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Abstract

This paper deals with controllability properties of a cubic Ginzburg-Landau
equation with dynamic boundary conditions. More precisely, we prove a local
null controllability result by using a single control supported in a small subset of
the domain. In order to achieve this result, we first linearize the system around
the origin and analyze it by the duality approach and an appropriate Carleman
estimate. Then, using an inverse function theorem, the local null controllability
of the nonlinear system is proven.
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1 Introduction and main results

1.1 Introduction

Let Q C R? (d > 2) be a bounded domain with boundary T' := 99 of class C2.
Given the parameters a,b,c > 0, a,y € R\ {0}, we consider the following cubic



Ginzburg-Landau equation with dynamic boundary conditions

Ou — a(l + ai)Au + (1 + i) [u*u = 1,h in Q x (0,7)
Our + a(l + ai)d,u — b(1 + ai)Arur + c(1 + vi)|ur[>ur =0  on T x (0,7T),
u=ur onI'x (0,7)
(w(0), ur(0)) = (uo,ur,o) in QxT.

Here, (u,ur) is the state of the system, (uo,ur ) the initial conditions and h €
L*(wx (0,T);C) is a control acting on w C . We denote by Ar the Laplace-Beltrami
operator on I" and by d,y the normal derivative associated to the outward normal v
of Q.

We notice that (1) can be seen as a coupled system in the variables (u,ur), which
is controlled by a single control h in a (small) subset w of 2. This means that the first
equation of (1) is controlled directly by the action of the control, while the second
equation is being controlled through the side condition v = ur on I' x (0,T).

The main objective of this work is to obtain the local null controllability of system
(1) in X (where X is an appropriate Banach space), i.e., we will prove the existence
of a number § > 0 such that, for every initial state (ug,ur,o) € X which fulfills

| (uo, uro)|lx <9,

we can find a control h € L?(w x (0,T)) such that the associated solution (u,ur) of
(1) satisfies

y(nT)=0inQ, yr(T)=0o0nT.

1.2 Previous results

The cubic complex Ginzburg-Landau equation is one of the most studied nonlinear
equations used to model physical phenomena. This equation has been used to describe
several phenomena ranging from nonlinear waves, second-order phase transitions,
superconductivity, superfluidity and Bose-Einstein condensation to liquid crystals and
strings in field theory. For a detailed description of relevant applications in different
fields, see [1] and [2].

The existence and uniqueness of solutions of nonlinear Ginzburg-Landau equations
with Dirichlet or periodic boundary conditions have been intensely investigated in
several papers. For instance, we refer to [3], [4], [5], [6], [7], [8], [9] and the references
therein. Concerning controllability properties of the Ginzburg-Landau equation with
Dirichlet boundary conditions, only a few papers have been devoted to the study of the
controllability of such problems. In [10], the stabilization of the linearized Ginzburg-
Landau model with Dirichlet boundary conditions around an unstable equilibrium
state is studied. Moreover, in [6], the author develop a Carleman inequality for an



operator of the form
(a4 ib)0y + div(A - V),

with A being a smooth, uniformly elliptic matrix, and a null controllability result for
the linear PDE with a distributed control. In 2009, L. Rosier and B.-Y. Zhang in [11]
proved a controllability result for the nonlinear case. In this case, the control acts on
a part of the boundary, and the proof is based on a suitable Carleman estimate for
the linear adjoint system. Then, combining a fixed-point argument together with the
theory of sectorial operators, the authors obtained a local controllability result for
a wide class of nonlinearities. In particular, controllability results for the cubic and
quintic Complex Ginzburg-Landau are provided.

Recently, some results on inverse problems and controllability issues have been
obtained for PDEs with dynamic boundary conditions; see, for instance, [12], [13], [14],
[15], [16], and [17] for the heat equation, [18] for the wave equation, and [19] for the
Schrédinger operator. In these works, the authors has been used the duality equiva-
lence to prove the associated observability inequality by using Carleman estimates. At
this level, we point out that it is not evident at all that such systems can be controlled
by the action of a single control due to the tangential derivative terms. In fact, in the
case of the linear wave equation with mixed boundary conditions (oscilatory boundary
conditions and Dirichlet boundary conditions) [18], the authors obtain exact controlla-
bility results where the control region is on the whole boundary (and therefore on the
whole system). On the other hand, in a similar setting, in [19] the authors obtained
the exact controllability of the linear Schrédinger equation with dynamic boundary
conditions. In this case, the control acts only on a part of the boundary. To prove
the associated observability inequality, the authors used a Global Carleman estimate
for the Schrodinger operator, where the weight function is adapted to the geometric
properties of the domain.

Concerning the Ginzburg-Landau equation with dynamic boundary conditions,
we mention [20], where well-posedness of linear/nonlinear of such models is obtained
and long time behavior of solutions is characterized when Lipschitz nonlinearities are
considered. However, to the best of the authors’ knowledge, this is the first time that
the null controllability for the cubic Ginzburg-Landau is studied.

1.3 General setting

In this section, we set up the notation and terminology used in this paper. The set
I' = 090 can be seen as an (d — 1)-dimensional compact Riemannian submanifold
equipped by the Riemmanian metric ¢ induced by the natural embedding I' ¢ R¢. In
addition, we shall denote by dS the (d — 1)-Lebesgue measure for T

Since we are considering dynamic boundary conditions, we need to define some
differential operators on I'; which can be defined in terms of the associated metric.
However, for our purposes, it will be enough to use the most important properties of
the underlaying operators and spaces. Details can be found, for instance, in [21]. For
the sake of completeness, we recall some of those properties.



The tangential gradient V of yr at each point € T" can be seen as the projection
of the standard Euclidean gradient Vy onto the tangent space of I at € T', where
yr is the trace of y on I', i.e., we have the identity

Vryr = Vy —vdyy
where y = yr on I' and 9,y is the normal derivative associated to the outward normal

v. In particular, notice that Vryr is well defined for every y € H?(f2) such that y = yr
on I'. In this way, the tangential divergence divr in I' is defined by

din(Fp) : Hl(F;R) — R, yr — — / FF . VFdeS.
r

The Laplace-Beltrami operator is given by Aryr := div(Vryr), for all yp €
H?(T;R). In particular, the surface divergence theorem holds:

/ApypzpdS = —/ Vr‘yr -VrzrdS Vyr S HQ(F;R), Vzr € Hl(F;R).
T T

In order to simplify the notation, here and subsequently, the function spaces refer
to complex-valued functions unless otherwise stated.

For 1 < p < 400, we consider the Banach space LP := LP(2) x LP(T'), endowed by
the norm given by the relation

1y ur)[Es = [l 2o () + lurllTery-

In particular, for p = 2, the space L2 := L?(Q2) x L?(T) is a Hilbert space equipped
with the scalar product

((u, ur), (v,vp))L2 == 8?/ uvdz + 8‘%/ urordsS.
Q r
For k > 1, we also introduce the space
H* == {(y,yr) € H*(Q) x H*T'); y|. = yr},
where H*(Q) and H*(T') are the usual Sobolev spaces.

1.4 Main result

Our main result states the local null controllability on the space H*:

Theorem 1.1. Suppose that d = 2 or d = 3. Let a,b,c > 0, a,y € R\ {0}. Then,
for every T > 0 and w € Q, there exists 6 > 0 such that, for every (ug,uro) € H!
satisfying

[[(uo, ur o)l <6,



there exists a control h € L?(w x (0,T)) such that the unique corresponding solution
(u,ur) of (1) satisfies

u(,T)=0inQ, wur(-T)=0onT,

To prove Theorem 1.1 we first deduce a null controllability result for a linear system
associated to (1):

Oy —a(l+ ai)Ay = f+ 1,h in Q x (0,7,

Owyr + a(1+ ai)d,y — b(1 + ai)Apyr = fr onI' x (0,7, @)
Y =19yr on I' x (0,7,

(y,yr)(0) = (y0,yr,0) in QxT,

where (f, fr) will be taken to decrease exponentially to zero in ¢ = T'. Then, we prove
a new Carleman estimate for the adjoint system of (2) (see estimate (47) below). This
will provide existence of a unique solution to a suitable variational problem, from which
we define a solution (y,yr, k) to (2) such that y(7) = 0 in Q. Moreover, the solution
is such that e“/T=9(y, yp, h) € L2 x L?(w x (0, T)), for some constant C' > 0. Finally,
by an inverse mapping theorem, we deduce the null controllability for the nonlinear
system. We point out that this strategy has been widely used to prove controllability
results for nonlinear PDEs. In particular, we mention that this technique has been
used recently to prove local null controllability for the termistor problem [22], the null
controllability a quasi-linear parabolic system [23], and to give numerical boundary
controllability results for a parabolic equation with a nonlinear diffusion term [24].

The rest of the paper is organized as follows. In Section 2, we establish the existence
and uniqueness of solutions of (1) and (2). In Section 3, we prove a suitable Carleman
estimate for the Ginzburg-Landau operator with dynamic boundary conditions. In
Section 4, we prove the observability estimate for the adjoint system and prove the
null controllability of (2). In Section 5 we prove Theorem 1.1. Finally, in Section 6 we
give additional comments related to our results.

2 Existence and uniqueness of solutions

In this section, we present new results concerning existence and uniqueness for the
Ginzburg-Landau equations with dynamic boundary conditions.

2.1 Linear problem

We consider the Cauchy problem

Lu=f in 2 x (0,7),
Ly(u,ur) = fr on I' x (0,7, 3)
U =ur onI'x (0,7),

(U(0)7UF(O)) = (UO,UF’O) in QxT.



where
Lu := 0wu — a(l + ai)Au, Lr(u,ur) := dwur + a(l 4+ ai)d,u — b(1 + «i) Arur, (4)

respectively. Notice that the problem (3) can be seen in the abstract form

U'(t) = AcrU(t) + F(t) t e (0,T),
U(0) = Uy,

where Agr, : D(Agr) C L? — 12 is the operator defined by

—a(l+ ai)d,u+ b(1 + ai)Arur r

Acr(U) == { a(l+ ai)Au }

U= [;‘ } € D(AcL), (6)
with domain

D(Agr) == {U = LZ] e H' : (Au, Arur) € L2} = H2,

where the last equivalence is justified in [25], and

_ | f@) 2 T2
Ft) = {fr(t)} € 12(0,T:L2).

If Ay is the Wentzell-Laplacian operator introduced in [12], then it is easy to see that
Ag1, can be written as

Acr = (14 ai)Aw, D(Aw) = D(Agr) = H?.

Then, arguing as in [11, Section 2] we have the following result:
Proposition 2.1. The operator Agy, defined in (6) is densely defined and generates
an analytic semigroup (e!AL),>q in L2

According to Proposition 2.1, the existence and uniqueness of strong solutions of
(5) in the usual sense are guaranteed. In the next subsection, we provide existence
and uniqueness of solutions in appropriate spaces by energy estimates and density
arguments.
Proposition 2.2. Suppose that (ug,uro) € L? and (f, fr) € L*(0,T;L?). Then, the
weak solution (u,ur) of (3) belongs to C°([0,T];L?) N L?(0,T;H'). Moreover, there
exists a constant Cy > 0 such that the associated solution (u,ur) of (3) satisfies

[ (w, ur)llco(o,ryL2) + [1(ws ur) 20,7y < C1ll(f, fr)llrz(o,ri2) + Cill(uo, ur o) [lL2-

(7)

Proof. Firstly, we multiply by @ the first equation of (3) and integrate in Q. Secondly,
we multiply the second equation of (3) by ur and integrate on I'. Next, we add these



identities and take the real part on the obtained equation. After integration by parts,
this yields

2z (/ﬂ |u(t)|2d1:+/r|up(t)2d5') +a/ﬂ|Vu(t)|2dz+b/F|Vrur(t)|2dS

:§R/ f(t)ﬂ(t)der?R/ fr(t)ar(t)ds.
Q r
By Young’s inequality, it is easy to check that

1w, UF)||200([0,T];L2) + ||(U7U’F)H%2(O,T;H1) < CI(/, fF)HQL?(o,T;]L?) + Cll(uo, ur,0)|[72:

which clearly implies (7). O

Proposition 2.3. Let (u,uro) € H' and (f, fr) € L*(0,T;1L?). Then, the associated
weak solution (u,ur) of (3) belongs to H'(0,T;1L?) N C°([0, T]; HY) N L2(0,T;H?).
Moreover, there exists a constant Cy > 0 such that (u,ur) satisfies

| (w, ur) |z 0,7L2) + || (w, ur) || co o,y + [1(w, ur) || 22 (0, 75m2)

(8)
<Co||(f, fo)llzz(o,r;L2) + Call(uwo, ur o) |-

Proof. The proof is divided into three steps.

e Step 1: Our first task is to obtain estimates L2(0,7;1?). In order to do that, we
multiply the first equation of (3) by (1 — «i)9d;u and integrate in Q. In addition, we
multiply the second equation of (3) by (1 — «i)dyur and integrate on I'. Then, we sum
up these identities and take the real part. This yields

1 d
/ |5‘tu(t)\2d:c+/ |0yur(t)]?dS + <a(l +a2)—/ |Vu|?dz
Q r 2 dt Jq
1
charand / Vrur2ds = §R/ (1 — ai) forTida + %/(1 ~ i) frdyards.
2 dt Jr Q r
Integrating in time the above inequality, we easily get

(s ur) 32 0,202 + 11 (s ur) 1o o,y < CNCS fo)llEa 0.0y + Cll (o, ury0) -

(9)

e Step 2: We shall derive estimates in L?(0,T;H?). To do this, we firstly point out
that the estimate of d;u implies that

[Aullz2(0,;02(0)) < ClI(f, fr)llrz0,r02) + Cll(uo, ur,0)|m:-
By elliptic regularity applied to the first equation of (3), we have

[u®) ]| 520) < Cllf@)]l2(0) + CllOru(t)l L2@) + Cllur (Ol 2/2(r)



a.e. in (0,7). Integrating on ¢ € [0, 7], we deduce that

lull 20, 7:m2(0)) < Cill(fs fr)llzzo. ey + Cull(uo, uro)lm + Cullur| 2 0,0;53/2 ().
(10)

for some constant C, > 0. Now, from the second equation of (3), we deduce that

lurll 220, m;m20)) <Cfrllz0,m;02r)) + CllOvull 20,7502 (r)) + CllOsur || L2(0,7;L2(r))
<C|(f, fr)llz2(0,r;2) + Cll(uo, ur o) llm + CllOvullL2(0,7;L2(1))-
(11)

Moreover, by interpolation inequalities, we have that for every 0 < s < 1/2 and
€ > 0, there are positive constants Cs and C. such that

|0vullL2(0,7;L2(r)) < Csllull 20,7 m372+5 )y < Cellull 20,751 () + ellull 20,7152 (0))-
(12)

Combining (10), (11) and (12) together with estimate (7), we get

lull 220, 7:12 () < CIN(Sfs fr)llzz(o,r:2(0)) + Cll(uo, ur, o) ||mr, (13)

where we have chosen ¢ > 0 small enough. With the estimate (13) at hand, by (12)
we can assert that

[0vullL20,7;22(ry) < CI(f, fr)llzez(o,riz) + Cll (o, ur o) |m: - (14)
Thus, substituting (14) into (11), we conclude that
lurllLzo,7;m2(r)) < Cl(f fr)llzzo.rez) + Cll(uo, ur,o) |lm:- (15)

Finally, combining (10), (15) and (9), we deduce (8). O

Now, we study local solutions of the nonlinear problem

Lu+c(1 +yi)|ulPu = f in Q x (0,7),

Lr(u,ur) + (1 + vi)|ur|?ur = fr  in T x (0,7), 16)
U =ur on I' x (0,7,

(u(0),ur(0)) = (uo,ur,) in QxT,

where L and Ly are given by (4), with a,b,¢ > 0 and «,y # 0.
Proposition 2.4. Let d = 2 or d = 3. There exist € > 0 and C > 0 such that, for
every (f, fr) € L*(0,T;1L?), (ug,uro) € H' such that

I(f, fo)llz2co,rie2) + | (uo, ur o)l < e, (17)



there exists a unique solution (u,ur) of (16) which satisfies

| (w, ur) || oo, rysmry + || (w, ur) || L2(0,7m2) < C (H(f7 Jollz2(o, 12y + ||(U07UF,O)||H1) .

Proof. We denote B = C°([0, T]; H') N L?(0, T; H?). Given (f, fr) € L*(0,T;1L?) and
(ug,ur,0) € H, for each (z,zr) € B, we consider the system

Lu= f—c(1+7i)|z|?z in Q x (0,7),

Lr(u,ur) = fr —c(1 +~i)|zr|?2r onT x (0,T), (18)
u=ur on T x (0,T),

(u(0),ur(0)) = (uo, ur ) in QxT.

Notice that since d < 3, we have B — L>(0,7;15) N L?(0,T;1L>). Furthermore,
we can see that this space can be continuously embedded in L5(0,7;1L%). Indeed, let
v € L*(0,T;L%) N L?(0,T;1L>°). By the interpolation of L?(2) between L®(2) and
L>(Q) (see for instance [26]), we have

T
T / ()18 o dt

T
< / ol s 0 £) 2y
< vllZoe (0,220 ) 10172 0.7 2% (2 -

The same argument holds for I instead of €2, so the embedding follows.

From Proposition 2.3 and the fact that B — L5(0,T;L%) continuously, we have
that (18) has a unique solution (u,ur) € B. Hence, we can define the map F : B — B
given by F(z, zr) = (u, ur). Moreover, we also have that there exists D > 0 such that

1F (2, 20)lls < D (I(f, fr)ll2o,rn2) + 1 (uo, ur o)l + [I(2,20)13) - (19)

Clearly, (u,ur) € B is a solution of (16) if and only if it is a fixed point of the map
F. We will show that there exists R > 0 such that the restriction of F to the closed
ball Br := {(z,2r) € B : ||(#,2r)||s < R} is a contraction from Bpr into Bg. Then,
the proof will follow from a classic fixed-point result.

Indeed, from (19) and assumption (17), for each (z,2r) € Br we have

|F (2 2r)lls < D (e + R?). (20)

Moreover, for each (z, zr), (w, wr) € Bg, taking into account the equations satisfied
by F(z,zr) — F(w,wr), from Proposition 2.3 we have that

IF (2, 2r) = F(w,wr)|lz < Dilll2|*2 = [wPw, |zr*zr — lwrPwr 720 7.9

<D, {HZ - w||2L°°(07T;L4(Q)) (||Z2 + Zw||2L2(o,T;L4(Q)) + ||w||%4(0,T;L8(Q))>



+l2r — wFH%W(O,T;LHF)) <||212“ + ZT‘wFH%2(O,T;L4(1")) + HwFH%A(O,T;LS(F))) } )
and then, taking into account that B «— L>(0,T;1L*) N L*(0,T;1L?), we get that

IF (2, 2r) = F(w,wr)|ls < D2R?||(2, 2r) — (w, wr)| 5. (21)

1 1
Therefore, in order to conclude, we choose R > 0 such that R? < min {2D’ D} and
2
e > 0 such that ¢ < £5. From (20), (21) and the Banach Fixed point Theorem, we
get the existence of a unique fixed point of F. O

3 A new Carleman estimate for the linear
Ginzburg-Landau equation with dynamic
boundary conditions

In this section, we prove a Carleman estimate for the linear Ginzburg-Landau operator
with dynamic boundary conditions. We start by introducing the weight functions that
we shall use. For this purpose, we recall the following

Lemma 3.1 (see [27]). Given a nonempty open set w' € €, there exists a function

n° € C%(Q) such that
°>0inQ, "°=0o0nT, |Vi°>0inQ\w. (22)

Given w’ € €, we take n° with respect to w’ as in Lemma 3.1. For \,m > 1, we
define

() i=(HT = 1)) 7 (2l — Al t@)) (1) € D x (0,T), (28)
E(x,t) =(t(T — ) LAl lle @) (g 4) € Q x (0,T). (24)

Theorem 3.2. Let w € §). Set w' € w and n° satisfying (22). Define ¢ and & as in
(23) and (24), respectively. Then, there exist constants C, Mg, so > 0 such that for all

10



A > Xy and s > sg, we have
T -
/ / e 252 (SPA1E3 ]2 4+ sA2E| V2 4 s o] + s Av)?) dadt
o Jo
T
+/ /6*2860(33A3g3|vp|2+sA§\vpvp|2+sAg|ayv\2)det
o Jr
T
+/ /(8_15_1\3tvp|2+s_1£_1|Apvp|2)det (25)
o Jr
T T
§Cs3)\4/ /6_28”§3|v|2dxdt+0/ /6_28“’|L*(v)|2dxdt
0 w 0 Q
T
—I—C/ /e_Qs“o\Llf(v,vp)FdS’dt,
o Jr

for all (v,vr) € HY(0,T;1.?) N L?(0,T;H?), where

L*(v) = 0w + a(l — i) Aw,

26
Li(v,or) := Opor — a(l — ai)O,v + b(1 — i) Apor. (26)

Proof. For convenience, the proof has been divided into several steps:

e Step 1. In this step, we perform the first estimates of the conjugated variables. For
simplicity, we consider v € C*(Q x [0,T]), vr = v. This is due to the density of this
space in H'(0,T;1L%) N L?(0, T; H?). Now, for A > A\; > 1, and s > sy > 1, define

wi=e Py in Qx(0,T),
f:=e7*?(0w +a(l —ai)Av) inQx(0,7),
fri=e*?(0w — a(l — ai)0yv + b(1 — ai)Arv) on T x (0,T).

Straightforward computations show that
Ve =-VE=-XVn’, Ap= - ¢V = XA, D0 =AD",
onI' x (0,7) with 9,7° < ¢ < 0 on I, for some constant ¢ > 0 and
Vre=Vré=0, Arp=Ar{=0 onTl x(0,7).
Then, in Q x (0,T) we have the following identity:

f =0 + a(l — ai)Aw + as*A*(1 — i) |[Vn° 22w — as (1 — ai)| V| *éw

AL D o 0 (27)
—asA(1 — ai)An éw — 2asA(1 — ad)éVn° - Vw + sOppw.

11



On the other hand, on I" x (0,7) we have

fr =0w — a(l — ai)d,w + asA\(1 — ai)d,n €w + b(1 — i) Arw

28
+ sOypw. (28)

Now, we define

Prw =a(s*X?|Vn° 262w + Aw) + aci(2sMEVR° - Vw + (sA2| VP2 + sAAR?)éw)

+ 80y pw
Pow := — a(2sAVR° - Vw 4 (sA2|Vn°)? + sAAn®)éw) — aai(s* N2 Vn° 22w + Aw)
+ 81511}
Rw :=f.
(29)
and
2a® 0
Prjw :=bArw — Tcms)@,n Ew + sOypw,
. 2a® 0
Prow :=— abiArw + Ts)\(“),,n Ew + Oyw, (30)

2 2
Rrw :=fr — a(l — ai)sAd,n’éw + a(1l — ai)d,w + %(1 — ai)sAd,n Ew.

We emphasize that we have incorporated the term %ais/\ayn%w in Prjw and

Prw. This plays a crucial role since this term is used to obtain a global term of Vrw
on the right-hand side of the Carleman estimate (see equation (37)).
Then, (27) and (28) can be written as

Piw+ Pow=Rw in QX (O,T), (31)
PFJ’LU + PF,Q'LU =Rrw onl x (O,T) (32)

Then, taking the L?(Q x (0,T))-norm in (31) and the L?(T" x (0,T))-norm in (32),
we obtain

||P1w||2L2(Q><(O,T)) + Hp2w||2L2(Qx(o,T)) + ||PF,1w||2L2(F><(O,T)) + HPRQw”%?(Fx(O,T))
+ 2R(Prw, Pow) 120 x (0,1)) + 2R(Pr 1w, Praw) 12(rx(0,1))
=[|Rwl|72 o 0.1 + IRrwlZ2(0x 0.7
e Step 2. In this step, we devote to compute the terms

3

(Prw, Pyw) 2(0x(0,1)) = Z L,
jk=1

12



where we have used the notation I to denote the real L? inner product between the
j®-term of Pyw and the k*M-term of Pyw, defined in (29).
Firstly, the term I;; can be written as

Iy = —a §R/ /zlzgdxdt +I11 +I(3) +I(4).

where z; and 25 are given by
21 = (S°NVR w4+ Aw), 2o = (2sAV° - Vo + (sA?VR° |2 + sAAR°)éw)

Integration by parts and some algebraic manipulations allow us to obtain
T
1) = — 22?3 \3% / / V023w Vn° - Viodzdt
=a s3>\3/ / (VR P?) - Vi + [Vn° P An°) € |w|*dzdt
RIS / / V[ 4€% [ 2ddt — a2 )P / / ("€ w|2dSdt.
o Jr
On the other hand, we notice that
T
Il(?) = —a2/ /(53/\4\V770|4 + s A2\ V?2An®) & |w|* dwdt
0 Jo

Integrating by parts in space, we have

T

I = a2g / / Aw(2sAEV - V) dadt
0 Jo
T T
=2a%5)\? / / £V - Vw2 dzdt + 2a?sAR / EVw - V(Vn° - Vw)drdt
0 Ja 0
T
— 2a%s\ / / €8,m°|0,w|*dSdt.
o Jr
Using the identity
1
Vw - V(Vn° - Vo) = V25" (Vw, Vo) + 5%70 SV(Vw[*) inQx(0,7),
we notice that
T
2a%s\R / / EVw - V(Vn? - V) drdt
0 JQ

T T
:2a23)\/ /ﬁvzno(Vw,Vﬁ)dxdt—cﬂs)\/ /An0§|Vw|2dxdt
0o Ja o Jo
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T T
—a%ﬁ/ /f\VnO\z\Vw\Qdacdt—i-aQs)\/ /&,nof(\VFwF—f—|(’),,w|2)det.
0o Ja 0o JT
Then, Il(‘;’) is given by
T T
113 =2025)2 / / €|Vn° - Vw|2dadt + 2a2sA / / V20 (Vw, Vi) dadt
0 JQ 0 JO
T T
—a25)\/ /An0§|Vw|2dmdt—a23)\2/ /§|V770|2|Vw|2dxdt
0 Jo 0 JQ
T
- azs)\/ / ,n°¢ (|10, w|* — |Vrw|?) dSdt.
0o JT
After integration by parts, Iﬁ) can be written as follows:
T
Iﬁ) ::a29?/ / EwVw - V(sA2|Vn°|* + sAAn®)dxdt
0 Jo
T
+ a2§R// / AE (5/\3|V770|2 + s An?) wVn" - Vwdzdt
0 JO
T
+ a? // /(5A2|V770|2+sAAn0)§|Vw|2dxdt
0 JO
T
- a2§)?// /(s)\2|8,,770|2 + sAAR") (O, w)wdSdt.
0o JT
Then, by (22), I;1 can be estimated as
T
I 20/ /(33/\4«53|w|2 + sA2|Vn? - Vw|?)dadt
0 JQ
T T
—i—C’s)\/ /f\@,,w\Qdet—i—aQs/\/ /8,,7705\pr|2d5’dt
o Jr o Jr
T
—053A4/ /§3|w|2da:dt—X11,
0 w
where X1 satisfies the following upper bound:
T
X1 §C’/ /(53)\3£3|w|2 + sAE|Vw|?)dzdt
0 JO
T -
+C/ / (s X33 w|? + A\E| 0, w|?) dSdt.
o Jr

It is clear that

112 =0.
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Moreover, we write I13 as
T T
I3 ::asz)\2§R/ / |V770|2§2w6twdxdt + a§R/ / Awdywdzdt
0 Q 0 Q
1 2
=I5 + 1.7
Integrating by parts on time and using the fact that w = 0in¢ =0 and ¢t = T', we have
T
I{? =— asZ/\Q/ / (V1 2£0,&|w|*dadt.
0o Ja

(2)

2) .
In the same manner, I3’ gives

T
112 —aR / / O wdwdSdt.
0o Jr
Then, I3 is given by
T T
I3 > — Cs2x’>/ /53\w|2d:cdt— C’/ /(s)\l/2§|8,,w|2 + s IATY2e7 1 9,w|?)dS .
0 Jo 0o Jr
Moreover, from the definition of I, we see that
151 =0
From the definitions in (29), we can notice that Ios = o211, and then
T
Iz zc/ / (s°A1E3 w]? + sA*¢|Vn° - Vw|?) dxdt
0o JQ
T T
+C/ /(S3A3g3\w|2+sAg\a,,w|2)d5dt+a2a2sA/ /aun0§|va|2d5dt
0o Jr o Jr
T
—CSS>\4/ /§3|w|2det—X22,

0 w

where Xoo satisfies
T
X gc/ /(33/\3§3|w\2 + CsA\E|Vw|?)dadt
0 Jo

T
+ C/ / (s°A2E2|w]? 4+ AE|9,w|?) dSdt.
0 r

15



To compute the term I3, we follow [11]. Then, we write
1 T
Iy = aai / / (2sAEVR° - Vaw + (sA2|Vn° |2 + sAAR®)éw)Oswdadt
0o Ja

1 T
- 5&042'/ /(23)\§Vn0 VW + (sA?|Vn° | + sAAR®)éw)dpwdadt
o Ja

O] (33)
On one hand, integrating by parts in time we have
i

T
= — aai/ / (sAOEVNY - Vw + sAEVRY - Vow)wdadt
o Ja

1 T
~ Jaoi / / (N0 + sAAR)ulw]? + (sA2 V]2 + sAAR®)ewDw) dudt.
0 Q

(34)
On the other hand, integration by parts in space yields
T
12(? :aai/ / (5A2|V7]0|2§@8tw + sA\éwVn° - Vo,w + s/\Anofwatw) dxdt
0o Ja
I 217,02 0y ¢rm
- jaai (sA|VN°|7 + sAAR” ) Ewopwdzdt (35)
0o Ja

T
faas)\i/ /8yn05@3twd5'dt.
o Jr

Then, substituting (34) and (35) into (33) and applying the Young’s inequality, we
show that for all € > 0, there exists C'(¢) > 0 such that

T
I3 > — C/ / (*A2€% |\w|? + A Vw|?) dadt
0 Q
T
—/ /(653)\3§3|w|2 +C(e)s A teo,w|?)dSdt.
0 r
The term I3; is
T
I3 = — 2as* AR / / £0,pwVn° - Vindzdt
0 Q

T
- a/ / (82X V2 + s AAR°)Oppé|w|? dxdt
0o Jo
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where the first term can be computed as
T
- 2(1,82>\§R/ / £0,owVn° - Vwdadt
o Ja
T
ZGSQA/ / AIVR°[2€0ep + EVN° - V(1) + An°EDsp) |w]*ddt
o Ja
T
—2(152)\/ /8yn0§8tap|w|2d5’dt
o Jr
Then, I3; is estimated as
T T
I, > — 052)\2/ /§3|w|2dxdt— 052)\2/ /§3\w|2d5dt.
0o Ja o Jr
Now, for I39, it is clear that
T T
I3p = — aozs%/ / wV(0rp) - Vwdzdt + aas%/ / Oypw0, wdSdt
0o Ja o Jr
T
> — C/ / (s° 2263 w|? + €| Vw|?) dzdt
0o Ja
T
fc/ /(52§3|w|2+§|8uw|2) dsdt.
o Jr
In addition, since w =0in ¢t =0 and t = T, we have

T
I3z > —Cs/ /53\w|2dxdt.
0 Q

According to the above estimates, taking s; and Ay > 0 large enough if it is
neccesary and choosing € > 0 small enough, we deduce that

(Prw, Pyw) 12(ax (0,1))

T T
205%4/ /§3|w|2d:cdt+0/ /(53A3§3\w|2 + 5|0, w|?)dSdt
0o Ja o Jr (36)
T T
+a?(1 + a2)s)\/ /81,770§|V1~w|2d5dt - 053)\4/ /§3|w|2da:dt - X,
0 T 0 w
for s > s1 >0 and A > \; > 0, where X satisfies
T T
X < Cs)\/ /§|Vw|2dxdt+C’s’1)ﬁ1/ /5*1|atw|2d5dt.
0 Q 0 r

Before going any further, let us point out that the integral term |Vrw]|? is negative.
However, in the next step we obtain additional terms to solve this problem.
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e Step 3. In this step, we compute the terms

T 3 3
/ / Ppﬁlepygwdet = ZZij,
0 r

j=1k=1

where Jj;, denotes the real L? inner product of the jth—term of P; pw with the kt"_term
of P rw defined in (30). Firstly, we have

T
Jin :b%%/ /|pr|2d5dt =0.
o Jr
Secondly, by the surface divergence theorem, we get
T T
Ji2 =2a%sAR / / (wVr(8,m°) - Vrw)dSdt — 2a*s\ / / d,m°¢|Vrw|*dSdt
o Jr o Jr
T T
> — 2a2s>\/ /8,,770§|pr|2d5dt70/ /(32)\2§|w|2 + €| Vrwl|?)dSdt.
o Jr o Jr
Moreover, integrating by parts in time and space, we can assert that
J13 =0.
The term Jy; is
T T
Jo1 = — 2a%a®s\R / / EwVr(9,1°) - VrwdSdt — 2a*as\ / / ,n°E|Vrw|*dSdt
o Jr o Jr
T T
> —2a2a25/\/ /8V170§|pr|2d8dt— C/ /(32)\2§|w|2 + ¢ Vrw|*)dSdt.
o Jr o Jr

Furthermore, by definition, Jao is
Joo =0

For Jos, we use Young’s inequality to show that for all € > 0, there exists C(e) > 0
such that

T
Joaz > — / / (es* N w|® + C(e)s ' AT owl?) dSdt.
o Jr

By the surface divergence theorem and the fact that Vre = 0 on T' x (0,7T), we
deduce that

J31 =0.

18



Moreover, by definition, Jso is given by
T
J32 > —Csz)\/ /g3|w|2d5dt.
o Jr
On the other hand, integration by parts yields
T
J33 > — C’s/ /§3|w|2det.
o Jr
According to these estimates, we can assert that
T
(Praw, Praw) ooy = ~224(1+a2)sx [ [ ateiVeuasar -y, (37
o Jr
where Y satisfies

T
Y g/ /(653A3§3\w|2 + Ce)s AT opw|?)dSdt
0 r

T
+C/ /§|pr|2d5dt.
0 T

From (36) and (37), using that 9,7° < —c¢ < 0 on I" x (0,7, taking s;,\; > 0
large enough and choosing € > 0 small enough, we obtain

”le“i?(Qx(O,T)) + ||P2w||2L2(Qx(0,T)) + ||PF,1w||2L2(rx(o,T)) + ||PF72wH%2(F><(O,T))
T
+ C/ / (PN |w|? + s 2|V - Vw|?)dadt
o Ja

T
+C/ /(33)\3§3|w|2 + s\, ¢ Vrw|?)dSdt
0 T

T
<oy + 1012w oim) + 52X / / € \w|2dudt + 7,
w

where Z is given by
T
Z gc/ /(s—l/z’xl/2 + s e Houw PdSdt
o Jr

T
+C’S)\/ /E\Vw\Qdmdt.
0o Ja

In order to absorb the terms of |Vw| in 2 x (0,T), Aw and d;w on I" x (0,T), we
shall use an indirect estimates using the definitions given in (31) and (32).
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e Step 4. In this step, we obtain estimates for the L?-norm of Aw, Vw and d;w in
Q% (0,T). More precisely, the purpose of this step is to prove the following inequality:

T
/ /(3_15_1|Aw|2+5_1§_1|3tw|2+8)\2\Vw\2)da:dt
0 Q
T
SC/ /(s3A4§3\w|2+5A2§|vn°-Vw|2+s*15*1|P1w\2+s*15*1|p2w|2) dxdt
0 Q

T
+0/ /(53)\3|w|2+5)\|8uw|2) dsdt.
0 r
(39)

To do that, we first estimate the term of Aw. From the definition of P; in (29), it
is clear that

T
s_l/ / £ Aw|?dadt
o Ja

T (40)
SC/ / (s Prwf? + s*A1€3 w|® + sA2E|Vn° - Vuw|?) dadt.
0 Q

Secondly, we estimate Vw as follows:

T T T
sA? / / E|Vw | dazdt = — sA*R / / wVE - Vwdrdt + sA*R / / Ewd, wdSdt
0 Q 0 Q 0 I

T
— 5)\2§R/ /EwAﬁda:dt
0 Ja

Then, by Young’s inequality we obtain
T
s\ / ¢|Vw|?dxdt
0o Ja
T
gc/ / (A3 w]? 4+ sA2E V- V| + s~ ¢ HAw|?) dedt (41)
o Ja
T
+ C/ /(s)\3§|w|2 + 5|0, w|?)dSdt.
o Jr
Next, we estimate the term of J;w directly from the definition of Ps:

T
sil/ / ¢ HOw|*dadt
0o Jo

T (42)
<C [0 [ NS 4 NV Tul? 57 Auf) dod.
0 Q
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Thus, combining (40), (41) and (42), we easily get (39).
e Step 5 In this step, we shall prove that

T
5*1/ /(5*1|atw|2+§*1mpw|2) dSdt
0 T (43)

T
gc/ /(52)\2|w|2+£71|Pp71w|2+§71|Pp72w|2) dSdt.
0 T

From one hand, by definition of Pr; in (30), we have

T T
5*1/ /g’l\prFdetS C’/ /(\Pp,lwﬁ+52A2§3|w\2)d5dt. (44)
0 r 0 r

On the other hand, using the definition of Pr s we deduce that

T T
5*1/ /f*1|atw|2d5dt < C/ / (5*1571|pr|2 +5)\£‘w|2 + |P1‘72w|2) dSdt.
0 T 0 r
(45)

Combining (44) and (45), we obtain (43).
Finally, combining (39), (43) and (38), and taking s, A > 0, we obtain
T
/ /(33/\4§3|w\2 + s 2| Vw|? + s7 e Howw 2 + s Aw|?) dadt
0 Q
T
+/ / (8*A2E%|w[? + sAE|G,w|* + sAE|Virw|? + s7 ¢ HArw|?) dSdt
0 r
T
+/ / (s7r Y ouwl?) dSdt
0 r

T
<C||Rw|220x 0,1 + ClIRrwll7zrx 0,7y + 053)\4/0 / & w|*dwdt.

Finally, taking into account that w = e™*¥, we come back to the original variable and
conclude the inequality (25). O

The proof of Theorem 6.2 runs as in the proof above but in a simplified way.
In fact, in this case we do not have to deal with tangential derivatives terms in the
conjugation process, and therefore the computations are easy to follow.
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4 Observability and null controllability of the linear
system

The goal of this section is to prove a null controllability result for the linear Ginzburg-
Landau

L(y) = f+ 1,k in Q x (0,7),
LF(yva) = fF inI'" x (OvT)a (46)
Y =yr on I'x (0,7),

(¥(0),yr(0)) = (yo,yr,0) inQxT.

where the operators L and Ly were defined in (4). Naturally, the null controllability
for (46) can be expressed in the following terms:

Definition 1. We say that (46) is null controllable in L2 if for all T > 0, (yo,yr.o) €
L2, there exists a control h € L*(w x (0,T)) such that the associated solution (y,yr)
of (46) satisfies

y(wT)=04inQ, yr(T)=0 onT.

Following the classical duality between controllability and observability in the con-
text of parabolic equations (see, e.g., [27]), the null controllability of (46) is equivalent
to prove a suitable observability inequality for its adjoint system. Then, thanks to this
inequality and the Lax-Milgram lemma, we allow us to deduce the null controllability
of (46), which is crucial for the proof of Theorem 1.1 and an interesting result by itself.

4.1 Observability inequality

As we explained above, we introduce the adjoint system

L*z2=g in Q x (0,7),
L¥(z,2r)z = gr on ' x (0,7), (47)
z=2zp on ' x (0,7),

(2(T),2r(T)) = (21, 2r,7) InQxT.

where L* and L} are given by (26). We point out that if (27, 2r ) € L2, then the
associated weak solution (z, zr) belongs to C°([0, T]; 1L?) N L2(0,T;H'). This is done
by results of Section 2.

To formulate the result of this subsection, we shall define some additional functions.
For t € (0,T), we define

0 =2 if t € (0,7/2],
e D if t € (T/2,T),
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)

B(t) =pa(t) min (27l — Al @)t e (0,7)
zeN

>

(t) :==p(t) max (62”"’”’70”0o - ek(m”no"w*”g(’:))) t e (0,7),
€N

£(t) ==p(t) min MMl @)y ¢ (0,7),
€

(t) ==p(t) max Al t°@) 4 0,7).
€

7a2%Y

Thus, we have the following.
Proposition 4.1 (Observability inequality). Let d > 2. Suppose that (zr,zr 1) € L?
and (g, gr) € L*(0,T;1L?). Then, there exists a constant C > 0 such that the associated
weak solution (z,zr) € C°([0,T];1L?) N L2(0,T;H) of (47) satisfies

T
/Q|z(0)|2dx+/r|zr(0)|2d5+/0 /{26_23¢(£3|z|2+5|Vz|2)dxdt

T
+/ /6—25¢(53|2F|2+£|szF|2)det
o Jr
T ) T ) T B
SC’/ /672S¢|g|2dl‘dt+0/ /672S‘p|gr|2det+C/ /6725“"53|z|2dxdt.
o Ja o Jr 0 Jw
(48)

We skip the proof of Proposition 4.1 since it relies on well-known facts used to
prove observability inequalities for parabolic equations (see, for instance, [28]).

4.2 Proof of the null controllability for the linear system

From the observability inequality (48), we can deduce the null controllability of the
linear system (46). In the following, for r € [1, +00], a linear space H and a measurable
function p : (0,7) — R, we shall consider the notation

L"(p(0,T);H) ={y € L"(0,T;H); py € L"(0,T; H)}.
Consider the Banach space V defined by

V= {(y,yr. h) :(y,yr) € L*(e*?(0,T);L?), hl,, € L*(e*?€3/2(0,T); L*(Q)),
(L(y) — Luh, Lr(y,yr)) € L*(e3P€73/2(0,T); L?), (49)
(y,yr) € L2(e5°9(0, T); H2) N L (e¥°9(0, T); H')},

endowed by its natural norm:

(g yrs WIS =lle*? (v, yr) 1220 w2y + €776 M 1wl 20 0.1
+ €672 (Ly) — Luh, Ny, yo) 1 Z20,702)

1gp 3¢
+1em*?(y,yr) 20,z + 1632 (0, yr) | Lo 07800

23



Proposition 4.2. Let (yo,yro) € L? and assume that
(f fr) € L3 (e"P€°/2(0, T); L?). (50)

Then, we can find a control h such that the associated solution (y,yr) of (46) satisfies
(y,yr,h) € V. In particular, we have

y(wT)=04inQ, yr(,T)=0onT.
Proof. For our purposes, we define
Py:={(z,2r) € C®(Qx [0,T]) x C®(' x [0,T]) : 2|, =2r on T x [0, 7]} .
Let a: Py x Py — R be the bilinear form

(z,2r), (w,wr))
_§R/ / e 2P L* 2 L* (w) dxdt—t—%/ / e 2P L (2, zr) Li(w, wr)dSdt
+ §R/ / e~ swddt  Y(z, 2r), (w,wr) € Py x Py.
0 Jw
We also define the linear form ¢ : Py — R as
£(w,wr) §R/y0w dx—i—@?/ypowp dS+§R/ /fwdacdt

+§R/ /fFWFdet V(w,wp) ep,.
0 T

In view of the observability inequality (48), it is clear that

||(Z= ZF)”a = \/a(<z7 ZF)7 (Z7ZF)) V(Z, ZF) € Fo,
defines a norm in Py. Let P be the completion of (Py,]|| - ||a). Then, a(-,-) is well-
defined, continuous and again definite positive on P. On the other hand, by (50) and
the observability inequality (48), it is easy to see that
[€(w,wr)| < Cl[(w,wr)[la V(w,wr) € P,

i.e. ¢ is continuous in Py and, by density, in P. Thus, by Lax-Milgram Theorem, the
variational problem

Find (2, zr) € P such that
a((z, zr), (w,wr)) = l(w,wr) Y(w,wr) € P,

24



possesses exactly one solution (z*, z%). Let (y*, vy, h*) defined by

y* = e 2P L*(2*) in Qx (0,7),
v = e PLE("5)  on T x (0,T),
h* = e 2593 inw x (0,7).

We point out that (y*,yf, h*) satisfies

/ / 259y |2dxdt+/ / €2y det+/ / €28 3| 2 dpdt

a((2", 21), (2%, 21)) <

and also that

T T T
?R/ /y*L*(w)dxdt—&-%/ /nyl’E(w,wp)det—i-%/ /h*ﬁdmdt
0o Ja o Jr 0 Juw

T
=R /Q yow(0)dz + R /F yr.owr (0)dS + R /0 /Q fwdadt (51)

T
—I—ﬂ?/ /frWdet,
o Jr

i.e., from (51) we deduce that (y*, yf) € CO([0,7];L?)NL3(0,T;H') is a distributional
solution with control A* and initial datum (yo,yr o) such that y*(-,7) = 0 in 2 and
yr(,T)=0onT.

It remains to check that

(v*,ur) € L*(e3°(0, T); H?) N L®(e35%(0,T); HY). (52)
In order to do that, we notice that the new variables
(" ut) = (e3°%y

solves the problem

L(y*) = e3*?(f 4+ h1,) + (e3°?)y*, in Qx (0,7),

Lo(y' ut) =42 o+ (), in T x (0.7), 53
y* = yr, onI'x (0,7),

((0),yr(0)) = 55 (yo, yr o), in QxT.

Since
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< esSPUE ¢ L2(0,T; L*(T)).

()5

and
EXY 1s5 2 2
(5 8(s + h1o). b2 fp) € 120, 7:L2),
and since €352 (yo, yp o) € HY, it follows from Proposition 2.3 that the solution
(y*,yt) of (53) satisfies
(", 1) € L2(0, T;H? N C°([0, T]; HY)),

which is equivalently to (52). We conclude that (y*,yf, h*) € V. This ends the proof
of Proposition 4.2. O

5 Proof of the Theorem 1.1

To prove the main theorem of this article, we shall use a local inversion argument.
This will be done by using the following local inversion mapping theorem in Banach
spaces (see, for instance, [29], page 107).

Theorem 5.1. Let By and By be two Banach spaces and let A : By — B be a
CY(B1; Bs) function. Suppose that by € By, by = A(b1) and that A'(by) : By — Ba is
surjective. Then, there exists § > 0 such that, for every b’ € By satisfying ||V —bs||p, <
0, there exists a solution of the equation

Ab) =V, beB.
Moreover, there exists a constant C > 0 such that
[br = blls, < Cllb2 — V||,

Now, we have all the ingredients to prove Theorem 1.1.

Proof of the Theorem 1.1. Consider the spaces
Bi:=V, By:=L*e¥{%2(0,T);L%) x L2,

where V is the linear space defined in (49).
Consider A : By — Bz be the operator defined by

A(u,ur, h) = (Lu +e(l+ ’yi)|u|2u — 1,h, Lr(u,ur) + ¢(1 4+ w’)|up|2up7 u(0), up(O)) .

We choose, b1 = (0,0,0) and by = A(0,0,0) = (0,0, ug, ur,0). In order to use Theorem
5.1, we shall check that the following two assertions:

(a) A’(0,0,0) : By — By is surjective.
(b) A is an operator of class C'! from B to Bs.
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A simple computation shows that for all (u*,u},h*) € By,

A'(u,ur, ) (u* up, h*) =(L(u™) + 3¢(1 + i) ul*u” — 1uh*, Lr(u*, uf)

N (54)
+ 3(2(1 + 72)|UF| UF, U*(O)v ’U,F(O))

In particular, taking (u,ur,h) = (0,0,0) in (54), we have
A'(0,0,0)(u*, uf, h*) = (L(u*) — 1,h*, N(u*, uf),u*(0), uf(0)) .

Now, it is clear that, in view of Proposition 4.2, the operator .A’(0, 0, 0) is surjective.
On the other hand, to prove that A € C'(By, Bs), it is sufficient to check that the
map
(U1, ur,1, h1), (Uz, ur,2, h2)7 (u3, ur,s, hg) — (U1U2U3, uF,luI‘,QUF,3)7
is continuous from ¥V x V x V to L?(e*?£-3/2(0, T); IL?). Now, observe that the classical
embeddings for Sobolev spaces (see [26] and [30] for such embeddings for  and T,
respectively) and Holder’s inequality implies that

L0, T;H?) N L>=(0, T; H') — L5(0,T;1L%) — L°(0,T; 1),
This implies that

17263/ (uyugus, ur yur 2ur 3)| L2 (0,752
3

L
<C T lles*?(uj, ur )l o070
j=1

& 1sp (55)
<C H le3°% (uj, ur ;)| L2 (0,7;12)n Lo (0,711
j=1

3
<C T I, ur ;. hy) v

j=1

Therefore, we have A € C1(By, Bs), and we can apply Theorem 5.1 to guarantee
the existence of 6 > 0 such that ||(ug,uro)|/m < d, one can find (y,yr,h) € By :==V
such that the associated solution (w,ur) (with initial datum (ug,ur)) satisfies

y(vT)=0,inQ, yr(-,T)=0, onT.

This ends the proof of Theorem 1.1. O

6 Further comments

In this paper, we proved a local null controllability result for the cubic Ginzburg-
Landau equation with dynamic boundary conditions in dimension 2 or 3. Some
comments are in order.
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6.1 General nonlinearities

Consider the Ginzburg-Landau equation with with dynamic boundary conditions and
a general potential:

Ou — a(1 + ai)Au + c(u) = 1,h in Qx(0,7)
Opur + a(l + ai)dyu — b(1 + ai)Arur + cr(ur) =0 on T x (0,7), (56)
U= ur onI'x (0,7)

(u(0),ur(0)) = (uo, ur,0) in Q xT.
We suppose that the potentials ¢ and cr verify the following assumptions:
¢c,cr € C*(R,C), with ¢(0) = cr(0) = 0.

Under these assumptions on the potentials, Theorem 1.1 can also be applied to
equation (57). The linearized equation is

Ou —a(l + ai)Au+(0)u = f+ 1,h in Qx(0,7T)
Owur + a(1+ ai)dyu — b(1 + ai)Arur + ¢(0)ur = fr  on I x (0,7), (57)
U = ur onT x (0,7)

(u(0),ur(0)) = (uo,ur ) in QxT.

Notice that the Carleman estimate (3.2) remains valid in this case. Indeed, it suffices
to consider

L*(v) = 0w + a(l — ai)Av — ¢/(0)v,
L} (v,or) = dpor — a(l — ai)d,v + b(1 — ai) Arvr — ¢ (0)vr

in Theorem 3.2. The extra terms can be easily absorbed. The rest of the proof can be
achieved following the arguments of [31], where this kind of potentials are considered.
The crucial point is to choose the correct spaces to use properly a Local Inverse
Mapping Theorem. Of course, these functional spaces must depend on the Carleman
weight functions defined in (23) and (24).

6.2 The one-dimensional case

The approach of this paper can also be used to prove a local controllability result for
the 1-D version of our problem. To fix some ideas, let & = (0,1) and w = (a4, bx) C
and T > 0. Then, consider the following Ginzburg-Landau equation with dynamic
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boundary conditions:

Ou — a(l + ai)d2u + c(1 + i) |u|?>u = 1,h (z,t) € 2 x(0,T),
ary (t) — a(l + a@i)0;u(0,t) + e(1 + i) jur, (t)[Pur, (t) =0 ¢t € (0,7),

ar, (t) + a(l + ai)dzu(l,t) + e(1 + i) |ur, (t)[Pur, (t) =0 ¢t € (0,7),

ur, (t) = u(0,%), ur, (t) = u(1,?) te(0,7),

u(x,0) = u®(x), up, (0) = uf,, ur, (0) = ud, x e

(58)

Here, a > 0, and ¢, «,y € R with ¢ # 0. Then, given a initial condition (u°, u%o, u%l) €
L?(92) x R x R, we are interested in finding a control h € L?(w x (0,T)) such that the
state (u,ur,,ur,) of (58) vanishes at final time T" > 0. For k € N, let us define the
space

XF = {(u, ury,ur,) € L*(Q) x R x R : u € H*(Q), u(0) = ur,, u(1) = ur, },

and set X? := L2(Q) x R x R. Then, we have the following result:
Theorem 6.1. Suppose that w €  and T > 0. Then, there exists § > 0 such that,
Jor every (u®,up, ,up ) € X' satisfying

|| (u07 u?‘ov u?‘l)”Xl <9,

there exists a control h € L?(w x (0,T)) such that the unique corresponding solution
(u,ury,ur,) of (58) satisfies

u(-,T) =0 in Q, and ur,(T) = ur, (T) = 0.

The proof of Theorem 6.1 relies on the same approach used for the general case,
i.e., we consider the linearized system of (58) and we prove a null controllability
result. This problem is equivalent to the observability inequality for the corresponding
adjoint system. To prove such inequality, it is enough to apply the following Carleman
estimate for the 1-D Ginzburg-Landau operator with dynamic boundary conditions:
Theorem 6.2. Let w € €. Let us choose w' € w and n° as in Lemma 3.1. We also
define ¢ and & given by (23) and (24), respectively. Then, there exist three positive
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constants C, Ny, sg such that for all X > \g and s > sg, the following identity holds
T G
/ / e~ 2% (53)\4§3|v\2 + s)\2§|8111|2 + 571571|5‘tv|2 + 571571|8§11|2) dxdt
0o Ja
T
b [0 (A0, ory P 5AE, 0000, + 570, i )
0
T
+/ e 2P (SN0, ) or, [P + sAE(L, )|0po(L, )] + 57171, ) for, |7) dt
0
T T
<C / / e~ 2*¢1l(v)|? dwdt + C / e 220 |tp, (v, v, dt
0 Jo 0

T
+C/ e 2sv(1,)
0

for all (v,vr,,vr,) € HY(0,T;X%) N L?(0,T;X?). Here,

T
Zpl(v,vrl)|2dt+s3)\4/ /6_23¢§3\v|2 dxdt,
0 w

((v) == dw+a(l — ai)dv, Lr,(v,or,) := 0, (t) + a(l — ai)d,v(0, 1),
lr, (v,ur,) = 0r, (t) — a(l — ai)d,v(1,t).

The proof of Theorem 6.2 follows the same structure as the Carleman estimate for
the case d > 2, and is actually simplified by the fact that no tangential derivatives
exist in this case.
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