫ T

0

∫
Ω

(
s−1ξ−1|P1w|2 + s3λ4ξ3|w|2 + sλ2ξ|∇η0 · ∇w|2

)
dxdt.

(40)

Secondly, we estimate ∇w as follows:

sλ2

∫ T

0

∫
Ω

ξ|∇w|2dxdt =− sλ2ℜ
∫ T

0

∫
Ω

w∇ξ · ∇wdxdt+ sλ2ℜ
∫ T

0

∫
Γ

ξw∂νwdSdt

− sλ2ℜ
∫ T

0

∫
Ω

ξw∆wdxdt

Then, by Young’s inequality we obtain

sλ2

∫ T

0

∫
Ω

ξ|∇w|2dxdt

≤C

∫ T

0

∫
Ω

(
s3λ4ξ3|w|2 + sλ2ξ|∇η0 · ∇w|2 + s−1ξ−1|∆w|2

)
dxdt

+ C

∫ T

0

∫
Γ

(sλ3ξ|w|2 + sλξ|∂νw|2)dSdt.

(41)

Next, we estimate the term of ∂tw directly from the definition of P2:

s−1

∫ T

0

∫
Ω

ξ−1|∂tw|2dxdt

≤ C

∫ T

0

∫
Ω

(
s3λ4ξ3|w|2 + sλ2ξ|∇η0 · ∇w|2 + s−1ξ−1|∆w|2

)
dxdt.

(42)
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Thus, combining (40), (41) and (42), we easily get (39).
• Step 5 In this step, we shall prove that

s−1

∫ T

0

∫
Γ

(
ξ−1|∂tw|2 + ξ−1|∆Γw|2

)
dSdt

≤C

∫ T

0

∫
Γ

(
s2λ2|w|2 + ξ−1|PΓ,1w|2 + ξ−1|PΓ,2w|2

)
dSdt.

(43)

From one hand, by definition of PΓ,1 in (30), we have

s−1

∫ T

0

∫
Γ

ξ−1|∆Γw|2dSdt ≤ C

∫ T

0

∫
Γ

(
|PΓ,1w|2 + s2λ2ξ3|w|2

)
dSdt. (44)

On the other hand, using the definition of PΓ,2 we deduce that

s−1

∫ T

0

∫
Γ

ξ−1|∂tw|2dSdt ≤ C

∫ T

0

∫
Γ

(
s−1ξ−1|∆Γw|2 + sλξ|w|2 + |PΓ,2w|2

)
dSdt.

(45)

Combining (44) and (45), we obtain (43).
Finally, combining (39), (43) and (38), and taking s, λ > 0, we obtain∫ T

0

∫
Ω

(s3λ4ξ3|w|2 + sλ2ξ|∇w|2 + s−1ξ−1|∂tw|2 + s−1ξ−1|∆w|2)dxdt

+

∫ T

0

∫
Γ

(
s3λ3ξ3|w|2 + sλξ|∂νw|2 + sλξ|∇Γw|2 + s−1ξ−1|∆Γw|2

)
dSdt

+

∫ T

0

∫
Γ

(
s−1ξ−1|∂tw|2

)
dSdt

≤C∥Rw∥2L2(Ω×(0,T )) + C∥RΓw∥2L2(Γ×(0,T )) + Cs3λ4

∫ T

0

∫
ω

ξ3|w|2dxdt.

Finally, taking into account that w = e−sφ, we come back to the original variable and
conclude the inequality (25).

The proof of Theorem 6.2 runs as in the proof above but in a simplified way.
In fact, in this case we do not have to deal with tangential derivatives terms in the
conjugation process, and therefore the computations are easy to follow.
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4 Observability and null controllability of the linear
system

The goal of this section is to prove a null controllability result for the linear Ginzburg-
Landau 

L(y) = f + 1ωh in Ω× (0, T ),

LΓ(y, yΓ) = fΓ in Γ× (0, T ),

y = yΓ on Γ× (0, T ),

(y(0), yΓ(0)) = (y0, yΓ,0) in Ω× Γ.

(46)

where the operators L and LΓ were defined in (4). Naturally, the null controllability
for (46) can be expressed in the following terms:
Definition 1. We say that (46) is null controllable in L2 if for all T > 0, (y0, yΓ,0) ∈
L2, there exists a control h ∈ L2(ω × (0, T )) such that the associated solution (y, yΓ)
of (46) satisfies

y(·, T ) = 0 in Ω, yΓ(·, T ) = 0 on Γ.

Following the classical duality between controllability and observability in the con-
text of parabolic equations (see, e.g., [27]), the null controllability of (46) is equivalent
to prove a suitable observability inequality for its adjoint system. Then, thanks to this
inequality and the Lax-Milgram lemma, we allow us to deduce the null controllability
of (46), which is crucial for the proof of Theorem 1.1 and an interesting result by itself.

4.1 Observability inequality

As we explained above, we introduce the adjoint system
L∗z = g in Ω× (0, T ),

L∗
Γ(z, zΓ)z = gΓ on Γ× (0, T ),

z = zΓ on Γ× (0, T ),

(z(T ), zΓ(T )) = (zT , zΓ,T ) in Ω× Γ.

(47)

where L∗ and L∗
Γ are given by (26). We point out that if (zT , zΓ,T ) ∈ L2, then the

associated weak solution (z, zΓ) belongs to C0([0, T ];L2) ∩ L2(0, T ;H1). This is done
by results of Section 2.

To formulate the result of this subsection, we shall define some additional functions.
For t ∈ (0, T ), we define

µ(t) :=


4

T 2
if t ∈ (0, T/2],

1

t(T − t)
if t ∈ (T/2, T ),
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φ̌(t) :=µ(t)min
x∈Ω

(
e2sλm∥η0∥∞ − eλ(m∥η0∥∞+η0(x))

)
t ∈ (0, T ),

φ̂(t) :=µ(t)max
x∈Ω

(
e2sλm∥η0∥∞ − eλ(m∥η0∥∞+η0(x))

)
t ∈ (0, T ),

ξ̌(t) :=µ(t)min
x∈Ω

eλ(m∥η0∥∞+η0(x)) t ∈ (0, T ),

ξ̂(t) :=µ(t)max
x∈Ω

eλ(m∥η0∥∞+η0(x)) t ∈ (0, T ).

Thus, we have the following.
Proposition 4.1 (Observability inequality). Let d ≥ 2. Suppose that (zT , zΓ,T ) ∈ L2

and (g, gΓ) ∈ L2(0, T ;L2). Then, there exists a constant C > 0 such that the associated
weak solution (z, zΓ) ∈ C0([0, T ];L2) ∩ L2(0, T ;H1) of (47) satisfies∫

Ω

|z(0)|2dx+

∫
Γ

|zΓ(0)|2dS +

∫ T

0

∫
Ω

e−2sφ̂(ξ̌3|z|2 + ξ̌|∇z|2)dxdt

+

∫ T

0

∫
Γ

e−2sφ̂(ξ̌3|zΓ|2 + ξ̌|∇ΓzΓ|2)dSdt

≤C

∫ T

0

∫
Ω

e−2sφ̌|g|2dxdt+ C

∫ T

0

∫
Γ

e−2sφ̌|gΓ|2dSdt+ C

∫ T

0

∫
ω

e−2sφ̌ξ̂3|z|2dxdt.

(48)

We skip the proof of Proposition 4.1 since it relies on well-known facts used to
prove observability inequalities for parabolic equations (see, for instance, [28]).

4.2 Proof of the null controllability for the linear system

From the observability inequality (48), we can deduce the null controllability of the
linear system (46). In the following, for r ∈ [1,+∞], a linear space H and a measurable
function ρ : (0, T ) −→ R, we shall consider the notation

Lr(ρ(0, T );H) = {y ∈ Lr(0, T ;H); ρy ∈ Lr(0, T ;H)}.

Consider the Banach space V defined by

V := {(y, yΓ, h) :(y, yΓ) ∈ L2(esφ̌(0, T );L2), h1ω ∈ L2(esφ̌ξ̂−3/2(0, T );L2(Ω)),

(L(y)− 1ωh, LΓ(y, yΓ)) ∈ L2(esφ̂ξ̌−3/2(0, T );L2),

(y, yΓ) ∈ L2(e
1
3 sφ̂(0, T );H2) ∩ L∞(e

1
3 sφ̂(0, T );H1)},

(49)

endowed by its natural norm:

∥(y, yΓ, h)∥2V :=∥esφ̌(y, yΓ)∥2L2(0,T ;L2) + ∥esφ̌ξ̂3h1ω∥2L2(Ω×(0,T ))

+ ∥esφ̂ξ̌−3/2(L(y)− 1ωh,N(y, yΓ))∥2L2(0,T ;L2)

+ ∥e 1
3 sφ̂(y, yΓ)∥2L2(0,T ;H2) + ∥e 1

3 sφ̂(y, yΓ)∥2L∞(0,T ;H1).
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Proposition 4.2. Let (y0, yΓ,0) ∈ L2 and assume that

(f, fΓ) ∈ L2(esφ̂ξ̌−3/2(0, T );L2). (50)

Then, we can find a control h such that the associated solution (y, yΓ) of (46) satisfies
(y, yΓ, h) ∈ V. In particular, we have

y(·, T ) = 0 in Ω, yΓ(·, T ) = 0 on Γ.

Proof. For our purposes, we define

P0 :=
{
(z, zΓ) ∈ C∞(Ω× [0, T ])× C∞(Γ× [0, T ]) : z

∣∣
Γ
= zΓ on Γ× [0, T ]

}
.

Let a : P0 × P0 → R be the bilinear form

a((z, zΓ), (w,wΓ))

:=ℜ
∫ T

0

∫
Ω

e−2sφ̌L∗zL∗(w)dxdt+ ℜ
∫ T

0

∫
Γ

e−2sφ̌L∗
Γ(z, zΓ)L

∗
Γ(w,wΓ)dSdt

+ ℜ
∫ T

0

∫
ω

e−2sφ̌ξ̂3zwdxdt ∀(z, zΓ), (w,wΓ) ∈ P0 × P0.

We also define the linear form ℓ : P0 → R as

ℓ(w,wΓ) :=ℜ
∫
Ω

y0w(0)dx+ ℜ
∫
Γ

yΓ,0wΓ(0)dS + ℜ
∫ T

0

∫
Ω

fwdxdt

+ ℜ
∫ T

0

∫
Γ

fΓwΓdSdt ∀(w,wΓ) ∈ P0.

In view of the observability inequality (48), it is clear that

∥(z, zΓ)∥a :=
√
a((z, zΓ), (z, zΓ)) ∀(z, zΓ) ∈ P0,

defines a norm in P0. Let P be the completion of (P0, ∥ · ∥a). Then, a(·, ·) is well-
defined, continuous and again definite positive on P . On the other hand, by (50) and
the observability inequality (48), it is easy to see that

|ℓ(w,wΓ)| ≤ C∥(w,wΓ)∥a ∀(w,wΓ) ∈ P0,

i.e. ℓ is continuous in P0 and, by density, in P . Thus, by Lax-Milgram Theorem, the
variational problem{

Find (z, zΓ) ∈ P such that

a((z, zΓ), (w,wΓ)) = ℓ(w,wΓ) ∀(w,wΓ) ∈ P,
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possesses exactly one solution (z∗, z∗Γ). Let (y
∗, y∗Γ, h

∗) defined by
y∗ := e−2sφ̌L∗(z∗) in Ω× (0, T ),

y∗Γ := e−2sφ̌L∗
Γ(z

∗, z∗Γ) on Γ× (0, T ),

h∗ := e−2sφ̌ξ̂3z∗ in ω × (0, T ).

We point out that (y∗, y∗Γ, h
∗) satisfies∫ T

0

∫
Ω

e2sφ̌|y∗|2dxdt+
∫ T

0

∫
Γ

e2sφ̌|y∗Γ|2dSdt+
∫ T

0

∫
ω

e2sφ̌ξ̂−3|h∗|2dxdt

=a((z∗, z∗Γ), (z
∗, z∗Γ)) < ∞,

and also that

ℜ
∫ T

0

∫
Ω

y∗L∗(w)dxdt+ ℜ
∫ T

0

∫
Γ

y∗ΓL
∗
Γ(w,wΓ)dSdt+ ℜ

∫ T

0

∫
ω

h∗wdxdt

=ℜ
∫
Ω

y0w(0)dx+ ℜ
∫
Γ

yΓ,0wΓ(0)dS + ℜ
∫ T

0

∫
Ω

fwdxdt

+ ℜ
∫ T

0

∫
Γ

fΓwΓdSdt,

(51)

i.e., from (51) we deduce that (y∗, y∗Γ) ∈ C0([0, T ];L2)∩L2(0, T ;H1) is a distributional
solution with control h∗ and initial datum (y0, yΓ,0) such that y∗(·, T ) = 0 in Ω and
yΓ(·, T ) = 0 on Γ.

It remains to check that

(y∗, y∗Γ) ∈ L2(e
1
3 sφ̂(0, T );H2) ∩ L∞(e

1
3 sφ̂(0, T );H1). (52)

In order to do that, we notice that the new variables

(y⋆, y⋆Γ) := (e
1
3 sφ̂y∗, e

1
3 sφ̂y∗Γ)

solves the problem
L(y⋆) = e

1
3 sφ̂(f + h1ω) + (e

1
3 sφ̂)ty

∗, in Ω× (0, T ),

LΓ(y
⋆, y⋆Γ) = e

1
3 sφ̂fΓ + (e

1
3 sφ̂)ty

∗
Γ, in Γ× (0, T ),

y⋆ = y⋆Γ, on Γ× (0, T ),

(y(0), yΓ(0)) = e
1
3 sφ̂(0)(y0, yΓ,0), in Ω× Γ.

(53)

Since ∣∣∣(e 1
3 sφ̂

)
t
y∗
∣∣∣ ≤ Cξ̂2e

1
3 sφ̂|y∗| ≤ Cesφ̌|y⋆| ∈ L2(0, T ;L2(Ω)),
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∣∣∣(e 1
3 sφ̂

)
t
y∗Γ

∣∣∣ ≤ e
1
3 sφ̌y∗

Γ ∈ L2(0, T ;L2(Γ)).

and (
e

1
3 sφ̂(f + h1ω), e

1
3 sφ̂fΓ

)
∈ L2(0, T ;L2),

and since e
1
3 sφ̂(0)(y0, yΓ,0) ∈ H1, it follows from Proposition 2.3 that the solution

(y⋆, y⋆Γ) of (53) satisfies

(y⋆, y⋆Γ) ∈ L2(0, T ;H2 ∩ C0([0, T ];H1)),

which is equivalently to (52). We conclude that (y∗, y∗Γ, h
∗) ∈ V. This ends the proof

of Proposition 4.2.

5 Proof of the Theorem 1.1

To prove the main theorem of this article, we shall use a local inversion argument.
This will be done by using the following local inversion mapping theorem in Banach
spaces (see, for instance, [29], page 107).
Theorem 5.1. Let B1 and B2 be two Banach spaces and let A : B1 → B2 be a
C1(B1;B2) function. Suppose that b1 ∈ B1, b2 = A(b1) and that A′(b1) : B1 → B2 is
surjective. Then, there exists δ > 0 such that, for every b′ ∈ B2 satisfying ∥b′−b2∥B2

<
δ, there exists a solution of the equation

A(b) = b′, b ∈ B1.

Moreover, there exists a constant C > 0 such that

∥b1 − b∥B1
≤ C∥b2 − b′∥B2

.

Now, we have all the ingredients to prove Theorem 1.1.

Proof of the Theorem 1.1. Consider the spaces

B1 := V, B2 := L2(esφ̂ξ̌−3/2(0, T );L2)× L2,

where V is the linear space defined in (49).
Consider A : B1 → B2 be the operator defined by

A(u, uΓ, h) =
(
Lu+ c(1 + γi)|u|2u− 1ωh, LΓ(u, uΓ) + c(1 + γi)|uΓ|2uΓ, u(0), uΓ(0)

)
.

We choose, b1 = (0, 0, 0) and b2 = A(0, 0, 0) = (0, 0, u0, uΓ,0). In order to use Theorem
5.1, we shall check that the following two assertions:

(a) A′(0, 0, 0) : B1 → B2 is surjective.
(b) A is an operator of class C1 from B1 to B2.
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A simple computation shows that for all (u∗, u∗
Γ, h

∗) ∈ B1,

A′(u, uΓ, h)(u
∗, u∗

Γ, h
∗) =(L(u∗) + 3c(1 + γi)|u|2u∗ − 1ωh

∗, LΓ(u
∗, u∗

Γ)

+ 3c(1 + γi)|uΓ|2u∗
Γ, u

∗(0), u∗
Γ(0)).

(54)

In particular, taking (u, uΓ, h) = (0, 0, 0) in (54), we have

A′(0, 0, 0)(u∗, u∗
Γ, h

∗) = (L(u∗)− 1ωh
∗, N(u∗, u∗

Γ), u
∗(0), u∗

Γ(0)) .

Now, it is clear that, in view of Proposition 4.2, the operatorA′(0, 0, 0) is surjective.
On the other hand, to prove that A ∈ C1(B1,B2), it is sufficient to check that the

map
(u1, uΓ,1, h1), (u2, uΓ,2, h2), (u3, uΓ,3, h3) 7→ (u1u2u3, uΓ,1uΓ,2uΓ,3),

is continuous from V×V×V to L2(esφ̂ξ̌−3/2(0, T );L2). Now, observe that the classical
embeddings for Sobolev spaces (see [26] and [30] for such embeddings for Ω and Γ,
respectively) and Hölder’s inequality implies that

L2(0, T ;H2) ∩ L∞(0, T ;H1) ↪→ L6(0, T ;L9) ↪→ L6(0, T ;L6),

This implies that

∥esφ̂ξ̌−3/2(u1u2u3, uΓ,1uΓ,2uΓ,3)∥L2(0,T ;L2)

≤C

3∏
j=1

∥e 1
3 sφ̂(uj , uΓ,j)∥L6(0,T ;L6)

≤C

3∏
j=1

∥e 1
3 sφ̂(uj , uΓ,j)∥L2(0,T ;H2)∩L∞(0,T ;H1)

≤C

3∏
j=1

∥(uj , uΓ,j , hj)∥V .

(55)

Therefore, we have A ∈ C1(B1,B2), and we can apply Theorem 5.1 to guarantee
the existence of δ > 0 such that ∥(u0, uΓ,0)∥H1 ≤ δ, one can find (y, yΓ, h) ∈ B1 := V
such that the associated solution (u, uΓ) (with initial datum (u0, uΓ,0)) satisfies

y(·, T ) = 0, in Ω, yΓ(·, T ) = 0, on Γ.

This ends the proof of Theorem 1.1.

6 Further comments

In this paper, we proved a local null controllability result for the cubic Ginzburg-
Landau equation with dynamic boundary conditions in dimension 2 or 3. Some
comments are in order.
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6.1 General nonlinearities

Consider the Ginzburg-Landau equation with with dynamic boundary conditions and
a general potential:

∂tu− a(1 + αi)∆u+ c(u) = 1ωh in Ω× (0, T )

∂tuΓ + a(1 + αi)∂νu− b(1 + αi)∆ΓuΓ + cΓ(uΓ) = 0 on Γ× (0, T ),

u = uΓ on Γ× (0, T )

(u(0), uΓ(0)) = (u0, uΓ,0) in Ω× Γ.

(56)

We suppose that the potentials c and cΓ verify the following assumptions:

c, cΓ ∈ C2(R,C), with c(0) = cΓ(0) = 0.

Under these assumptions on the potentials, Theorem 1.1 can also be applied to
equation (57). The linearized equation is

∂tu− a(1 + αi)∆u+ c′(0)u = f + 1ωh in Ω× (0, T )

∂tuΓ + a(1 + αi)∂νu− b(1 + αi)∆ΓuΓ + c′Γ(0)uΓ = fΓ on Γ× (0, T ),

u = uΓ on Γ× (0, T )

(u(0), uΓ(0)) = (u0, uΓ,0) in Ω× Γ.

(57)

Notice that the Carleman estimate (3.2) remains valid in this case. Indeed, it suffices
to consider

L∗(v) := ∂tv + a(1− αi)∆v − c′(0)v,

L∗
Γ(v, vΓ) := ∂tvΓ − a(1− αi)∂νv + b(1− αi)∆ΓvΓ − c′Γ(0)vΓ

in Theorem 3.2. The extra terms can be easily absorbed. The rest of the proof can be
achieved following the arguments of [31], where this kind of potentials are considered.
The crucial point is to choose the correct spaces to use properly a Local Inverse
Mapping Theorem. Of course, these functional spaces must depend on the Carleman
weight functions defined in (23) and (24).

6.2 The one-dimensional case

The approach of this paper can also be used to prove a local controllability result for
the 1-D version of our problem. To fix some ideas, let Ω = (0, 1) and ω = (a⋆, b⋆) ⊆ Ω
and T > 0. Then, consider the following Ginzburg-Landau equation with dynamic
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boundary conditions:

∂tu− a(1 + αi)∂2
xu+ c(1 + γi)|u|2u = 1ωh (x, t) ∈ Ω× (0, T ),

u̇Γ0(t)− a(1 + αi)∂xu(0, t) + c(1 + γi)|uΓ0(t)|2uΓ0(t) = 0 t ∈ (0, T ),

u̇Γ1(t) + a(1 + αi)∂xu(1, t) + c(1 + γi)|uΓ1(t)|2uΓ1(t) = 0 t ∈ (0, T ),

uΓ0(t) = u(0, t), uΓ1(t) = u(1, t) t ∈ (0, T ),

u(x, 0) = u0(x), uΓ0(0) = u0
Γ0
, uΓ1(0) = u0

Γ1
x ∈ Ω.

(58)

Here, a > 0, and c, α, γ ∈ R with c ̸= 0. Then, given a initial condition (u0, u0
Γ0
, u0

Γ1
) ∈

L2(Ω)×R×R, we are interested in finding a control h ∈ L2(ω× (0, T )) such that the
state (u, uΓ0

, uΓ1
) of (58) vanishes at final time T > 0. For k ∈ N, let us define the

space

Xk := {(u, uΓ0 , uΓ1) ∈ L2(Ω)× R× R : u ∈ Hk(Ω), u(0) = uΓ0 , u(1) = uΓ1},

and set X0 := L2(Ω)× R× R. Then, we have the following result:
Theorem 6.1. Suppose that ω ⋐ Ω and T > 0. Then, there exists δ > 0 such that,
for every (u0, u0

Γ0
, u0

Γ1
) ∈ X1 satisfying

∥(u0, u0
Γ0
, u0

Γ1
)∥X1 ≤ δ,

there exists a control h ∈ L2(ω × (0, T )) such that the unique corresponding solution
(u, uΓ0

, uΓ1
) of (58) satisfies

u(·, T ) = 0 in Ω, and uΓ0(T ) = uΓ1(T ) = 0.

The proof of Theorem 6.1 relies on the same approach used for the general case,
i.e., we consider the linearized system of (58) and we prove a null controllability
result. This problem is equivalent to the observability inequality for the corresponding
adjoint system. To prove such inequality, it is enough to apply the following Carleman
estimate for the 1-D Ginzburg-Landau operator with dynamic boundary conditions:
Theorem 6.2. Let ω ⋐ Ω. Let us choose ω′ ⋐ ω and η0 as in Lemma 3.1. We also
define φ and ξ given by (23) and (24), respectively. Then, there exist three positive
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constants C, λ0, s0 such that for all λ ≥ λ0 and s ≥ s0, the following identity holds∫ T

0

∫
Ω

e−2sφ
(
s3λ4ξ3|v|2 + sλ2ξ|∂xv|2 + s−1ξ−1|∂tv|2 + s−1ξ−1|∂2

xv|2
)
dxdt

+

∫ T

0

e−2sφ(0,·) (s3λ3ξ3(0, ·)|vΓ0
|2 + sλξ(0, ·)|∂xv(0, ·)|2 + s−1ξ−1(0, ·)|v̇Γ0

|2
)
dt

+

∫ T

0

e−2sφ(1,·) (s3λ3ξ3(0, ·)|vΓ1
|2 + sλξ(1, ·)|∂xv(1, ·)|2 + s−1ξ−1(1, ·)|v̇Γ1

|2
)
dt

≤C

∫ T

0

∫
Ω

e−2sφ|ℓ(v)|2 dxdt+ C

∫ T

0

e−2sφ(0,·)|ℓΓ0
(v, vΓ0

)|2 dt

+ C

∫ T

0

e−2sφ(1,·)|ℓΓ1
(v, vΓ1

)|2 dt+ s3λ4

∫ T

0

∫
ω

e−2sφξ3|v|2 dxdt,

for all (v, vΓ0
, vΓ1

) ∈ H1(0, T ;X0) ∩ L2(0, T ;X2). Here,

ℓ(v) := ∂tv+a(1− αi)∂2
xv, ℓΓ0

(v, vΓ0
) := v̇Γ0

(t) + a(1− αi)∂xv(0, t),

ℓΓ1
(v, vΓ1

) := v̇Γ1
(t)− a(1− αi)∂xv(1, t).

The proof of Theorem 6.2 follows the same structure as the Carleman estimate for
the case d ≥ 2, and is actually simplified by the fact that no tangential derivatives
exist in this case.
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[10] Aamo, O.M., Smyshlyaev, A., Krstić, M.: Boundary control of the linearized
Ginzburg-Landau model of vortex shedding. SIAM J. Control Optim. 43(6),
1953–1971 (2005) https://doi.org/10.1137/S036301290342601X

[11] Rosier, L., Zhang, B.-Y.: Null controllability of the complex Ginzburg-Landau
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