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Abstract

This paper deals with a multi-objective control problem for the Kuramoto-Sivashinsky equation by
following a Stackelberg-Nash strategy. We have a distributed control called Leader, and two boundary
controls called Followers, each of them has to act over the equation to influence the behavior of the state
in a particular way, by reaching or approaching to many targets at once. To be more precise, the Leader
wants to drive the solution to a prescribed target at a final time, and the followers have to minimize
some given cost functionals, adapting themselves to what the Leader wants. The main difficulty here is
that, since the Followers are in the boundary, the problem turns to be equivalent to prove a partial null
controllability result for a system of nonlinear fourth-order equations with boundary coupling terms.
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1 Introduction

The Kuramoto-Sivashinsky (KS) equation is a nonlinear fourth-order parabolic equation with a great variety
of applications. Its deduction is due to Kuramoto et al. in [23}24], for modeling phase turbulence in reaction-
diffusion systems, and independently by Sivashinsky, in [34], for the description of the combined influence
of diffusion and thermal conduction of the gas on the stability of a plane flame front. This nonlinear
partial differential equation describes incipient instabilities in a variety of physical and chemical systems
(see [11}122L[25]).

Due to the great variety of applications, the KS equation has gained the attention of the mathematical
community. Many references with dynamical properties and well-posedness are present in the literature, as
we can see in [18]/29,30].

For controllability properties, many results are known. By utilizing the moment method, E. Cerpa proved
in 7] a boundary null controllability result for a linear fourth-order equation with controls positioned over the
normal derivate of the state. For this result to hold, some conditions on the “anti-diffusion” parameter are
necessary. By deriving a suitable Carleman estimate, the authors in [9] proved a local exact controllability for
the KS equation with controls acting over the state and normal derivative of the state on the left boundary.
In what concerns distributed controls, the papers [5,|10] deals with the controllability of a type of KS
system with only one distributed control. For a linearized version of the KS equation, the authors in [8}[20]
deduced the null controllability with boundary and distributed controls for both Dirichlet and Neumann
boundary conditions. All these references consider control problems for fourth-order equations with the null
controllability as the only objective.

It is not difficult to realize that in problems of real life, one may be interested in controlling many
aspects, or variables, simultaneously. For instance, in a heat conduction problem, one may want to drive
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the temperature to a given value maintaining the temperature at some reasonable levels in given regions. In
fluid dynamics, one may want to control the velocity of the fluid, but in some zones, the fluid must behave
satisfactorily. In a polluted river, we may want to apply a chemical product to clean it, but in some regions,
we cannot change some properties of the water and not extinguish a population living there. In all these
examples, the concept of single objective control problem is insufficient, being necessary the development of
methods for solving multi-objective control problems.

In the present paper, we want to control the KS equation to zero in a finite time and also control it in other
aspects simultaneously. Let us be more precise about the problem under view: we consider a distributed
system governed by the KS equation and a control v positioned inside the domain or in the boundary, or
a combination of both. We assume that there are two (or more) goals we would like to achieve, the main
one being of controllability type, and the others to ensure that the state does not move too far from given
functions. We split the control v into two (or more) parts, say f, v',v?,... where f is the principal control,
usually called the leader, and v* are the secondary controls, denominated the followers. We assume the leader
is responsible for the objective of controllability type, and the followers must deal with the other targets.
This way of splitting the controls and giving roles to them stating degrees of importance is what we call a
hierarchical control problem.

The application of hierarchical control for PDEs is due to J.-L. Lions in [26,27], where we may find many
techniques. These pioneering works motivated studies on this subject, and a lot of other results appeared
after that (see [13,|14,21,32,/33]). We remark that all these classical works deal with hierarchical control
problems whose leader’s objective is approximate controllability. It is an interesting question to know the
equations and the circumstances that allow us to solve these problems at the exact or null controllability
level. In this framework, we can mention the work of Araruna et al., see [2], pioneering in considering the
null controllability as the leader objective, but with some geometric assumptions. Then, in [3], the authors
improved the results of [2] by taking less restrictive geometric assumptions. It is relevant to mention that the
works in [2[3] assume both leader and followers as distributed controls. An interesting question is whether
we can extend the analysis to the case of controls acting on the boundary. For some positive results in this
direction, we can cite [4] for the heat equation with nonlinearities that are uniformly bounded.

Concerning the KS equation, what is known so far is the case where both leader and followers are
distributed at the interior of the domain (see [6]). In this way, what we propose here is to extend the result
in [6] to the cases where the leader or the followers are assumed to be on the boundary. This particular
setting brings new difficulties that are more complicated to solve than [6]. Indeed, as we are going to see
further, it turns to be equivalent to a partial null controllability problem for a fourth-order nonlinear system,
where some coupling terms are located on the boundary, thus some careful computations are needed to deal
with them.

1.1 Statement of the problem

Let L and T some positive real numbers, define @ = (0, L) x (0,T) and, for i = 1,2, let I; and r; be L?(0,T)
functions. Consider the KS equation

yt+yxxxz+yyxz +yyz :f]lO (.’E,t) € Qv

y(o7t> = ll(t)a y(L>t) =T (t) te (07T>7 (1 1)
yac(ovt) = l2(t)7 yw(L7t) = T2(t) te (O’T)v ’
y(z,0) = y°(x) z € (0, L),

where y = y(z,t) is the state and y" is a prescribed initial condition. We write O = (a,b) and 10 is the
characteristic functions of O. The distributed control f is called the leader and, for i = 1,2, the boundary
controls [* and r? are called the followers.

Let O1,4, O2.4 C (0,L) be open sets of the form O; 4 = (ai,q4, b;,4), representing observation domains for
the followers. For | = (I1,l2) and r = (r1,72), we consider the functionals

T 2 T
L(fil,r) = %/O/O ly — y1.al? dmdt+z%/o 02 da dt, (1.2)
1,d i=1



R(f;l,r) = // ly — y2.al” dmdt—l—z / |2 da dt. (1.3)

The structure of the control process we will follow is described as follows:

1. The left followers | = (I1,12) and the right followers r = (r1,r2) assume that the leader f has made a
choice and intend to be a Nash equilibrium for the costs £ and R respectively, that is, once f has been
fixed, we look for controls [ and r in [L?(0,7T)]? such that

L(f;l,r) = min L(f;1,7), R(f;l,r) = min R(f;1,7). (1.4)
l T

2. Let us fix an uncontrolled trajectory of (1.1]), that is, a sufficiently regular solution to the system

Ut + Yowwe + Vze + 90 =0 (t,z) € [0,T] x [0, L],

*(t 0)—37(75 L)—O te[O,T], (1 5)

yaﬁ(t O):g( )_O tE[O,T], ’
y(z,0) = 3°(z) z € 0,L].

Once the Nash equilibrium has been identified and fixed for each f, we look for a leader control
f € L*O x (0,7T)) such that
y(z,T) =y(z,T) in (0, L). (1.6)

We stress that controlling the state y to a given trajectory as in is the main objective to be
accomplished and the leader control f is the one responsible for it. If there are no other objectives, then
no other controls are needed, meaning that we can take {I'}?_, and {r'}?_, as zero in (L.I), becoming a
standard controllability problem, which was already considered, for instance, in [35]. In the present paper
the situation is different. Despite the fact we want to drive the state to the trajectory ¥ in the time T', we
also want the state not to be far, as much as possible, from given functions {y; 4}7_; in the region {O; 4}2_,,
and that is the role of functionals £ and R in and , respectively. Then it becomes clear that the
best we can do is search for controls {I*}?_; and {r*}?_, that somehow minimize £ and R.

It is important to remark that condition says that we are applying a noncooperative optimization
criterium for the determination of the followers. More precisely, the followers {l;} (resp. {r;}) want to
minimize functional £ (resp. R) without being concerned about what may happen to the cost R (resp. L).
This kind of concept was introduced by John Nash, in [28], in the context of game theory and economy.
Then, it becomes clear why optimal solutions to are usually called Nash equilibrium. There are other
concepts of equilibrium, and we refer to Section for some comments about this.

Now, let z := y — . It is clear that property is equivalent to a null controllability property for z,
that is,

z(x,T)=01n (0, L), (1.7)

where z is the solution of the equation

2t + Zopggx + Vige + 222 + (gz)z - f]lo (LC, t) S Q7

2(0,t) =h(t), =z(L,t)=ri(t) te(0,7T), (1.8)
25(0,t) = lg(t), 2y (L, t) = roft) te(0,7T), ’
#(x,0) = 2°(x) z € (0,L),
and 2°(z) = y°(x) — 4°(2). From now on, we are going to work with system (I.8)) instead of (.1
The functionals £ and R can be rewritten as
(6751 T 2 2 1% T .
L(f;1,r) ::—// |z — 21,4 d:vdtJrZ—/ |2 dxdt i=1,2, (1.9)
2 JoJo,, = 2 Jo
and
a2 T 2 2 Vi T
R(f;l,r) = —// |z — 22.4] dxdt—i—Z—/ |r > dedt i=1,2, (1.10)
2 Jo Jo,. = 2 Jo



where z; 4 := Yi.da — ¥-
Now, if the functionals (1.9) and (1.10) are convex, then (I,r) € [L?(0,T)]* is a Nash equilibrium if and
only if
DL(f;1,7)(1,0) =0, Vie[L*(0,T)7, (1.11)

nd
) DR(f;1,7)(0,7) =0, V¢ e [L?(0,T)]2 (1.12)

Following an standard procedure, see for instance [2], we can prove that a pair (v!,v?) satisfying (1.11))-
(1.12) can be characterized by

h = —— 0), lp=—¢,(0 1.13
1 11 ¢zwac( ) 2 #2¢ ( ) ( )
and ) .
42 — 42
= n :cxa:(L)v T2 vy xa:(L)v (114)

where (z, ¢!, ¢?) is the solution of the optimality system

2t + Zapggx T Vg + 222 + (272’);19 = flo (I’t) €Q,

7¢2Z£ =+ d):ltmmz + Vd);m - (Z + g)(rbzz = ai(z - Zi7d)]loi,d i= 1’ 2 ((t,t) € Q?

2(0,t) = 7% imm(o)wz(L’t) = uil izm(L) t e (0,7), 1
20(0,8) = L0610, 2 (L. 1) = L2, (1) te (0.7), (1.15)
¢i(07t):¢i(Lvt):¢;(07t):¢im(Lat):0 1=1,2 te (OvT),

2(x,0) = 2%2), ¢'(z,T)=0 i=1,2 xz € (0,L).

A first step to prove the existence of a Nash equilibrium is to show that system ([1.15)) possesses a unique
solution (at least for small data). This will guarantee the existence of a unique critical point (I,7) in the
sense of , . However, since is nonlinear, functionals — may fail to be convex,
meaning that the critical points are not necessarily the Nash equilibrium. To overcome that, we prove that
the second derivatives of £ and R are positive in the canonical directions. Clearly, this will imply that [ and
r are local minima of £(-,7) and R(I,-), respectively. Since the critical points are caracterized by the unique
solution of the optimality system , and the second derivative is positive, we can assure that (I,r) is the
unique Nash equilibrium . Motivated by all this, we prove the following result.

From now on, we denote by p = min{uy, po,v1,v2}.

Theorem 1.1. Let p be sufficiently large. There exists § > 0 (independent of {u;}, {vi}) such that, if

2+ 1 flz2ox 0y + 112°l H-2(0,) < 8,

system (1.15]) possesses a unique solution. If (I,r) is given by (L1.13)-(1.14), there exists C > 0, independent
of {ui}, {vi}, such that

12l

2
UD2L(f;1,7): (1,0), (,0)) > CZ/TWdt, vi e [L2(0,T))?, (1.16)
i=170
and
2 T )
(D*R(f;1,7); (0,7),(0,7)) ZCZ/O |72 dt, Vi e [L*(0,T)]% (1.17)

Once the Nash equilibrium is known and characterized by (1.13])-(1.14)), we search for a leader control
that drives the variable z appearing in (|1.15)) to zero. This problem gives us the main Theorem of this paper.

Theorem 1.2. Let p be sufficiently large. Assume that
O0iaNO#0 (i=1,2), (1.18)
and that one of the following two conditions holds:

01,0 =024 (1.19)



or

014NO#04NO. (1.20)
Let j € L>=(0,T; WH>°((0,L))) a given trajectory of the uncontrolled equation (L.5)). Then, there exist § > 0
and positive functions p; = p;(t) blowing up at t = T such that if 2° and § satisfy

T
12°13 -2 0.2y + Z/O/O p2|2i.a|? dadt < 6, (1.21)
i,d

i=1,2
there exist controls f € L*(O x (0,T)) such that the solution of equation (1.15])con satisfies z(-,T) = 0.

Remark 1.3. The change of roles for I or v in the minimization process of - does not signif-
icantly increase the difficulty in solving the associated multiobjective control problem. For example, inter-
changing I* by r! ori? by r?, or even if we take some of them identically zero, as long as no function becomes
with no follower acting on it, generates a problem that can be solved in a very similar way as we are going
to do it here.

Remark 1.4. Another interesting problem is to consider the leader positioned on the boundary and the
followers distributed inside the domain. The proof in this case is simpler and Section[6.1] contains a sketch
of it.

Let us give some guidelines of the proof. First, we prove the null controllability of the linearized system
around zero

%+ Zrawe + Vaa + (02)e = 0+ 1o (x,t) € Q,
_¢1z£ + ¢;ax£:p + V¢§ca; - g(b; = fz + aizﬂoi,d i=1,2 (J?,t) €Q,
0,0 = DL, (0,49 (0), 21,0 = L2, (LD +40) L€ 0.T), oo
2 (0,0) = £L,00,0) + 1 (0) 2 (L, 1) = ~ 62, (L) +12(1) € (0,T), 122
d)i(oat):¢i(L’t):¢;(O7t):¢§c(l’7t):0 i=1,2 te (OvT)7
2(z,0) = 2%x), ¢'(z,T)=0 i=1,2 z € (0,L).

Note that is nonhomogeneous, where {f‘}, {g'} and {h*} are (arbitrary) L?-functions decaying expo-
nentially to zero at t =T

It is well known by now that, with the help of a classical duality argument, the null controllability of
system can be deduced from an observability inequality for the solutions of the adjoint system, which
in this case is given by

_¢t +_77[}aca:xac + Vd’xx - @% = g_o + O‘lﬁ)/l]lolyd + 04272]1(92@ (z,y) € Q,
Vi + Vazox T VVze + (7 )e =9g" 1=1,2 (z,y) € Q,
"/}(O’t) = w(Lat) =0 le (O,T),
%(0715):%(1170:0 te (OaT)>
Y0, t) = 0w (0,1), 72(0,8) = — =000 (0, 1) te(0,7), (1.23)
YL t) = 72(L,t) =0 te(0,7),
v2(0,t) =0, ~2(0,t) =0 t e (0,7),
72(L7t) = ULQALMC( i), Vg(Lvt) = _,lewww(Lat) te (OvT)a
w(va) = wlT(m)v (3;‘70) =0 S (07L)

More precisely, to prove the null controllability of system ([1.22]), we prove that there exists C' > 0 such that
T
/ 76 (%202 (0, ) + [Yaaa (L, O + (122 (0,8)]* + [aa (L, 1)[?)) dt
0
L T oL 3 T oL 4
+ / |0 (, 0)*da + / / [ Z/ / p;|V'|? da dt
0 0Jo =570 Jo

2 T oL T
<Cy 2g' > dz dt + C P2l dedt, (1.24)
0J0 0JO

1=0



where {p;}2_, and {p;}3_, are weight functions depending only on ¢ and blowing up as t — T. After proving
this linear controllability result, we apply a suitable inversion mapping theorem in some very particular
functional spaces to recover a local controllability result for the nonlinear system .

Observability inequality is proved using Carleman estimates. The idea is to combine suitable
Carleman estimates for each equation in system . The geometric assumptions (1.18)-(T.20) allow us to
estimate the local terms (terms in O) of ¥! and «? by the local term of 9 in the right-hand side of (1.24). The
main idea is that, under 7 we are able to reduce the number of equations in to only two. This is
done considering the function A = a;y' + a2y2. In the case that does not hold, this reduction is no
longer possible. Therefore, we have to deal with both v! and 72. Assumption allows to consider two
different weight functions so that ! and 42 are localized in disjoint sets in order to separate the couplings in
the equation satisfied by . Unfortunately, when O; 4 and Oy 4 are different only outside of O (the only case
that and do not cover), the previous ideas do not work. All the technical details are presented
more extensively in Section (3.2

The fact that the followers are located on the boundary translates in having the equations in coupled
on the boundary. More precisely, the boundary conditions for y' and 72 are nonhomogeneous, which is the
main difference with the full internal case in [6]. This means that the Carleman estimates applied to 7! and
~? need to be of a special kind, namely for equations with nonhomogeneous boundary conditions. This kind
of Carleman estimates are in general more restrictive and give some weighted boundary integrals that need
to be estimated, in addition to the local ones, which is a much technically difficult problem than the one
in [6].

1.2 Organization of the paper

The paper is organized as follows. On Section [2, we prove Theorem We start by establishing the
well-posedness of system (|1.15)), and then we prove the inequalities ([1.16)-(|1.17). Section |3|is devoted to

Carleman estimates, where we recall some known results and prove some new Carleman estimates for the
adjoint system . In Section , we prove a null controllability result for the linearized system .
Finally, in Section[f] we prove Theorem[I.2] In Appendix[A] we have included some technical well-posedness
results concerning equations and systems of fourth-order parabolic equations.

2  On the existence of the Nash equilibrium

This section is dedicated to the proof of Theorem (1.1} We start proving that (L.15) possesses a unique
solution.

Proposition 2.1. For any zo € H=2(0,L), f°, f!, % in L?(0,T; H2(0,L)) and f € L?((0,L) x (0,7)),
and if p is sufficiently large, there ewists a unique triplet (z,¢%, ¢?) such that

7))

2 e C((0,T]; H-2(0, L)) N L2((0, L) x (0,T)),
2 40, L)%,

(¢',¢%) € [C([0,T]; HF (0, L)) N L*(0, T H

solution of (L.15)) that satisfies

(2.1)

121 0,7 1-2(0,2y) + //Q |2|* dadt < C (HfOHi?(O,T;H*?(O,L)) + 171220,y 0y + 12°1E-2(0.1)

2
+Z ”fZH%?(O,T;H?(O,L))> - (22)
=1



Proof. We fix 2 € L2(Q) and ¢' € L>(0,T; H2(0, L)), and we consider the system

1,
Zt + Zrxxx + VZgx + (gz)m = fo + fllo - i(zz)m (.T,t) € Qﬂ
_Qﬁylt + QS;,;w:w + VQS;AE - :Iqu;l = .fz + O[i(Z - Ziad)]loi,d + éqg;’ i = 1’ 2’ (Jf,t) < Q’

Z(Ovt) = _% glmw(O),Z(L,t) = ,%1 iwx(L) te (O’T)v (23)
20(0,8) = 261, (0), 2 (Lo t) = —L2, (L) te (0,7),
gZ)Z(O,t):gbl(L,t):d);(o,t):qﬁ;(L,t):O i=1,2 te (OaT)v
2(2,0) = 2%2), ¢'(z,T)=0 i=1,2 z € (0,L).

From Proposition for p sufficiently large, the mapping II : L*(Q) x [L>(0,T; H3(0, L))]> — L*(Q) x
[L>°(0,T; H§(0, L))]? such that II(2, ¢', ¢?) = (2, ¢', ¢?) is well defined. Moreover, since |[(22). L1 (0,7 5-2(0,1)) <
12113 and [[2¢% |12 < 6] o< (0,712 (0,1 | £ [|2; We obtain from (A.21)) that

ITI(z, 0", 6*)1* < C(T, v, |7ll2; [1G2]l2) (HfOH%Q(O,T;H*Z(O,L)) + ”f”%Z((O,L)x(O,T))) + ||ZO||§I*2(O,L)
2
+ Z HfZH%?(O,T;H*?(O,L)) + 125 + ||¢z|%OO(O,T;HS(O,L))||2”§> - (24)
i=1
Let
B(0,R) = {(2,",¢%) € L*(Q) x [L>(0, T; H3 (0, L)))%; [|(, 6", 6°) | L2(@yx (= (0.7:12 0.1y < R},
and let 7 > 0 such that
2
”fO”%?(O,T;H*z(O,L)) + Hf||2L2((o,L)x(o,T))) + ”ZOH?{*Q(O,L) + Z HfZH%?(O,T;H*?(O,L)) ST
=1

Then,
[TL(z, 0", ) ||* < C(T, v, |[9ll2, 15all2) (r + RY) - (2.5)

Then, we just have to choose r and R in such a way that C(T,v,||ll2, [|7z]|2) (r + R*) < R?, for instance,

r < R* and R < 1//2C(T,v,|y|2,||9z]]2)- Note that, in this case, the parameter R is bounded uniformly
in terms of {u;}, {v;}. Hence, we have that II is well defined from B(0, R) to B(0, R). Moreover

ITL(z, ¢", ¢*) — (24, 61, 92) ||
< O(T, v, ||]|2, nynz)(nz — 2302 + 23 + L1121z — 213 + ok — ixnionz*n%)

< RC(T gl 15 l12) (12 = =18 + 6% — 62,2 ). (2.6)

Finally, if R is sufficiently small depending only on T, v, ||g|l2, ||Jxll2, then II is a contraction, and
the conclusion follows from the Banach Fixed Point Theorem. Note that estimate (2.6) also provides the
uniqueness of solution, while estimate (2.4]) implies (2.2)), all that by taking R sufficiently small. O

In Proposition we proved the existence of solution to (|1.15), which implies the existence of critical
points in the sense (L.11))-(1.12)). To finish the proof of Theore we just have to prove that (L.16)-(L.17)
are true. For simplicity, we are going to concentrate on the proof of . The proof of is completely
analogous.

Let ¢! be a solution of

_(btl + (balczzm + V(bclcz - (Z + g)(b:}c = al(z - Zlyd)]lol,d (.Z‘,t) € Q7
¢'(0,t) = ¢ (L,t) = ¢5.(0,1) = ¢3(L,t) =0 te(0,7), (2.7)
&z, T) =0 ze(0,L).



It is standard to prove that (see [2])

2 T T T T T
@310 @.0.00) =Y [ [ e [0 [ alootmar [ [ abooRod @

where
7nt1 + nalcac:cac + Vnalc;c - hd)alc - (Z + g)nalc = alh]l(%,d (I,t) € Q’
ht + hrzxm + thm + (hZ + hg)m =0 (l’,t) S Qa
771(0»15) =A771(L»t) = 77:}:(07;) = nolc(Lvt) =0 te (OvT)’ (2'9)
h(0,t) = 11(t), hy(0,) = 12(t), h(L,t) =0, hy(L,t) =0 t € (0,7T),

nl('aT) = h(,O) =0 WS (O,L)

We take, in particular, (I,7) a critical point for the functionals (1.9)-(1.10]), characterized by (1.13)-(1.15]),
and such that (2, ¢!, ¢?) is uniformly bounded in terms of {y;}, {v;}. From Proposition this is possible

at least for small data. Then, from (A.18]), we have that

2 T
// |h|? dwdt < 262V2T+H2H3+H17H§Z/ IROLE (2.10)
Q i=170
while that for n' we obtain that
V2 2 2 =12
//Q Maaal? ddt < 2e2 THIEHE R 2 (0 + 11617 < (0 7 112.0,1))- (2.11)

By combining (2.10) and (2.11)), we obtain that
2 T
S| e ot < OO 1213, 113) (0F 4 16 o) 2 O ar (212
i=1

From ({2.8) and using a trace estimate, we have that

P P 1/2
D2Jy(f;1,r); (1,0), (,0)) > IH2dt — Clnl,.. It))2d
(D2, (f:1.7): (1,0, ( )>>ulizzl/o/ol| t—Cln ||2<;/0|<t>| t)

2,7
> (i — Cw T 231018 (0F 4+ 1642 0 rm20.0))) D / F(DPdt. (213)
=1

In this way, if we take p; sufficiently large, the second derivative is positive, and then Theorem is proved.
Now we turn to the proof of Theorem that is, a null controllability result for system ([1.15]).

3 Carleman estimates

In this section, we prove some Carleman estimates for the solutions of (|1.23)). Before that, we show some
notations and preliminary results.

3.1 Notation and preliminary results

Let w and wy be non-empty open subsets of (0, L) such that wy CC w. Let ng be a C*([0, L])-function such
that
no > 0 in (0, L), 10(0) = no(L) = 0,

Ing| > 0 in [0, L] \ @o. (3.1)

The existence of such a function in dimension higher than one is proved in |19, Lemma 1.1].



Next, we introduce the (positive) weight functions

—exp (4 mollee) — exp (A(Im0loo + 10())) —exp (A(Imolloe + m0(2)))

J(.’L', ) = tl/g(T*t)l/S ) S(‘r7t) = tl/S(T*t)l/B 9 (32)
where A > 1.
Consider the following notations:
o*(t) = max ofz,t), 6(t)= min o(z1), ¢(t)= min &), £(t) = max £(x1).
Notice that
oty = 2 (AAle) —exp (Mmole) e (Aol
- t/3(T — t)1/3 ’ T OB —t)/3 53)
()= &P (4X[|m0ll00) — exp (2X[|10 ]l o) Epy = &P (2All770/l50) '
- t1/3(T_t)1/3 ’ - tl/B(T_t)l/S :
A simple computation shows that, for any m,n € N, we have
L T?RE, |00 < CT™AE ™, o dte| < CT™ Ao, (3.4)
for every A > 1. These properties will be used several times in this paper.
For F and F* in L?(Q), i =1,...,4, consider the following fourth order equation
Ut + Uggaa :F+Z?:1 a;FZ (.’E,t) € Q,
Uz (0,8) = ug(L,t) =0 t e (0,7), )
u(x,0) = u’(z) x € (0,L),
and define the following weighted energy
T rL
I(u) ::/ / €257 (SNTES([ue)? + ugmnal?) + A% e |?) da dt
070 (3.6)

T oL
+/ / 67250(810)\11510‘umx‘2 + 812A13£12|um|2 + 814)\15514|U|2) dx dt.
0J0

For the case where the right-hand side of (3.5)) is L?(Q) only, we have the following result:

Proposition 3.1. Let F € L*(Q), F* =0 for alli=1,...,4 andw C (0, L). Then, there exists C(L,w) > 0
such that for every s > C(T%/3 + T3 and every X > C, we have

T T (L
I(u) < C <514)\15/ / 6_25‘7514|u|2dxdt+s7)\7// e 2 ¢ F|? da dt) , (3.7)
0Jw 0o

for every solution u of (3.5)).

The proof of Proposition [3.1] can be found in [10].
Now, let H = H*(0,L) N H3(0, L) and assume that the right-hand side of equation (3.5) satisfies
F,F' e L*((0,L) x (0,T)) (i =1,...,4) and F>_ Fo . €L*0,T;H). (3.8)

rxrx? TrxrxT

We have the following result, whose proof can be found in [6].



Proposition 3.2. Let F,F' (i = 1,...,4) satisfying (3.8) and w C (0,L). Then, there exists C(L,w) > 0
such that for every s > C(T%/3 + T3 and every A > C, we have

T oL T T oL
814)\15/ / 87250514|’LL|2 dax dt g 0(814)\15/ / 67250514|U|2 dax dt + 57)\7/ / 6728057‘F‘2 dax dt
0J0 0 Jw 0J0
T oL
+59>\9// 6725059(|F1‘2 +52>\2€2|F2|2 +S4>\4£4|F3|2 +SG)\6£6|F4|2) dx dt
0Jo
T
45222 [T e (@B + [P0 + | FA L0 + [FH 0.0 ) di
0
T
T stap / e 257" (€)M (|FYL, )" + [F40,1)]%) dt), (3.9)
0

for every solution u of (3.5)).

To give a sense to the trace terms of F'3 and F, let us recall a remark made in [6] about F'3 and F* (see
also |16] where a similar situation occurs in the context of the heat equation). Observe that under (3.8)),
we can consider the dual product of the distribution F  with an element of L?(0,T; H) in the sense that

TTTT

there exist some functions g1, go, h1 and hy in L?(0,T) such that

(Frppr i) = // Fyps d:z:dt+/ (92(t)uga (L, t) — g1 (t)uge (0, ) dt

_ /0 (ho(#)ttaaa (L t) — by (Dttaas (0,1)) dt, Y € L2(0, T H).

If F* were regular enough, we would have
gi(t) = F1(0,0),  g2(t) = F}(L,t),  ha(t) = F*(0,¢) and ho(t) = F*(L¢).

The arguments also apply to F3. Therefore, we use this notation for the trace terms of F? and F*.

When the right-hand side is in L?(0,7; H~2(0, L)) and we have nonhomogeneous boundary conditions,
then we have the following system

U + Uggae = BO + axBl + azzBQ (l’,t) S Q7
w(0,8) = bi(6), w(L,t) =bo(t)  te(0,T),
ur(0,t) = b3(t), w,(L,t) =0ba(t) te€(0,T),
u(z,0) = u'(z) xz € (0,L).

(3.10)

In this case, the following Carleman estimate holds.

Proposition 3.3. Let By, By, Ba € L?>(Q) and by, by, b3,bs € L?(0,T), and w C (0,L). Then, there exists
C(L,w) > 0 such that for every s > C(T?/3 + T3 and every A > C we have

sTAS // e 27¢ uf? dwdt < C (// e 27 (IBol* + N2 B1|* + s*A¢* By *) dwdt
Q Q

T
FXT [N (O + ba(0)) de+5X° / 257" (€9 (bg(0)2 + [ba(0)?) dt
0 0

T
+57\8 // e 27T u? dacdt) (3.11)
The proof of Proposition can be found in [5)].

The next steps are based in combining Carleman estimates (3.7)), (3.9) and (3.11) to proving a new
Carleman estimate to the solutions of (1.23]). Before that, we prove three technical lemmas.
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Lemma 3.4 (Local Term Estimate). Let w C (0, L) an open set, v > 0, Y € L*°(Q), F and G in L*(Q),
and p, q two sufficiently regular functions satisfying

{ —Pt + Przax + VDax _Ypa: :q+F (LU,t) € w X (O,T‘)7

~ 12
G+ Gooes + Vs + (Y@)o =G (w.8) €@ x (0.T), (3.12)

where & is any open subset of (0, L) such that w C &. Consider any function n satisfying (3.1)), and weight
functions o, & defined by (3.2)). Then, for e > 0, there exists a positive constant C = C(T, v, ||Y ||co) such
that

T
| e ant < [ rodipasar o ([ erogre vicr i
0 Jw Q Q

T
4522 [ 27 (X0 4 SN P+ 2N i+ sl dxdt) .
0Jo

Proof. Let 6 € C4(@) such that # = 1 in w. Then, from (3.12), we have

T T
//6_25057\q|2dxdt<//e_zs”§7§\q|2dxdt
0 Jw 0J&

T
— / / e 2760 ( — pt + Powww + Voo — Yo — F) dadt.  (3.13)
0Jao

By writing the right-hand side of ([3.13)) as a sum of five integrals, we denote each of them, respectively, by
Ay, ..., As.

Let us estimate the terms A; for i = 1,...,5. For the first one, we integrate by parts in time, and we get
that

T T
Ay = / / (6_23057)téqp dxdt +/ / e 27T 0gp dadt = Avq + Aqo.
0J& 0J&

From now on, € will represent a positive real number, sufficiently small.
Using properties (3.4]), we estimate A;; as follows

T
|[A14] < e// e 257¢7g|? dxdt+CT232/ / e~ 25715 p|2 dadt. (3.14)
Q 0Jo

The term Ao will be considered later.
For the term A, we integrate by parts several times and we obtain

T
A2 ://ei2sag7oquwwx dxdt
0Jo
T ~ ~ ~
[ (€28 srat+ A7 0) a4 627000 s
0 Jao

T
+ / / (4(6_250579)1-(];361 + 6_250579%1.”)}9 dl‘dt = Agl + 4A22 + 61423 + 4A24 + A25. (315)
0Jo

Let us estimate each of the Ag; terms, for j = 1,...,5. For the first one, we use (3.4) and Young’s inequality,
to get

T
A < 6// e_zs”§7|q\2da:dt+058)\8/ / e 257 ¢85 p|2 dadt. (3.16)
Q 0J&

For the terms Ay for k = 2...4, we integrate by parts k — 1 times and we use again Young’s inequality
to have

4
ZA% < 6// e257¢7)q|? dadt
2 Q

k=

T
+C'52)\2//6_25‘759(56>\6£6|p\2+84/\4§4|pw|2+82/\2§2|pm|2+|p$m|2) dzdt. (3.17)
0Jo
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Now, we sum Ajs and Ass, and use the second equation in (3.12]) to have

T T
A12—|—A25://6725‘7579(qt—|—qmm)pd$dt://672“579(—1/%33—(Yq)x—FG)pda:dt
0Ja 0Ja
T
< 6// e 2% q|? dedt + C(1 4+ 02 + ||Y||c2>o)s4)\4//6_23‘7511|p|2 dxdt
Q 0J&
T T
C’(V2+||Y||§o)52)\2//6725059|pz|2dxdt+CV2//6725”£7|pm|2 dxdt
0Ja 0Ja
+C// e 2%¢TG)? dadt.  (3.18)
Q

To estimate Ag, A4 and As, we simply use Young’s inequality, and we get that

5 T T
ZA]- < e// e 257¢7g|? dxdt+CV2/ / 6_25057|pm|2dxdt+C||YHC2>O/ / e 259 ¢ p, |2 dadt
Q 0Jo 0Jo

Jj=3

+C// e ¢ F)? dadt.  (3.19)
Q

To finish the proof, we just combine (3.13)-(3.19)). O
The next Lemma is an estimate of boundary terms:

Lemma 3.5. Let p a sufficiently regular function, then

T *
A o (5*)7 (|p:cxaf (O, t)|2 + |pmx (L, t)|2) dt
< OsA // —2s0* ‘pmxx‘Q dzdt —|— sz~ // —2s0* |px$xx| dzdt, (3.20)

and

T
/(; 6—250* (5*)5 (|pwm(07t)|2 + ‘pxz(Lvt)IQ) dt

(// e Ipm|2dxdt+//Q 280*(5*)5|pzm|2dxdt>. (3.21)

Proof. Let r € C*([0, L]) such that (L) = 0 and r(0) = 1. Then,

T
—250% 1%\ T 2 _ —250" [ #x\T 2
/0 27" (€ |paaa (0, £)2 dt = / /Q €257 (€70, (1 () |paaal?) dadt

-/ /Q () 12 ) i 2 [ / €257 (€)1 (2)PasaPassa dt

1 .
< CsA // e 257 (¢%)8 \pmm\zdzcdtJr sTIAT // e 25 ()5 popae|? drdt.  (3.22)
Q Q

In a completely analogous way, we can prove the estimate for piy.(L,t), pre(L,t) and p..(0,t) to obtain
(3.20) and (3.21)). In that case, we use a function 7 such that #(L) =1 and 7(0) = 0 instead of r. O

Now, we present the third, and last, technical Lemma.
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Lemma 3.6. Fori=1,2,3, let s; and r; be positive real numbers. Let € a positive real number, w and &
two non-empty subsets of (0, L) such that @ C &, and p a regular function. There exists C > 0 such that

// _250§sl|p |2dl‘dt // —2s(26—0 )5251‘p|2d1‘dt+6// —2s0™ 71|pzz|2dl‘dt

(3.23)

T T
/ / 67250532 |pzm|2 dxdt g C(l +e )// 725(4&730—*)5452 |p|2 dxdt
0 J&

+e// ~2s0 (4, 2 dwdt+e// “250" (eFyra(p 12 drdt, (3.24)
and

T T
/ / 6_250553 |pxzz|2 ddt < C(l + 6_7)/ / 6—25(86—70*)5853 |p|2 dadt
0Jo 0Jw

T T T
6/ / 67250* (g*)’l"g |pxw;cac|2 dxdt + 6/ / 67250* (é.*)rz |p;caca:|2 dxdt + 6/ / 67256* (5*)7& ‘pxac|2 dxdt.
0JQ 0JQ 0/Q

(3.25)
Proof. Let € a sufficiently small number and w; (i = 1,...,4) be open subsets of (0, L) such that
WwCw; Cw; Cwijy) Cwir1 Cw, 1=1,2,3.
Consider also 0; € C§(w;), positive functions, such that §; = 1 in w; ; fori =2,...,4and §; =1 in ©. In

this way,

T T
//6*250§Sl|px|2dxdt<// e 259¢510, |p, | dxdt
0Ja 0 Jw;
1 r —286 £s 2 r —256 ¢s
=3 e E%101 o |p|” dxdt — e 101 pyyp dadt
0 Jw; 0 Jwy

T T
<C( +€—1)// 6—28(2&—0*)5231|p|2 daedt + 6// e—250" (f*)ﬁ ‘pa:m|2 dxdt. (326)
0 Juw 0/Q

Proceeding in a very similar way, we can estimate the term of second order derivative in the following
way

T T
//6_280532|pw$|2d$dt<// e 2596520, |y, | dadt
0Jo 0 Jun

T T
<C+e) / / ¢—2320—0") 282, 12 Qo / / =27 H(e¥) 2 p 2 dndr (3.27)
0 Jw; 0JQ

By similar computations as in (|3.26])

T T
/ / 6728(2&70*)5252 |p,r|2 drdt < / / 6725(26’70*)628292|pz|2 dxdt
0 Jw; 0 Jws

T T
< C(1+6_2)// (6—25(2&—0*) +6—23(4&—30*)5252)5252|p|2 dxdt+62// 6_280*(5*)” ‘pmg|2 daxdt.
0 w2 0 Q
(3.28)
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Then, combining (3.27)) and (3.28]), we get that

T T
/ / 67250552 |p;cac|2 dxdt < C(l + 673)/ / 6725(4&730*)5452 |p‘2 dadt
0Jo 0 Jws
// T2 (£ |y |2 dwdt+e// T ()2 Py |2 dadt.  (3.29)

The third order term can be estimated in a very similar way.

T T
| [ el ants [ [ e20etpnnf dsar
0Jao 0 Juw
T o T
<C(1+e_1)// e (200 )5253|pm|2dxdt+e// e T (EX) 3 Py | dxdt.  (3.30)
wi 0 Q

Making similar computations as in and -

T T
/ / 6—25(2&—0*)5253 |pxw|2 drdt < / / 6—25(2&—0*)525391 |p$z|2 dxdt
0 Jw; 0 Jws
T ~ * ~ T *
< C(1+672)// 6725(40730 )é—453|p$|2 dwdt+€2// 250 (5*)r2|pmmr|2 dxdt
0 wa 0 Q
T . e T )
< 0(14—676)// 6728(80770 )5883|p|2 d$dt+€2/ / 87250 (5*)7"1 |pac3:|2 dadt
0 w3

be / / ~250" (¥ 2 ot (3.31)
Combining (3.30) and (3.31]), we see that

T
// 7250553|pzrr| dl’dt (1+67 )// 725(8&775*)5853|p|2dmdt
T *
// —2s0”* r3|pmzwm| dl‘dt—‘re// —2s0* T2|pzm| dxdt—i—e// e—2so (g*)r1|pmm|2 daxdt.
0/Q

(3.32)
O
3.2 New Carleman estimates
Now, we are ready to prove a new Carleman estimate to the solutions of (|1.23]).
3.2.1 Case 1: Ol,d == Og,d
In this case, we define Oy = O ¢ = Oz 4 and we set
h = oy + asv? (3.33)
Then, it is easy to see that (¢, h) satisfies
_wt + wza:a::z: + V’(/)wz - sz = 902+ h]lo_d (.'13, t) € Qa
hi + hagar + Vhee + (gh)x = Zi:1 a;g’ (xv t) €Q,
¥(0,t) =(L,t) =0 t e (0,7),
o(0,) = Y, (Ly#) = 0 te(0,T), (3.34)
h(ovt) = %wa::rw(oat)> ha:(oat) = —%1/&:5(0,0 te (07T)7
h(La t) = ?7121%19;([/,73) h;v( 7t) = _%¢$I(L7t) te (OaT)a
"/}(va) = ¢T($)a h(SL' 0) 0 x € (OaL)

Then, in this case, the following Carleman estimate holds
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Proposition 3.7. Assume that conditions (1.18) and (1.19) hold, and § € L°°(0,T; W1>°((0,L))). Then,

there exists C = C(L, 0,04, %, i, |Tlloc: |Tzlloc) > 0 such that for every s > C((1+ v¥/3 4 ||| 2")T?/3 +
T1/3) and every A > C we have

T
X [T € (a0 0P + Waaa L + 52000 + [a (L))t
0
+I(Y) + s\ // 6’28"57|h|2dmdt<0(s7)\8 // 6*25057(|go\2+|gl|2+|g2|2) dadt
Q Q
T
+ CsPNH / / e*28<8“’*70*>572|¢|2dxdt>, (3.35)

0JO

for every (v, h) solution of (3.34]).
Proof. Let w C OgN O. By using (3.7) for v, we obtain that

L
I(Y) < Os™\T <37A8 / / e 257 |2 du dt
0 Jw
+ /Q 2 (|G B2 4 02l %007 ). (3.36)

for every s > C(T% + T%) and every A > C.
For ¢ > 0 sufficiently small, we can take A > C and s > C((v*/3 + ||§]|>/°)T?%/?), to get that

CN [ [ (P 1sal? + Il ) ot < er() (3.37)
Q

Hence, we combine (3.36) and (3.37), obtaining
L
I(Y)<C (sl4)\15//e28"514|1/)|2dxdt+s7)\7 // 6*25057(|g°\2+|h|2) dxdt), (3.38)
0 Jw Q

for every s > C((1+v?/3 + ||gj|\<2>é5)T2/3 +T1/3) and every A > C.
Now, using that § € L*°(Q), and (3.11)) for the function h, we get that

sTA8 // e 259¢7|h|? dadt < C (// e 2%y g' + ang?|? dadt
Q Q
T i o2 o2
+sTAT / e () (;|wm<o,t>|2 + §|z/)m<L,t>|2) di
0 25 61

X /Te‘%'"*(é“*f (a%w .0+ 221, (L t>|2) dt
2 T b 2 T b
0 1253 vy

T
15TA8 / / 27T 2 dxdt) . (3.39)
0 Jw
for every s > C((1 +v?/3 + ||§Hg</>5)T2/3 +T'/3) and every A > C.

To estimate the local term of A in the right-hand side of (3.39)), we use Lemma Indeed, from (3.34),
we have that

{ *wt+wmxzz+y¢zm7ywm:h+go (a:,t)GLDX(O,T),

) N 3.40
ht + hwza::r + Vhww + (gh)a: = E?:l aigl (.’Iﬁ,t) cwX (O’T)7 ( )

15



for any @ C O4gN O strictly containing w, more precisely, @ C @. Then, using Lemma for (¢,p,Y, F,G) =
_ 2 ;
(hyh,9,9° 35, cig’), we get

T 2
//6*2”57\h|2dxdt< C// 6*25057(\9%2+Za§|gl|2)dxdt+e// e~ 257¢7|n|? dadt
0 Jw Q i=1 Q
T
+ 032%/ / =250 ¢ (36A6§6|¢|2 s, 2 + A2 a2 + |¢m|2) dwdt.  (3.41)
0J&
Hence, from and , we obtain
sT)\8 // e—2sa§7‘h|2 dedt < C <S7)\8 // 6—23057(‘go|2 + |g1|2 + |92\2) dadt
Q Q
T . 042 a2
007 [1 e @ (s 0,08 + Bloana L)
0 1251 S
T * Oé2 0[2
020 [ € (U 0.0 + Bl L0 )
0 1253 vy
T
+59A10 / / &7 (LAY + N PNE Wl + o) dmdt) . (3.42)
0J&

for every s > C((1 4+ v?/3 + ||§Hg</>5)T2/3 + T'/3) and every A > C.
Now, we use Lemma [3.5] to estimate the boundary terms in (3.42)), obtaining

87)\8 // 6_28057‘h|2 dadt < C <S7>\8 // 6—25057(‘90|2 4 |gl|2+ |92‘2) dxdt
Q Q
4 S0 (A [ [ 2@ Wanal? ot 4 30 [ [ 250 P ddt + [ [ 750 )
H Q Q Q
T
4PN [ o (SN 4 SN 4 PN s+ ) dxdt>, (3.43)
0Jo

for every s > C((1 4 v?/% + ||gj||gé5)T2/3 +T'/3) and every A > C, where u = min{uy, po, v1, v }. Hence, we
can take p sufficiently large such that

1
87)\8 // 6_28057‘h|2 d.’lﬁdt < C <S7>\8 // 6—23057(‘90|2 4 |gl|2+ |g2‘2) dl‘dt—i— 7[(1#)
Q Q 4
T
+5I7\10 / / 6*28059(56A6§6|¢|2+34A4§4|¢x|2+s2A2§2|¢m|2+|¢m|2) dxdt), (3.44)
0J&

for every s > C((1+v?/3 + ||17Hc2xés)T2/3 +T3) and A > C.
Now, we take & C O an open subset such that @ C @ and we use Lemma to estimate the local terms
of 9i1p, i =1,2,3, on the right-hand side of (3.44)). In this way, by taking € < %5_3)\_3, we obtain

T
X0 [ [ 20 (SN 4 SNG4 N i )
0Jo

T
s 1
< Cs30N3! / / e 2580 =T >g72|w|2dxdt+11(¢). (3.45)
0 Jo

Combining (3.45)) and (3.44)), we get that
S8 // 6725057‘}“2 dadt < C <57>\8 // 6725067(‘go|2 gt + |92\2) dadt
Q Q

T
R 1
Cs™ 0\ / / e ETTITIER Y dadt + S1($),  (3.46)
0Jw
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for every s > C((1 + v2/3 + ||g||2°)T%/3 + TY/3) and A > C.
Now, we sum (3.46]) and ([3.38]) to obtain that

I(¢) —|-87/\8 // 6_25057‘h|2 dxdt < 0(87)\8 // 6—25057090'2 + |g1|2 + ‘92|2) drxdt
Q Q
T
+CsPON / / e—%(%—“*)émmﬁdxdt), (3.47)
0Jw

for every s > C((1 + v2/3 + ||g||2L°)T%/3 + T'/3) and A > C.
Now, a simple localization argument shows that

T
SN / €27 (€ (1t (0, )+ [ (L, ) 52N (€2 (1000 0, )+ [haa (L, 1)) ) dt < CT(). (3.48)

0

Finally, we combine (3.48) and (3.47) obtaining (|3.35]).
O
3.2.2 Case 2: O14# Oz4q

In Case 1, since O; 4 = O 4, we could reduce the quantity of variables from three to two by defining h as in
. Now, the situation is different and the arguments presented to prove Carleman estimate are
no longer viable.

Since we are assuming , there are w; and ws two disjoint non-empty open subsets of (0, L) such
that

w1 CO1gNO and wWs COz4N0O. (3.49)
Let Oy be a non-empty subset of O such that Oy C O and
w1 C Oy and we C Op. (3.50)
For i = 1,2, let n; be C*([0, L])-functions such that
n; >0 in (0,L), n:i(0)=ni(L) =0,
[ni| >0 in [0,L]\ @;,
m=mn2 in [0, L]\ Oy,

I lloe = lIm2]lco-

(3.51)

Conditions in say that these functions have their critical points in disjoint sets, but coincide outside a
set containing them. This property will be crucial in our argument. The existence of such functions in this
case (one dimension in space) does not require much discussion. However, a proof in dimension higher than
one can be found in [3].

Analogously as in (3.2)), for i = 1,2, we define the weight functions

oi(ont) o P ONl) — e (e + () e (e + ()
AT T t1/3(T_t)1/3 ’ AR t1/3(T_t)1/3 ’

(3.52)

where A > 1, and 6;, o, & and & as in (3.3). We denote by I;(-) the corresponding weighted energy as

in (3.6). Of course, the set Oy and the functions in (3.51)-(3.52) depend on the choice of w; and wo satisfying
(3.49). They will be chosen appropriately in the proof of Proposition below.
Assumption ([1.20) (in addition to (|1.18)) means that the following property holds:

[0iaNOJI\[0;,aNO] #0 for some i,j € {1,2}, i # j. (3.53)
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Since now the function A in is no longer useful in this case, we need to deal with ' and v? directly.
The property allows us to have local terms of v! and 42 (in w; and ws, respectively) in such a way
that one do not interfere with the other when using Lemma [3.4]

For the previous reason, the case where and do not hold, that is, the case where O 4 and
Oy 4 differ only outside O is completely open. However, this is only a technical limitation of the method, so
other techniques may be applied to deal with this special case.

Now we have the following result.

Proposition 3.8. Assume that conditions (1.18) and (1.20) hold, and § € L°°(0,T; W1>°((0,L))). Then,
there exists C = C(L, O, Oy 4, s, i, |[T]lsos |z lloo) > 0 such that for every s > C((1412+||7|1 2 +|7.|2)T 3 +
T%), A > C we have

T
STAT / €275 (€1) (W (0, ) + W (LD + (€07 (b (0. + [ha (L, £)]?))
4 7i 7i * Lo T L
4 Zsl4fj>\15fj // 672501 (fr)1472z|a;¢|2 da:dt—l— Sl4>\15/ / 6725016%4|1/}|2 dadt
i=1 Q 0Jo

2 T
+ S7>\8 Z/‘/Q 6—25a¢€Z|,yi|2 dadt < C (.930)\31/ /O e—28(86‘—7o’f)€'172‘1/)|2 dxdt+
i=1 0

2
57)\8 //Q (Ze*%mgﬂgop +€72561§I|91|2 —|—€72562§g|92|2) dl‘dt) ’ (3.54)
=1

for every solution (,~*,v?) of system (1.23)).
Proof. Let A € C*°(R) such that

)

- 0, ze€ Oo,
ww={ 1 i 35
Noticing that A satisfies

_(A¢)t + (A¢)zxw$ = Ago + alA’Yl]lol,d + a2A72]102,d + RW) (356)

where

R() = =2vA" — gAY — goAp — A""4p + (20N + gAY + AN Y)y — (WAY + 6A")e + 4(AY) aza,
and using Proposition we get

T L T rL
514/\15// 6—28015}4Aw2dxdt<0(sw// e 271l |g°? dadt
0J0 0J0
T pL T
+s7>\7// 6*2501517(|A71|2+|A72|2)dxdt+sl4xl5// e 27 AY|? dadt
0J0 0 Jwy

T rL
+(1+u2+||y||§o+H%Hio)s”AB// e—2”1§}3|¢|2dxdt>, (3.57)
0J0

for every s > C(T% +T3) and every A > C, where we have used properties (3.4). From the definition of A,
we have

T oL T T L
814)\15/ / 6728015%4‘7/1‘2 dx dt — 814)\15/ / 6728015%4‘7/1‘2 dax dt g 814)\15/ / 67280’15}4|Al/}|2 dx dt,
0J0 0JO 0Jo

and since the weight functions are equal outside Qg (see (3.51))),

T L T T
/ / 6_2501£I(|A71|2+|A’72|2) dx dt = / / 6_2801£I|A’}/1|2 dr dt-i—/ / 6_2502£Z‘A’72|2 dx dt.
0 Jo 0 J(0,L)\Og 0 J(0,L)\ 0o
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Going back to (3.57)), we have

T (L T fL
814)\15/ / 672501€i4‘¢|2 dxdt g O(S7A7/ / 672501517|90|2 dx dt
0 Jo 0 Jo
2 T T
+57A7Z// e25"i§Z|A7i|2dxdt+514)\15//e25"15114|w|2dxdt>, (3.58)
170 J(0,0\0g 0Jo

for every s > C((1+ v + ||§]|% + |52 )T + T5) and every A > C.
At this point, we distinguish three cases:
(i) (01,4NO)N(Oz4N0O) = 0.
(i) (014NO)N(O24NO)#0 and (014N O)\ (024N O) # 0.
(iii) (O1,aNO)N(O24N0O)# D and (024N O)\ (O1,4NO) # 0.
(ii

The cases (ii) and (iii) are completely analogous, so the proof for the case (iii) will be omitted.

Case (i). We take w; and wo satisfying (3.49) and (3.50) such that
w1 N Og,d = @ and wWo N Ol,d = @

We use (3.11)) for each «* for the corresponding weight 7; and we get

2 2
sTA\8 Z // 6_2“""”51-7|'yi|2 dadt < Cz (// 6_25a1\9i|2 dxdt

T . )\2
SW/ e (g))° <S (€)2aaa (0,8)] + 2¢$$(0,t>|2) o
0 #1 M3

T . 2)\2
x| e-%%(s;)( (60 hann (L ) + gwmw,tn?) dt

T
—i—s?)\SZ// 6_28“i51~7|7i|2dmdt>, (3.59)
i=170 Jwi

for every s > C(T?/3 4+ T'/3) and every A > C.
Let @; an open subset of (0, L) such that @; C @;. Since (i) holds, we can use the first equation of (L.23)
and get that

IYt + ’szaca: + V’Ymﬂ? (ylyl)m = gZ (.’E,t) € w; X (OvT)

In this way, we use Lemma with w = w; and @ = @;, and proceed in a similar way as in (3.41)), to prove
that

{ wt + qumczz + szz ng = g.O + ai’yi]l(%,d ($, t) € w; X (07 T)7

2 2
S’?)\SZ// 6—280,3§i7‘,yi|2 dazdt < C <87)\8 // (Ze—Qsai|gol2 + e—2sallgl|2 + 6_2802|92‘2) dxdt
i=177/@Q i=1

T . )\2
o [ )7 (o€ s 0.0 + s 0.0 )
0 N H3

1
535 T—Qsa; o5 (N e L.1)2 1 L2 dt
+s e 2 (6) 5 (62)" Va2 (L, )7 + —5[Yea (L, 1)]
0 vy )

T 2
40X [ 50 e 2om e (NI + SNl + 2N + o) dxdt>, (3.60)
0 /& =1
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for every s > C(T?/? 4 T'/?) and every A\ > C, where @ is an open set such that &, U@, C @.
Now, we use Lemma combined with the fact that ||n1|| = ||n2], & = & and of = o, and we obtain
that

2 2
sTA8 Z// e 2591 |y |? dadt < C <s7/\8 // (26725(”
7S5A5 s\ // —2sa] 51 '(/):vwwx|2 dxdt+33)\3 // —2saf wmww|2 d.’lfdt—‘r// —2sa] wwa:|2 dl‘dt)

soxe [ S e (SN + 5N + 5 el + el dxdt>, (361)
07 =1

g0|2 4 672501|91|2 +672502|92‘2) dadt

for every s > C(T?/3 4 T'/3) and every A > C, where p = min{p, 2, v1,v2}.
Now, we sum (3.61)) and (3.58]), getting that

T rL 2 T
814)\15/ / 6728015%4‘1]“2 dr dt+ S7>\SZ// 672sai€Z|7i|2 dadt g C (814)\15/ / 6728015}4|w|2 da dt
S [ / () dnd + 50 [ / 2 (6] e+ / 2 ()i | dr)
s / S B (XL + SNl + N il + e )
0 7@ =1
T T
—|—// 672”1|A71|2dxdt+// 672”2|A'y2|2dwdt
0 J(0,L)\Oo 0 J(0,L)\Op
C (87)\8 // ((e—2salfz +e—2802)|90|2 n 6—2501|91|2 +e—2502|92|2) dxdt) . (3.62)
Q

for every s > C((1+v2 + ||g]|% + ||512)T3 + T3) and every A > C.
For € > 0 sufficiently small, we take s > CT?/3 and \ > C sufficiently large, obtaining that

T T 2
/ / e 259 AyY? da dt —|—/ / e 2592 | Ay?? da dt < es™ A Z // e 25 gT|nY 2 dadt.
0 J(0,L)\Oo 0 J(0,L)\Oo i-177Q
In this way, can absorb the two terms of v! and 4?2 in the right-hand side of ([3.62)),
T rL 2 . T
814)\15/ / 6_23016%4‘1142 dr dt—’-S?)\SZ// e—Qsaié-Z',yz‘Z dadt < C 814)\15/ / 6—23015%4‘1142 dr dt—|—
i=177/@Q 0Jo
5)\5 S)\// 725041 wxmzz|2 dmdt+s3)\3 // 72saf(£r)8|wmm|2 d;vdt+// ef2sa’{(£ik)5|1/}xz|2 dmdt)
Q Q
s | / 5 e (AU + SNE W+ Nl W) et
076 =1
1 g7)8 // ((e’zs"lff+e’25"2)|g0|2+e’28"1|gl\2+e’2”2\g2|2) drdt, (3.63)
Q

for every s > C((1+ 2 + ||gl|%, + |8]1%) T + T%) and every A > C.
Let us add a H* norm of 1 in the left-hand side of ([3.63] - Indeed, by defining p, = e™5%1 (£9)2, R = patb,
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St = p,~, for i = 1,2, and g¢ = p.g', for i = 0,1, 2, it is not difficult to see that

_Rt +R:r:v:nz + I/RCDI - ng = —(P*)H/J _(p*)tgg + 011511101,(1 + 0[252]].(92)d (.’L‘,t) S Qa
R(0,t) = R(L,t) =0 te (0,7T),
R,(0,t) = R, (L,t) =0 te(0,7),
SH0.8) = L Runa(0,8), SH0.8) = — L Ryu(0,1) te(0.7),
SYU(L,t)=SHL,t)=0 te(0,7),
S2(0,t) =0, S2(0,t)=0 te (0,7),
S*(L,t) = o= Ruwu(L,t),  S2(L,t) = == Rax (L, 1) te (0,7),
R(x,T) =0, Si(z,0)=0 z € (0,L)

Using (A.28), (8.4), and the fact that ||[71]|ec = ||72]|co, We get that

L 2
/ Rm(t)2dx+//QRmm|2dxdt+2//QSi|2dxdt<0(//Qe2”15{|¢|2dmdt
0 =1

2 2
+Z//Q€_2Mifi7|7i|2dxdt+Z//Q gi|2d9€dt>-
=1 =0

Then, combining ([3.65)) and (3.63)),

(3.64)

(3.65)

T rL
He—szf1 (ﬁ()SwHi“’(O,T);H?an(O,L)) + s7A8 // e~ 2501 (gik)ﬁ‘wa:a:wa dmdt+814)\15/ / 6_23015%4|¢‘2 dx dt
Q 0 /0

2 T
+ 57)\82// e_2sai§;'7|'yi|2 dxdt g C <814)\15/ / 6—25U1€%4|w‘2 dx dt+
i=177@Q 0Jo

C Lk * *
G\ [[[ &G P e+ 550 [ [ B P ot b [ [ ) dc)
K Q Q Q

T 2
+59)\10/ / 26_2”"5?(86)\65?|¢|2 s N |2+ $2A2E2 |2+ ‘wxm‘z) dadt+
0 /0 =1

2
C <87>\8 // (Ze*%‘“gﬂgoﬁ +672801€I|gl|2 +e’25"2§§|g2|2) da:dt) ’
Q "=

for every s > C((1+ v + ||§]|% + |[41%)T3 + T'3) and every A > C.

(3.66)

To add the other derivatives with suitable weight function, we use interpolation estimates. First, note

that for every 0 < r < 4
4-r r
[l <9022 19l
In this way, for any positive number ag, a and b, we have that

T

T * * a—r r
S“Ab/ ™2 (E) |9 |I- dt < S“Ab/ e 2T (EN ™I 3 ]l 7 dt =
0 0

671

T
—280% [ ox L -1 L 4\_6r T —8r 4-r
sea? [ e () F SN ol (e s AT e
0

4
Hence, by choosing ag = 14 — 2r, a = 14 — % and b =15 — %, we obtain that

T T
SN [T et e ar < G [ e )Pl

4-— r .
st [ e gyt
0

21

T 7.8 T 950 /%76 2 4 — 1 sa—7r 4b—8r T _250% [ exy 22067 2
<=8’ L HED NGy dt + — s A e L&D T ([l de

(3.67)

(3.68)



Then, combining (3.66|) and (3.68]), for » = 1,2, 3, we get that

4
ot _Ti\15_7Ti 2507 [ex\ 142 A
lle 1(51)31/)||2Loe(o,T);H2mHg(o,L))+Zsl4 TAE //Qe 2O dadt+
i=1

T pL 2 T

514A15/ / 6_2801§]1_4|'(/)|2 dxdt + 57)\8 Z//(;? e—ZSaig;T',yi‘Q dl‘dt < C <814)\15/ [96—23015%4‘w‘2 dl‘dt—i—
0J0 i=1 0

C _2sat ek —2sa [ % —2sQ} [ ¢*

(A [ ) e et N [ e 5 Pt [ 07 )P o)

T 2
+59)\10/ / 26_2”"5?(86)\65?|1/)|2 s o2 4 2A2E2 b |2 + ‘wxm‘z) dedt+
0 /& =1

2
c<s7A8 J[ (S eellsf + 2o ellg'f + el dxdt>, (3.69)
Q@ “i=1

for every s > C((1+ 12+ ||7l|% + |7 )12 )T% +T3) and every A > C. Consequently, the second term in the
right-hand side of (3.69) can be absorbed, and we get

4
s e _Ti _Ti —2807F [ ¢% —2i| 9%
fle™ 1(§1)31/)||%W(0,T);H20H3(0,L))+Zsl4 AT //Qe 27 (E M0k | dadt
i=1

T oL 2 T
+ 814)\15/ / 6728015%4‘7/1‘2 dxdt + 87)\8 Z//é 672sai€;7|,7i|2 dadt g C (814)\15/ L 6725015}4|w|2 dadt
0J0 i—1 0

T 2
450 [ 57 2o (SN + SNl + PN o + s ) dad
0 /0 =1

UJ=

2
+C<s7A8 JL (e s el + el dxdt>, (3.70)
i=1

for every s > C((1+ v + ||§]|% + ||5.|1%)T'3 + T5) and every A > C.

Now, we just have to estimate the local terms of v in the right-hand side of . In order to do that,
we use Lemma and for any open @ subset of (0, L), such that @ C @&, we proceed in a very similar way
as in to bound the local terms of di1, for i = 1,2, 3, obtaining

T 2

X0 [ S e B (NS 4 A 4 N+ )
0@ =1
4

Ti |\ 15_Ti
<62514_4)\15 4//

T
TG0 drdt OO [ TG P . 3.7
p Q 0Jo

for € > 0 sufficiently small.
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Then, we combine (3.70) and (3.71]), and we get

4
—807 (¥ —-Ii — T —2s07 (¢x\14—2i| qi
GRS SE Sl | /Q €207 (61142105 |2 vt
=1

T (L 2
+814)\15// 6—23015%4‘w‘2 dl‘dt+87/\82// e—28a¢€i7|,yi|2 dxdt
0.0 i=177@Q
T L
<C <830)\31 / / 6_25(80_701)£I2|¢|2 drdt+
0Jo
2
O [ (el e nelg' el dxdt> - (372)
i=1
To finish, we use a localization argument and prove that
21,23 T —2s07 (¢*)\8 2 2 *\2 2 2
§TAZ o (D) (Woaaw (0, 0)° + [Yaaa (L, 6)]* + (61) (802 (0,8)* + [Yaa (L, 1)) dt

4
<O MR //Q e~ 2501 (€)W 9Ly dadt.  (3.73)
1=1

In this way, we combine (3.72) and (3.73) to get (3.54).
Case (ii). Here, we can take w; and ws satisfying (3.49)) and (3.50)) such that

wi N 027(1 = () and wy C Ol,d~

Now, we proceed in the following way. Let h = a17y" + asy?. Then, system (1.23) turns into

Ut + Vozaez + Vea — Yo = 90 + 041'71(1(91,4 - Il(92,d) + hloz,d (xvt) €Q,
N+ Vawza + V0w T (@7)e = g (z,t) € Q,
ht + hz'prr + Vhrm + (gh)r == algl + 04292 (:Ca t) S Qa
¢(Ovt) = w(Lvt) =0 te (OvT)»
¢z(0»t)=¢z(L7t)=0 te (OvT)v
FH0,8) = Lt (0,1), 72(0,8) = — L (0,1) te(0,7), (3.74)
YL, t) = 73 (L, 1) = 0 te(0,7),
RO0) = 200y (0,6), Ba(0,0) = — 23, (0,0) te(0.7),
h(Lvt) = %f@[}xxx(livt)v x( 7t) = %wacx(l;vt) te (O,T),
(o, T) =yvT(z), ~+'(z,0), h(x,0)= x € (0,L).

In this way, we use (3.11)) for the choice (w,u,0,&) = (ws, h, 02,&2), and we get that

5T\ // e 252¢3| | dadt < C <// e 252 | gt + ang?|? dadt
Q Q

T 2 2
—2805 (¢* a a

+sTA7 / e 272 (&) (;|wm(o,t>|2+§|wm(L,t)|2) dt
0 231 S

535 g —250% (¢%\5 Oﬁ 0.1)[2 Oé L2 d
+s e (€2)° | =2 [Yea (0, )7 + =5 [Waa (L, )7 ) dl
0 125 vy

T
+57\8 / / 625"2§gh|2dazdt>, (3.75)
0 Jws

for every s > C(TQ/3 + T1/3) and every A > C.
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Now, we use (3.58) for ¢» and (3.11)) for (u,0,&) = (y1,01,&1), and combine both estimates with (3.75]),
to get

T L 2
814)\15// 6—230'15%4‘,1#'2 dmdt+S7A8Z//é (6_28a1€17|’}/1|2+€_2sa2€27|h|2) d.Tdt
0J0 i=1

T T T
<C’<sl4>\15//6_25"15%4|w|2dxdt+s7)\8// 6_250‘1£I|71|2dxdt+s7>\8// e=?°72¢3|h|? dadt
0J0O 0 Juw 0 Jws

T T
sTAT / / 6_28‘71§Z\71|2 dxdt + s\ / / 6_25"2§g|72|2 dxdt
0 J(0,L)\Oo 0 J(0,L)\Oo

T * * S2A2 1
#5000 [ 6 + e (6)) (S (6P ann 0.0F + 5 10nl0.002 )

0 1

515 ’ 25l 52 \? o 1 2
#5000 [ e ) (L@ e L O + gl (L0 )
2
15728 // ((6_2S”1§I+6_28"2)|go|2 +e—2501|gl|2 +e—2so’g|92|2) dxdt) . (3.76)
Q

for every s > C((1+ 12 + ||gl1% + |72/12,)T% + T3) and every A>C.
From the fact that 7, = 72 in (0 L) \ Og, and that vo = h — —'yl, we can absorb the fourth and fifth
terms on the right-hand side of (| , and the resulting estlmate is

T oL 2
814)\15// 6—23015}4‘w|2 dxdt+87A8Z//; (6_25a1€17|’}/1|2+€_25a2€27|h|2) dxdt
0J0 i=1

T T T
<C sl4>\15//6_25"15%4|w|2dxdt+s7)\8// e‘2sa1§I|Wl|2dxdt+s7>\8// e 22| dadt
0J0O 0 Jun 0 Jws
232
Jr55)\5/ 26725(1 Ik (s/ﬂ

. 2)\2
T / e%%@*)( (€02 tbman (L, ) + gwmw,t)F) dt

(€02 nnn (0, )2 + :%mm(o,m?) dt

157A8 //Q ((672561§I+672S”2)|g0|2 +672501|gl|2 +€72502|g2|2) dxdt) (377

for every s > C((1+ 12+ ||]|% + ||7:12)T% + T3) and every A > C.

Using that
_1/]t + wmzzz + Vwaca: - g'l/}:b = gO + CV1’Yl (iC, t) € (Z) X (07 T)v
—1/}15 +wmzzz +Vwa::1: _ng :gO+h ($7t) 6@2 X (O7T)7
M+ Vazaw + VVae + (G7)e = 9! (z,t) € @1 x (0,7),
i + hoges + Ve + (Gh)e = Sy aig’  (z,) € &y x (0,7T),
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and Lemma we can proceed in a similar way as in (3.41)), to get
T T
sTAS / / e By P dwdt + ™A / / e 2727 |h|? dadt
0 Jw; 0 Jwso

T L T L
<e<s7)\8// e*2salgf|fyl|2dxdt+s7xs// e~ |RJ? dudt)
0J0 0J0

T 2
e (mw [ [ 3o e2eomed (AP0 + SN X aa o+ [ )
0 J& =1

T 2
sTA® / /szg“"’%?(lgof +g'2 + |92|2>dxdt) . (3.78)
0 i=1

for € > 0 sufficiently small.

Now, we use (3.78]) in (3.77)
T rL 2

814)\15// 6_25015%4‘1“2 dl‘dt+87/\82// (6_25a1€17|’}/1|2+€_25a2§27|h|2) drxdt
0J0 i—=1 Q

T 2
< C <815>\16/ / 26—250,i535|w|2 dx dt
0J0 =1

e 271 (A + SN + 2N+ [ty |?)

2
=1

+S9)\10/T/
0Ja

K2

22

T
00 [ v et (S

(€2 ena (0, )2 + :%wm(o,m?) dt

T 2y2

—2sQ5 (¢* $°A * 1

+ 35)‘5/ € 2 2(52)5 ( 2 (52)2|wwzw(Lat)|2 + 2|¢ww(L7t)|2) dt
0 Vi v

2
+7/\8// “257i 1) (101 + gt + “ddt), 3.79
s Q(ge &) (19°2 + 19" 2 + 19%2) dedt |, (3.79)

for every s > C((1+ v + ||§]|% + ||4|%)T3 + T'3) and every A > C.
Using Lemma (3.5)) to estimate the boundary terms,

T oL 2
514)\15// e—2801§%4‘w|2 dxdt+s7)\82// (e—2sa1€'17|71|2+e—2sa2§'27|h|2) dxdt
070 i=177@Q

2 T
g C 815)\16 Z/ / 67286i5i15|1/)|2 d.]f dt
i=1 70 (@]
2

T
45X [ 57 e (AP + S NGl + 5PN o + s ) dd
0Jw ;

1=

+955)\5 (s/\// 672sa’{(§i<)6|¢zmmm|2 dfcdt+53)\3 // 6725@ (£T)S‘wmmg|2 dwdt+// 672sa’{(£>1~<)5|¢zz|2 dxdt)
H Q Q Q

2
+7>\8// 2807 02 H2 4 1g2%% ddt), 3.80
N[ (D) (1 1o+ %) dat ) (350)

for every s > C((1+ 12 + |gl1% + 92/12.)TF + T3) and every A > C, where p = min{pu1, g, v1, 2}
Proceeding in a very similar way as in ([3.68)), we can add terms with high-order derivatives in the left-hand

—
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side of (3.77), and we get
4
ot s ex _Ti i —2507 [ ¢* —2i| 91
IR ————) DR Pl /Q €257 (61142005 |2 vt
i=0
2 2 T
+S7)\SZ// (6—25a1§'17|,71|2 +6_25a2§g|h|2) drdt < C (‘915)‘162// 6_250i52-15|¢|2 dx dt
i=1 j

+59)\10/ / Ze 25”159( L + s M o * + 82N [ * + [z )da:dt

—85)\5 SA// 2501 (£2)6|4p 0 oo ? dwdt+ 5303 // —2sai (¢ \%mﬁdmw// —2sai (¢ |wm|2dxdt)
+s7x\8// Ze 2504 )(|g°\2+|g 2+ |g22 )dxdt), (3.81)

for every s > C((1 4 v2 + ||7]|% + 17]12)TF + T3) and every A > C. We can take s, A sufficiently large,
such that

5)\5 s\ // —2sa1 |1/Jzzazx‘2 d;vdt+s3)\3 // —2saf (5;)8‘#}10096'2 dxdt—l—// e—2sa{ (Siﬁ)5|¢zl|2 dl‘dt)
Q Q

62514—%15—* // e~ 20T (e1)M7291 )2 daedt,  (3.82)
Q

for € > 0 sufficiently small. In this way, Combining (3.81)) and ({ -

4
—S0F [ ex -7 —ﬂ —2s0] i 9
e (€1 o 0.0y + D 8 T AL / / 2007 (¢1) 147290 |2 dadt

2
+S7)\8Z// (6728&15’“’}/1‘2 +6728a2£’27‘h|2) dxdt < 815)\162// 672801'53.5',[1)'2 da dt
i=1"7"7@Q i=170 /0
2

T
45X [ 57 20 (SN + SNl + PN o + s ) dd
0Jo

i=1 ,
7)\8// 72soii7 02 12 212 d dt, 3.83
+s Q(}ﬂje &) (19°2 + 19" 2 + 19%2) dodt,  (3.83)

for every s > C((1+ 12 + ||gl1% + |7=/12,)T% +T3), A > C and € > 0 sufficiently small.
Also, from a localization argument, we can prove that

23

T
sTAT /0 e 27 (ED® (Iaaa (0, ) + [Waaw (L, 6)* + ()2 (10002 (0,£)* + [thaa (L, 1)) dt

<O MR / /Q €251 (€)M 9Ly |2 dadt.  (3.84)

To finish, we use Lemma [3.6] and proceed in a similar way as in (3.71), and we obtain ([3.54). We remark
that the term of 9 in the left-hand side of (3.54)) is not difficult to add since o = a%h - . O

4 Null Controllability of the Linear System
To prove the null controllability for system ((1.22]), we first prove an observability estimate of the form (|1.24])

to the solutions of the adjoint system ((1.23)). To do so, we introduce some new weight functions, similar to
the ones in (3.2) and (3.52)), that do not degenerate at t = 0.
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Let 7(t) € C'([0,T]) be defined by

B (T/2)2/3 te[0,7/2),
T(t) = { 3T —)Y/3 e [T/2,T],

and

exp (A([[millo + mi(2)))
7(t) ’

exp (4|73l o) — exp (A(l7illo + ni()))
7(t)

where A > 1, and consider the following notations:

ﬂl(l',t) = 5 CZ(LE,t) = 1= 1327 (41)

F*(t) = max Fi(z,t), A(t)= min Bi(z,1), ()= min G(ot), ()= max G(zt),  (42)

z€[0,L] z€[0,L] z€[0,L] z€[0,L]

for i = 1,2. Note that, since ||71]lcoc = ||72]|00, the definitions (4.2]) does not depend on the index i = 1,2.
In this way, we have the following result.

Proposition 4.1. Assume that condition (1.18)) holds and § € L>(0,T; W1>((0,L))). Also, let the func-

tions defined by (3.51) and, s and A be constants such that Pmposition is verified. If either (1.19)) or
(1.20) hold, then there exists a constant C > 0 such that every solution (1,y*,~?) of the system (1.23))

satisfies

T
/0 e (08 (|¢awa (0,6 + [Yama (L, )7 + (¢ (|ax (0,8)* + [thaa (L, 1)[?)) dt
. T oL . T (L X
+ e V¢ 0rymznmg 0.0 + /0 /0 e 2 (C) W der dt + /O /0 ™ |hf du dt
2 T oL T
C —2sB AT 02 g d —2s(88—78%) A72 24 d), 4
<(§// ClgPdadr [ [ 2l dudt), (43)
if holds, and
T
/0 e (W (0, 6) * + [ha (L, )% + ()2 (1900 (0, 1) + b (L, 1)) dt

R SR A | / 2 el drdt 4 [ / ~258" (|31 + |92 ) da dit

gC(Z// 623ﬁ57gi|2dxdt+//628<857ﬁ*>§72|¢|2dxdt>, (4.4)
/o Jo 0Jo
in case (1.20)) holds.

Proof. The proof of estimates (4.3]), (4.4) are quite standard and mainly follows from combinations of Car-
leman estimates (3.35)) or (3.54)), Corollary and the fact that

41/13
= T2/3"
For details, please see Lemma 1], |5, Proposition 4.1] or @ Proposition 4.3]. O

Now, we proceed to the proof of the null controllability for the system ((1.22]).
Let us denote by L the linear operator

Lu = g + Uggre + Vige + (JU)y
and by L£* its formal adjoint

" _
LU = —up + Ugggq + Vigy — YUy-
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Also, consider the functional space

S={(2,01,02, ) e Fz€ L2((0,L) x (0,T)),
eP¢=5¢" € L*((0,L) x (0,7)), i = 1,2,
es(B-T89¢=30; € C([0,T); H-2(0, L)) N L2((0, L) x (0,T)),
esBA-TA)E=364¢ ¢ ([0, T); HZ(0, L)) N L2(0,T; H*(0, L)),i = 1,2,
es®I=TENE=30f € L2(0 x (0, 1)),

e (Lz — flp) € L*(0,T; H~2(0, L)),

Sﬂ*(c*¢i —aiz]lo L)€ L2((o L) x (0,T)), izl 2,

I (2(0,8) + 5 ¢m( 1)), e (2(L,t) = £ d2,.(L, 1)) ) € [L2(0, T))?

(0,1))

et (zx(O,t)—— e (zx(L,t)+Z<bm( ,1))) € [L*(0,T))?},

which is a Banach space endowed with its natural norm.
We have the following result.

Proposition 4.2. Let the assumptions of Proposz'tz'on be satisfied. Then, for any z° € L*(0,L), and any
triplet (f°, f1, f2) such that

T T pL
/0 80| r-20.0) dt < +oc, /0 /0 25" | fiP dudt < oo, i=1,2, (4.5)

and any (g*, g%, h', h?) such that

T
/ e (|g ()2 + |WH@)|?) dt < 400, i=1,2, (4.6)
0

there exists a control f € L2((0,L) x (0,T)) such that the solution (z,¢',$?) of system (1.22)) satisfies
(2,01, 09, f) € S. In particular, z(z,T) =0 in (0, L).

Proof. We follow a classical strategy (see |5,|17], for instance). To fix the ideas, we are going to assume that
holds. In this case, we are going to use Observability estimate (4.4)). The case where holds
follows in analogous way, by using estimate and a simiar argument as below.

Consider the space

Po={(p,q",¢*) € C*([0, L] x [0,T)) : pg ) = ( t) =p(L,t) = pa(L,t) =0 Vi e(0,T),
t

q (Oa ) me(oat) = Qz(ovt) + #1217;1:1(0715) =0 Vte (OvT)a
GH(L,t) = gL (L,t) =0 Ve (0,T),

20 =010 =0 Vi (0.7)

q2(L7t) lezza:(L t) = q:z:(L7 )+ szxér(LJ) =0 Vie (O7T)}'

Now, let b : Py x Py — R be the bilinear functional
b((p.q" ¢*), (3, 7",3°))

/ / 25867 (L% — angMo, , — asdlo, ) (L5 — i lo, , — asdlo, ,) dedt

2 T rL A~ . . T A N\ A
+) / / e 2P LG LG dudt + / / e~ 28BF=T6") (7205 d it
=1 /0 Jo 0Jo

Also, define ¢ : Py — R the linear functional
T (L
0B,G",G°) = (fo, D) L1 (0,731 -2) Lo (0,7312) +/ / (13" + 2¢%) de dt + (°(x), p(x,0)) -2 g2
0Jo

T T T T
- / B2 (1)paa (Lo 1) dt + / B (£) s (0. ) i+ / (V) fnaa (L. 1) df — / 0" (1) (0, 1) dt.
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Using Proposition one can show that b(-,-)'/? defines a norm in Py. We denote by P the closure of
Py with respect to this norm. Furthermore, P is a Hilbert space with the inner product coming from b and,
again from , ¢ is bounded in P. Therefore, by Lax-Milgram’s Theorem, we deduce that the problem:
find (p,q',¢*) € P such that

b((p,q", 4%, (3.G".¢°) =, ¢".¢°) YB,q.q°) P (4.7)
possesses a unique solution that we call (p, ¢', G2).
Define -
2= 2L — a1d' o, , — a2d’lo, ),
% _ —23,@4—7£ ~T i = 1’27 (48)
f _ —25 8[3 78" )572]7]1(9-

Since b(ﬁ7 qt, (jz) < 400, we have that

TL 2 T L . T s R
// GQSBC_7|2|2 dxdt—i—Z// 6285C_7|¢1|2d$dt+// 258678 )C_72|f|2dxdt<+oo. (4.9)
0Jo = JoJo 0Jo

It is not difficult to see that (2, ¢!, ¢?) is in fact the solution in the transposition sense of (T.22)) (see
Definition ) with f = f. Now, we prove that this solution is indeed more regular.
Let p(t) = esB3=T)£=36 and define z, := pz and ¢i := p¢', i = 1,2. Then, (2, pL, $2) solves

Lo =10+ flo— iqsiﬂol - i(bfﬂoz pw (2.1) € Q,
L6, = fi+ aizndo,, - pedt i=1,2 (z,t) € Q,
2(0,8) = =L g1 (0) + B (1), 2o (L, t) = L Hhea (L) + B2 Le (0.T),
ere(0.8) = L0 (0) 4 10, 2 (L) = —Lghn(D) 4 12(0) L€ (O.T),
¢1(0,t) = ¢’(L t)=¢,.(0,t) =L, (L,t) =0 i=1,2 te(0,7),
2 (2,0) = eHOGI2(0):0(), gi(2,T) =0 v €(0,L),

where we have denoted (f, fZ, f.) = p(f°, fi,f), i = 1,2. From the fact that |p;| < 065(83*75*)5’32, (4.5)

that e*(88—78") < eSB, and from ([4.9)), we get that all the right-hand side of the previous system are in L?(Q).
Consequently, using Proposition (A.9)), we obtain that

(21,01, 0%) € C([0, T); H72(0, L)) N L*((0, L) x (0, 7)) x [C([0,T]; H (0, L)) N L*(0, T5 H*(0, L))]?

and this completes the proof of Proposition O

5 Controllability of the nonlinear system

In this section we complete the proof of Theorem [[.2] The proof is based on a local inversion argument, for
which we use the following theorem (see [1]).

Theorem 5.1. Let By and By be two Banach spaces and let F : By — By satisfy F € Cl(Bl;Bg). Assume
that by € By, F(b1) = by and that F'(by) : By — Bs is surjective. Then, there exists § > 0 such that, for
every b € By satisfying ||V — ba||s, < §, there exists a solution of the equation

Fb) =V, bebB.
Now, we proceed to the proof of Theorem [I.2]

Proof. Let us define the spaces
Bl = S,

By:=XxL*0,L)xY xY x Z x Z,
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where X = {u:e*# ue L2((0,7); H2(0,L)}, Y == {u:e*¥ uwe L*(0,L)x (0,T))}, and Z = {u: e’¥ u €
L?(0,T)}.
For every (z,¢%, ¢%, f) € S, let the operator F : By — Ba be defined by

Lz+ zz, — flo

z(x,0)
L) — 26! — a2l
Fle,0 6, f) = P
(( +l,,1¢rr'r)|x Oa(ziL :2EIT)| :L)
((22 = 580 ) lo=0s (20 + 15 020 o=1)

To check the hypothesis of Theorem the following lemma will be useful.

Lemma 5.2. The nonlinear maps A : Lz(esféé*%(O,T);LQ(O,L)) — X defined by A(z) = (|2|*)z, and
B : L2(eP¢=5(0,T); L2(0, L)) x L2(e*®F=T)£=36(0 T): H4(0, L)) — Y given by B(z,¢) = z¢, are C*.

Proof. For any test function v, we have that
(€ (A(z) = A(z")),0) = (7" (21> = |2°%) . v)
— // 62SB577(|Z‘2 _ |z*|2)672s[§é7esﬁ*vx dxdt
Q

< OllvalloolleP€7% (2 + 2) 2 l|ePE73 (2 — 2*) |2 (5.1)

This proves that A is continuous.
It is not difficult to see that A’(z)(h) = 2zh, and then

(e (A'(z) = A(z"))(h), ) = (7 ((= - = )h) V)

// 2355 2)h)e 25557 56"y, dadt

< Clloglloclle?€72 (2 = 2)ll2lle”E 2 h]lo. - (5.2)

Consequently, A’ is also continuous.
To prove that B is also C', we proceed in a very similar way.

(e GFTENE0 (B2, 0) — B(2",¢%)), v) = (X0 TFE (29, — 267 v
= [ T e, — 2o dndt = — [ I (o= 20, — 265 - ) dads
Q Q

=— // 65(8’@_76*)5_36((2 — 2") ¢y — 25(¢) — @) vy dudt
Q

< COlloplloo (€763 (2 = =) 31 =T00E 500, |3 + [|e?€ 5 2" |3lle"® 7765 (07 — 6,)[3),  (5.3)

and so B is continuous. To prove that B is C!, we just have to prove that B'(z, ¢)(z*, ¢*) = 2¢% + 2* ¢, is
also continuous. The computations will be ommited since they are very similar to (5.3]). O

From the definition of By, By and Lemma it is fairly simple to check that F is well defined and of
class C1(By; By). Furthermore,

Lz — f]l(')
z(x,0)
L' —a;z1
F(0,0,0,0)(2, 6%, ¢°, f) = g*iZ - Z;;@;j
((Z:E+ ¢ )|:c_07(zm+ ,,2¢ )| = )
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is surjective from B; to By thanks to Proposition From Theorem with b = (0,0,0,0), by =
(0,0,0,0,0,0) and b = (0, 2°, —az14lo, 4, —a222 410, ,,0,0) we obtain the existence of a positive number

6 such that if
121200y + 3 // 257 |2y o ddt < 5,

1=1,2

there exists (z, ¢!, ¢?, f) solution to system ((1.15) belonging to S. In particular, z(z,T) = 0 in (0, L) and
the proof of Theorem is done. O
6 Comments and open questions

In this section, we provide several variations of the problem considered in this article, where some of them
can be solved straightforwardly while others are open questions. To simplify, we formulate the problems for
linear systems only.

6.1 Boundary leader and distributed followers

In this problem, we change leader and followers position and we have a system of the following form:

Yt + Yozzz + VYzz = U1]1(91 + 02]102 (x7t) S Q7

y((),t) = fl(t)a y(Lﬂt) =0 te (OaT)a (6 1)
Y2(0,t) = fa(t), ya(L,t)=0 t€(0,7), )
y(z,0) = yO(x) z € (0,L),

where (v1,v2) are the followers and f = (f1, f2) is the leader positioned on the left (or right) boundary. In
the same way as before, for each leader fixed, the followers must be chosen as a Nash equilibrium for the

cost functionals
T
Ji(fr00,02) = // il dodt+ 5 [ dode, =12
Oi.a 0JO;

In this case, the optimality system has the form

Yt + Yzazzx + VYza = 7%(2511101 - igbz]l(?z (m,t) €Q,
_d)t + qj)a::r:vw + Vd)a::r - a’b<y Yi, d)]loi,d 1=1,2 (l‘, t) € Q’
¢Z(0 t) (L ) ¢;(Oat):¢;(l’at):0 1=1,2 te (OaT)v
y(z,0) =9y (x), ¢ (x,T)=0 i=1,2 z € (0,L),
and we have to prove the existence of (f1, f2) such that
y(T) = 0. (6.3)

This kind of multiobjective control problem was already considered for the linear heat equation (see [4])
and the adaptation to the KS equation follows straightforwardly. Due to that, in what follows, we provide
only a sketch of the proof.

The corresponding adjoint system is given by

_77[}t + wx;caw: + waoc = 04171]1(91 .t 02’}/2]1(92,(1 (.T,t) S Q7
’YZJF’Y;mz*V’Ym**iw]lO Z*1a2 (Cﬂ,t) GQ?
$0,6) = UL, 1) = 41(0, ) Y(L)=0 i=12 te(0,T), (6.4)
¥2(0,1) = %c(L t) =7.(0,t) =7 (L, t) =0 i=1,2 te(0,7T),
(e, T) =" (), ~'(z, ):0 i=1,2 z € (0,L).
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Then, it is well known that the partial null controllability (6.3 is equivalent to an observability inequality
of the form

L T pL ) T
/ o, ) dr + / / p 2P dudt < C / (20 (0, D) + (om0, )2 . (6.5)
0 0J0 0

for every solution of ([6.4)), where p is a weight function blowing up at ¢ = T'. The proof of that follows by
the steps:

1. Use a boundary Carleman estimate (see [9, Theorem 3.5]) to the solutions of (6.4)), obtaining an inequality
of the form:

B T
I(%,1,72) < C /0 P02 (1) (1022 (0,8) [ + [¥20a(0,)[?) dt

+Z/ P12 (1) (1722 (0,0 + 1200 (0,8)%) , - (6.6)

where I is a weighted energy similar to (13.6), and pg, p1 are weight functions blowing up at ¢t = 0 and
t = T. So the task is to absorb the norms of the boundary terms ~¢_(0,t) and ~¢,,.(0,t), for i = 1,2,
on the right-hand side of .

2. By a localization argument, we can prove that
T

T
/O P12 (1) (Maw (0, + 17520 (0,1)]%) < C/O PO ONE, dt, fori=1,2.

3. By energy estimates, we can bound this weighted H* norm of 4* by a L? norm of 1:
T o i 2 c [, 2
/ pr O D), dt < — / p1 (@)l (- )72 dt,
0 M3 Jo
which can finally be absorbed by I (1, 71,72) on the left-hand side of by taking u; large enough.

Clearly, to all that to work, the weight functions appearing in the computations must be chosen wisely. The
choices of these functions can be made by adapting the arguments of [4].

6.2 Both leader and followers on the boundary
In this case, the system can be written for instance as:

Yt + Yozza + VYzxr = 0 (l’,t) S Qa
y(0,t) = f1(t), y(L,t) =vi(t) te(0,7), (6.7)
yz<0at) = f2(t)7 ya:(Lvt) = v2(t) te (07T ’
y(l‘,O) = yO(x) U (O,L),

where (v1, v3) are the followers positioned on the right boundary and (f1, f2) is the leader positioned on the
left boundary. Actually, this particular choice of positioning does not seem to be important. In the same
way as before, the followers aim at being a Nash equilibrium for the cost functionals

T
SV, ial” drdt Nrdedt, i=1,2. 6.8
Ji(fror, ) : //|y wal dedt+ 5 [ o asar, (68)
In this case, the optimality system reads as
yt+yxwww+yyww =0 (.’I},t) € Q,
_¢t+¢dpz11+l/¢ = Q4 (y le d)]lold Z: 172 (xat) € Q)
yl(O t) f2( ) ( t) = (L t) te(0,7), '
¢'(0,1) = ¢'(L,t) = ¢ (0, ) aﬁl(Lt)—O i=1,2 te(0,7),
y(@,0) =), F(@,T)=0 i=12 z € (0, L),
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and we want to find a leader (f1, f2) so that y(T") = 0.
The corresponding adjoint system is:

*'wt +¢Trrx + Ver = 011’71]101,d + O‘272]1(92,d (l‘, t) S Qv
Vi + Vowze Ve =0 1=1,2 (z,t) € Q,
?/1(0775) :w(Lvt) :1/)x(0at) :wx(Lat) =0 te (O7T)’ 6.10
P0,8) = 320, 8) = Y2 (Lyt) = 0,31 (L,t) = — L by (Lt) ¢ € (0,T), (6.10)
72(05 t) = VQ(L’t) = ’Y%(O, t) = Oavz(Lv t) = iqﬁxa(ljvt) te (OvT)a
P(x,T) =9T(z), +(z,0)=0 i=1,2 x € (0,L),

and we have to prove for every solution of . At this point we can see the issue of proving in
this case. If one tries to follow the same argument of Section then we would need a boundary Carleman
estimate for a fourth-order operator with nonhomogeneous boundary conditions, and as far as we know, this
result cannot be found on the literature so far. In this way, the problem of controlling with boundary
controls is completely open.

6.3 Other concepts of equilibria

All along the paper, we have used the concept of Nash equilibrium for determining the followers, which is
a noncooperative optimization criteria. It is natural to ask if other concepts of equilibrium can be applied
to solving other kinds of multiobjective control problem, for instance, the cooperative ones. One classical
example is the Pareto optimality criteria which essentially says that no individual or prefence criterion can be
better off without making at least one individual or preference criterion worse off or without any loss thereof.
In terms of control of PDEs this concept can be applied in the following way. Consider the fourth-order
equation with distributed controls:

Yt + Yzzzzw + VYzz = fﬂo + Ulﬂol + 02102 (xat) € Q7

y(0,t) = y(L,t) =0 t e (0,7), (6.11)
Y2 (0,t) =y, (L, t) =0 te(0,7), ’
y(x,O) = yO(x) T e (O’L)»

where f is the leader, and (v1, v3) the followers. For this equation, define the cost functionals

T T .
Ji( ;0! 0?) = %/0 /o ly — yi.al® dodt + %/0 /O v 2 dxdt, i=1,2. (6.12)
i,d i

A pair (v!',v?) is said to be Pareto optimal if there is no (9',9?) so that
Ji(0', %) < Ji(vtv?), i =1,2

with at least one of these inequalities being strict. Then we search for f such that the state y associated to
f and (v!,v?) satisfies y(T') = 0. At this stage, it can be proved by the weighted sum method (see [15]) that
Pareto optimals can be found by the minimization of linear combinations of J;, that is, the solutions of

min{(1 — A)Jy(v1,v2) + AJa(v1,v2)}, for A € (0,1).

V1,vV2

Therefore, the optimality system in this case turns to be

Yt —l—ymm + VYpa : 1o — m((l — )\)¢1 + )\¢2)]101 — E((1 — )\)¢1 + >\¢2)]102 (z,t) € Q,

— 0t + Prazs T Ve = iz — zia)lo,, i=1,2 (z,t) € Q,

2(0,t) = 2(L,t) = ¢'(0,t) = ¢'(L,t) =0 i=1,2 te (0,7),

2:(0,t) = 2, (L,t) = ¢1(0,t) = ¢¢.(L,t) =0 i=1,2 te (0,7),

2(x,0) = 2%2), ¢'(z,T)=0 i=1,2 xz e (0,L).
(6.13)
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Notice that, for each A € (0,1) fixed, system has a similar structure as the one in [6, System (1.18)].
In this way, we expect in this case that by making similar assumptions as (1.18]), (1.19) and (1.20), the
problem of determining a leader f such that y(7') = 0 is solvable.

One interesting open question which arises is whether the A parameter can also be chosen to accomplish
specific goals. For instance, one may be interested in the problem of finding A minimizing the function

T
A min 2 dzdt.
— f e 20 0.7) /O/w|fA| T

y(T) =0

At the present we do not know how to deal with this question, but it may be considered in forthcoming
papers.
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A Well-Posedness Results

We start studying a general systems of the form

Ut + Uggge + Vlgz + (Au)m =F (.’L’,t) S Qu

u(0.0) = o(t)ulL,)) = fi(t) 1€ (0,7) "
ux(oat) = go(t)J,LL(L, t) = gl(t) te (OvT)v '
u(z,0) = ug(x) xz € (0,L).

The following result is well known, and the proof can be found in [9], or in pg. 24 of [6].

Lemma A.1. The operator A, : D(A,) C L?(0,L) — L?(0,L), D(A,) = H*N H(0, L), such that A,u =
~Ugpze — Vigy 18 the generator of a strongly continuous semigroup T, (t) : L*(0, L) — L*(0, L) such that

2

1T, ()l ecz20,0)) <eTh (A.2)
In particular, Ty is a strongly continuous semigroup of contraction.
An important consequence is the following

Corollary A.2. For any ug € D(A,) and F € C'([0,T]; L*(0, L)), system

Ut + Uggre + VlUgy = F (557 t) S Qa
w(0,t) = w(L,t) = ug(0,t) = u,(L,t) =0 ¢ €(0,T), (A.3)
u(x,0) = ug(x) x € (0,L),

possesses a unique strong solution u € C([0,T]; D(A,)) N CL([0,T]; L?(0,L)) (see [31]).
We have the following result which gives a notion of solutions in a framework of less regular data.

Corollary A.3. Forug € L*(0,L) and F € L*(0,T; L*(0,L)), the function
t
u(t) = Tuhuo + [ Toft~ 9)F()ds, te 0.7), (A4)
0
is such that u € C([0,T]; L*(0, L)).
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It is important to remind that (A.4) is what we call mild solution to (A.3]).
Now, consider the space

G = L*((0,L) x (0,T)) + L'(0,T; H3(0, L)).

For ug € HZ(0,L) and F € G, we can use a standard density argument from regular solutions, and clas-
sical energy estimates, and we prove that the function u satisfying (A.4) belongs to C([0,T]; HZ(0,L)) N
L2(0,T; H*(0, L)), moreover there exists a constant Cj := C exp(Cv?T) such that

T
”u(a t)”%g(o,L) +/0 Huwmx(a 3)||%2(0,L) ds < CO(”UOqug + ||F1||2L2((07L)><(0,T)) + ||F2||L1(0,T;Hg(0,L)))a (A~5)

for every t € [0,T], where F = F| + F5.
Another important result is the following

Proposition A.4. Let ug € H3(0,L) and F € G. If A and B are L*(Q) functions, then the equation
Ut + Ugprn + Vg + Az, )u+ Bz, t)u, = F  (z,t) € Q,
w(0,¢) = u(L,t) = uz(0,t) = u,(L,t) =0 t e (0,7), (A.6)
’LL(J,‘,O) ZUO(x) (S (OaL)v

possesses a unique mild solution, in the sense that u € C([0,T]; HZ(0, L)) N L*(0,T; H*(0, L)) and
¢
u(t) =T, (t)ug + / T, (t — s)(F(s) — A(s)u(s) — B(s)us(s)) ds, t € [0,T). (A7)
0
Moreover, by writting F = Fy + Fy, there exists a constant Cy := Cexp(C(v?T + || Al|3 + || B||3)), such that
the solutions of (A.6)) satisfy
T
IOy + [ Wirrale )y
< Cl(||uo||%g + 1 F 220, x 0y + 1 F2llLiorsmzo,0)) - (A8)

Proof. For k > 0, by making the change of variable w(r, ¢) = u(kr, k*¢) with 0 < r < % and 0 < ¢ < 1%4’ we
can see that u is solution of (A.6) if and only if w is a solution of

We + Wrrpr + K2vwe, + kY A(kr, K2 w + K3 B(kr, k*Q)w, = K*F(kr, k*¢)  (r,¢) € (0, L/k) x (0,T/k*),

U)(O, C) = w(L/ka C) = U)T(O, S) = wr(L/kv C) =0 CE (O,T/k4)a
w(r,0) = ug(kr) r € (0,L/k).
(A.9)
Indeed, this comes from the fact that for regular functions u
w¢ (1, ¢) + Wrppr (1, ¢) + k‘zllw,«,,.(’l", () = k* (ut(kr, k4<) + Upgaa (KT, k4§) + Vg, (K, k4<)) . (A.10)
In this way, for a given function F, by defining F*(r) = F(kr), we get
Ti2 (QOuf(r) = T, (K*Quo(kr), for every r€[0,L/k], ¢ €[0,T/k"], (A.11)
for every ug € H3(0, L). More generaly, u satisfies (A.7) if and only if w satisfies
¢ 1
w(¢) = Tyz, (Q)ul + k4/ T2, (¢ — 3) (FF(K*3) — AP (K*3)w(3) — %Bk(k%)ww(é)) ds, (A.12)
0

for every 0 < ¢ < ITI;
Now we proceed by a fixed point argument. Define A : L>°(0,T; H2(0, L)) — L*(0,T; H3(0, L)), such
that Aw = w, where

¢
w(¢) = Ty, (O)ul + k4/0 T2, (¢ — 3) (FF(k*3) — AP (k*3)w(3) — %Bk(k%)wm@)) ds. (A.13)
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Since ||k*A(k-, k*)||3 = k3| A(-,)||3 and ||k3B(k-, k*)||3 = k|| B(-,-)||3, we have from (A.5) that
R . 3 1 . R
[Aw — A2 (| e 0, 75120,L)) < Co(kZ [|All + k2| Bll2) [l — @[] L (0,712 (0, L)) (A.14)

It is important to remark that the constant Cj is invariant by the given change of variable, since (k?v)?(T/k*) =
v2T. Now, we can take k sufficiently small to A be a contraction. By Banach Fixed Point Theorem, problem
(A-13) possesses a unique solution w € L>(0,T/k*; H3(0, L/k)). To conclude, we just have to go back the
change of variable, that is, we take w(r,() = u(kr,k*¢), for r € [0, L/k], ¢ € [0,T/k*], and use (A.13)), to
get that

ub (k*¢) = T, (K*¢)ul + k* / : Ty2, (¢ — 3) (F*(k*3) — AF(K*3)u” (k*5) — B* (k*8)ul(k*3)) d3
0
¢
=T, (k*¢)ub + k4/0 T, (K*(¢ — 3)) (F(k*3) — A(k*5)u(k*5) — B(k*5)u,(k*5)) d5. (A.15)

Above, we have used the fact that A*u* = (Au)* and B*u* = (Bu,)*. Finally, we take t = k*(, z = kr and
we make the change of variable k*3 = s in the integral, to obtain (A.7).

Estimate follows from multiplying the first equation of by Uzzze and combining integration
by parts with the boundary conditions. Since this proceedure is quite standard, we will omit it. O

Remark A.5. By lifting the boundary conditions, the result of Proposition[A.]] can also be applied to equation
(A.1) when the data is regular enough. An example of this classical approach can be found, for instance, in
the book (12, pages 39-42].

Now, we define the concept of transposition solution to (A.1f).

Definition A.6. Let ug € H-2(0,L), F € L*(0,T; H=2(0,L)) and fo, f1, go, g1 functions in L?(0,T). We
say that u is a solution of (A.1]) in the transposition sense, if u € L?((0,L) x (0,T)) satisfies

L T T
/ / ulie, ), 1) dedt = (o), S, 0)) sz gz + / (P 1), (1) 2 g dt
0J0 0
T T T T
+ /0 16 baan(Ly 1) di — /0 Fo(t)bran (0,1) di — /O 01 ()bua (L, 1) di + /0 G0(t)bua (0,0 dt,  (A.16)

for every f € L*((0,L) x (0,T)), where ¢ € C([0,T]; H3(0,L)) N L?(0,T; H*(0, L)), is the solution of

_¢t + ¢mzaja: + V¢wz - A(ba: = f (l‘,t) S Q7
¢(0,t) = ¢(L,1) = ¢2(0,t) = ¢ (L, 1) =0 t € (0,7), (A.17)
é(z,T) =0 2 € (0,1).

We remark that, despite the fact that system (A.17)) is backward in time, the existence of solution to
it is justified in a complete analogous way as for (A.6). In fact, by a simple change of variable of the form
t — T —t it is possible to convert system (A.17) into another one very similar to (A.6)).

Proposition A.7. Let ug € H=2(0,L), F € L*(0,T; H=%(0, L)) and fo, f1, go, 91 functions in L*(0,L).
There exist a unique solution in the transposition sense to (A.1]) in the sense of Definition . Moreover,
the solution satisfies

L pT T
2 2
|t e < 0eOm D (Jugl s gy + [ IFCOL-sn

T
+ [ ROF + LAOF + l90OF +lan 0P ). (A9
0

36



Proof. The proof follows by a standard procedure and it is based on the fact that, if we see the right-hand
side of (A.16) as the operator

['(f) = <u0(')ﬂ¢('70)>H—2 HZ +/0 <F('7t)=¢('ﬂt)>H—2 H? dt

T T T T
+ . fl(t)¢xxx(Lat) dt — o fO(t)beacx(Ovt) dt _/ gl(t)¢wx(L7t) dt—F/ go(t)sbm((),t) dt.

0 0

Since, from Proposition[A.4] ¢ € C([0,T); H3(0,L)) N L*(0,T; H*(0, L)), £ is a continuous from L2((0, L) x
(0,7)) to R. Then, the result follows from the Riesz Representation Theorem.
Estimate (A.5)) follows from Holder’s estimate, estimate (A.8)), and the fact that

T
1/2 2
1L(f)] < CeCTHIAR 1122 0.1y 0.0)) (/0 ()| 20, dt

T
+/0 |fo())* + [f1(0) + |go(D)]* + 92 ()] dt) , (A19)

for every f € L%((0,L) x (0,T)). O

Remark A.8. Notice that from Proposition[A.]}, the operator L is still continuous if we see it defined over
LY(0,T; H3(0,L)). This means that the tranposition solution of (A.1]) belongs to L>°(0,T; H=2(0, L)) with

the estimate

T
2 2
Il 051200, < CET VD (ol -aopy + [ IFC Dl

T
+ [ 1R + 1A + 0P + (0 at).
0

From this estimate, we can actually prove that u € C([0,T]; H=2(0,L)) using an usual density argument,
since for reqular data we have the continuity in time (see Remark .

Now, we are ready to prove that system (1.22]) possesses solutions. We have the following

Proposition A.9. For any 2o € H 2(0,L), § € L*(0,T;WY%(0,L)), and f € L*((0,L) x (0,T)), and
O fY f2 in L2(0,T; H=2(0, L)). If p = min(uy, g, vi,v2) is sufficiently large, then there is a unique

(z,0",6%) € C([0,T]; H*(0,L)) N L*((0, L) x (0,T)) x [C([0,T]; HF (0, L)) N L*(0, T3 H*(0, L))}*  (A.20)
solution of , that satisfies

L
#0300y + [ 2P dwde+ [ 165, 0P dat [[ 165 dude
Q 0 Q
< C(T, v, 9ll2, [|9212) (”fOH%?(O,T;H*?(O,L)) + ||fH%2((O,L)><(O,T))) + ||ZO||%I*2(O,L)

2
+ Z ||f1||2L2(0,T;H2(0,L))> . (A21)

i=1

Proof. Let 2 in L?(Q) and consider the following system

Zt+Z‘LIIJ,+VZl.L+(yz).L = f0+f]10 (.li,t) € Qa
— G} A+ gy + VL — GOL = [+ iflo,, i=12 (2,t)€Q,
2(0,t) = _i AizI(O),Z(L,t) = y% Aizz(L) t€(0,7), A 929
20 (0,8) = 161, (0), 24(L,t) = — L2, (L) te(0,7), (A.22)
dgi(o’t):Q;i(L’t):Qgg-c(()?t):é;(lﬁt):o 1=1,2 te (OvT)a
2(z,0) = 2(x), ¢'(x,T)=0 i=1,2 z€(0,L).
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From Proposition there exists ¢' € C([0,T]; H2(0, L)) N L2(0,T; H*(0, L)) such that

— 0+ Gy + Vg — YO = [T+ iflo,, (w,1) €Q,
$1(0,) = §(L,t) = $,(0,8) = $L(L,1) =0t € (0,T),
¢ (w,T) =0 z € (0, L),

and

L
[ 10 P dot [ 16t do < Ol I5be) (1 W00+ 000
(A.23)
fori=1,2.
Now, from Proposition there exists z € C([0,T]; H=2(0,L)) N L?((0,L) x (0,T)) solution in the

transposition sense of

Zt+zzzmx+yzmx+(_z)z:f0 f]l(’) ( )GQv
2(0,1) = 11 h00(0),2(L,t) = £62,,(L), t€(0,T),
2(0.0) = L0, (0), % (L) = ~L6%,(D), te ), 2
Z(I’O) :Zo(x)7 (OaL)a

that satisfies

om0z w0y + | 1P et < O, e W) (17 Vo200

+ ||f||L2((o L)x(0,1))) T 120017 2(0,L)

1T , A )
+E/0 (0200 (0,07 + 10750 (L, O] + [0, (0, 1) + ¢§w(L,t)2>

2
e 1 .
C(T,v, [|9ll2; 1= ]12) <||f0||%2(0,T;H2(0,L)) 1172 0,0y x 07y + 12°Er-2(0,1) + 2 E |¢Z||i2(O,T;H4(O,L))> .

=1
(A.25)
We combine (A.8)) and (A.18]), and we get that
I ozsr-s0.y + | P det < OO, e W) (17 Vo200
2
If )2 12120,y + SIS )2 (A.26)
L2((0,L)x(0,T))) 2 WH-2(0,L) L2(0,T;H~2(0,L)) L ZllL2((0,L)x(0,1)) | - .
=1

Then, by defining A' : L2((0, L) x (0,T)) — L?((0,L) x (0,T)), such that A'(2) = z, we have from (A.26)
and by taking p sufficiently large that Al is a contraction. The conclusion follow from the Banach Fixed
Point Theorem. If (z, ¢!, $?) is the fixed point, then

ooz w0+ | P dt < OO, e W) (17 Vo200

2
+||f||2L2((o,L)x(o,T))) + HZOH%{*?(O,L) + Z ||fl||%2(0,T;H2(O,L))> . (A27)

i=1

for p bufﬁ(:lently large. Since (A.23) also holds for the fixed point, we can combine (A.27) with (| -, and
we obtain .

When we are dealing with the adjoint system ([1.23]), we have the following
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Proposition A.10. Let T € HZ(0,L), y € L?(0,T; W'2(0, L)), and (¢°, g%, ¢%) € [L*(Q)]®. Then, problem
(1.23) possesses a unique solution (1, v, ~?) in the space

C([0,T); H5 (0, L)) 0 L*(0, 75 H(0, L)) x [L*(Q)],

such that

/OL |¢mx(t)l2dt+//Q |1/Jmm|2dxdt+§;//Q |y dzdt < C (/OL |¢T(x)|dw+§;//Q |gi|2dxdt>. (A.28)

Proof. We start by fixing ¢ € L2(0,T; H*(0, L)). In this way, from Proposition (A.7)), there exist (3!,42) €
[L2(Q)]? solution in the transposition sense (see (A.16))) of

9+ Vraze T V00 + (77 )2 = ¢ A (z,t) € Q,

'3/1 (Ovt) = i%m(o»t% &;(Ovt) = _iwmw(oat) te (O7T>7
’Ayl(L,t):’Ayal;(L,t)ZO te (0,7), (A.29)
ﬁ/2(07t) = Ag(o,t) =0 te (0,7), ’
A2(Lat) = l,%?[}zzz(Lvt)v f%%(lﬁt) = *i"zjm:(lﬁt) le (OaT)a

Al(x70):,3/2(x7 )=0 z € (0,L),

satisfying

2 2
S [ i dear < gl el (3 lo'
i=177@Q i=1
1 T, ~ ~ -
+ ;/ (10020, D + [ (L, )2 + [ (0, )2 + [ (L, DI ) ), (A.30)
0
where g = min{p1, pia, v1,v2}. Since ¢ € L2(0,T; H*(0, L)), it is not difficult to see that

T
| 1ea 008 + e B + a0, 0F + s (LOP < C [[ WhamalP ot (a3)
0 Q
Hence, by combining (A.30)) and (A.31)), we get that
2
> [ 1 et < O 031 el Z 524, [ e o) (4.32)
i=1
From Proposition there exists a unique ¢* € C([0,T]; H3(0, L)) N L%(0,T; H*(0, L)), solution of

{ —Of + e + VS, — Y0 = 9° + a4 0, , + 0?40, (2,1) €Q,
(A.33)

P*(0,t) = ¢*(L,t) = 93(0,8) = i(L,t) = 0 te (0,7),
*(x,T) =" z€(0,L),

satisfying

L L
/ ()P dt + / [ Wasal? dedt < COT, . gl ) </ T (2)]? da
0 0

2
+// \g0|2dazdt+2// W”dmdt). (A.34)
Q i=177@Q
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Now, by combining (A.32) and (A.34)), we obtain that

L L
/0 ()P dt + //Q W02l dadt < C(T, v, |ll2» |ll2) (/ T (2)]? da
2 1 A
+ // IgiIQd:cdt+—// Ywoes|2dodt | . (A.35)
; Q rJJQ

To finish, we define the application A* : L2(0,T; H*(0, L)) — L2(0,T; H*(0, L)), such that A*(¢)) = *,
where ¥* is the solution of . Using , and the fact that the equations are linear, it is not
difficult to see that A* is a contraction for p sufficiently large, and from Banach Fixed Point Theorem
A* possesses a unique fixed point ¢ € L2(0,T; H*(0, L)), and this implies on the existence of a solution
(¢, v, 4?) € L?(0,T; H4(0, L)) x [L*(Q)]?. Note that from and this fixed point satisfies
for p sufficiently large. O

A very important consequence is the following

Corollary A.11. Assume that y € L?((0,T);W'2(0,L)). Then, for every ¢°,g*,g* € L*((0,L) x (0,T))
and every Y1 € HZ(0, L), the solution (v,+',v?) of system (1.23)) satisfies

L T/2rL 2 ,T/2pL
[ WeatP e [ oo+ 3 [ dna
0 o Jo = Jo Jo
3T/4pL 2 3T/4rL 2 3T/4 (L
<C</ /|w|2dxdt+2/ /|7’|2d:cdt+2/ /|g”dmdt>, (A.36)
i=1 i=0 Y0 0

T/2 Jo T/2 JoO
for u suffciently large and C' does not depend on .
Proof. The proof is standard and follows from the fact that, if § € C[0, T is such that

o(t) = 1 if 0<t<T/2,
Tl 0 if 3T/A<t<T,

then (U, T, T2) = (01,071, 0~?) is solution of

U + Wogre + VW0 — g\px = —9(15)1/’ + e(t)go + alrlﬂOLd + a2F2]1(92,d (ZE, t) € Q’
U} 4+ e + VT + (U1 = 0(1)' +0(t)g" (z,t) € Q,
(0,t) = (L, t) =0 t e (0,7),
U,.(0,t) =V, (L,t)=0 t e (0,7),
TH0,8) = - Wau(0,8),  T3(0,8) = — =W, (0,4) te (0,7), (A.37)
YL, t) =TL(L,t) = t € (0,7),
r2(0,¢) =0, T2(0,t)=0 t € (0,7),
T2(L,t) = =00y (L,t), T2(L,t) = — - Wu(L,t) te(0,7),
U(z,T) =0, TI¥(z,0)= z€(0,L)
Then, we just have to apply to system (A.37). O

Since we have proved that the adjoint system possesses solutions, we can define the solution in the

transposition sense to ([1.22)).
Definition A.12. We say that (z, ¢, $?) € [L2(Q)]3 is a solution of (1.22)) in the transposition sense if

ek 0 1.1 2 2 Tk 0 2 P
/0/0 (20" + 09" + 6% )dwdt:/o/o (f +fno>¢dxdt+;fwdxdt+<z07¢(o)>H_2H3

T T T T
_ / B2 (8 (L, 1) di + / B (£ (0, 1) dt + / G (1) b (L, ) dt — / G () (0.8) dE,  (A.38)
0 0 0 0
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for every (¢°, g%, ¢%) € [L?(Q)]3, where (v,v',7?) is the solution of (1.23) (see Proposition with
W7 = 0.

In this way, we have the following

Proposition A.13. If f and {f'}?_, are functions in L?(Q), then problem (1.22)) possesses a unique solution
(2,01, %) € [L2(Q)]? in the sense of Definition (A.12)).

Proof. The existence of a triplet satisfying (A.38)) follows from the fact that F : [L?(0,L)]®> — R

T rL 2 o
F(g".g',9%) = / / (f°+ flo)gdedt + Y f'y* dudt + (z0,(0)) g2 2
070 i=1

T T T T
_/O h (t)wa:m([’vt) dt +/0 h (t)wwz(o?t) dt +/0 g (t)'(/}:vww(Lat) dt _/0 g (t)wwa:x(oﬂf) dt,

is continuous (see Proposition [A.10)), and by using Lax Milgram’s Theorem.
If (2,0, ¢?) and (2, ¢!, $?) are two solutions, then

T L
/ / ((z — é)go + ((b1 — <£1)g1 + (¢2 — éz)gQ) dxdt =0 for all (90791,92) € [L2(O,L)]3.
0Jo

This clearly implies that (z, ¢!, ¢?) = (2, P, 432) O

Remark A.14. It is not difficult to see that the solution given in Proposition (A.9) also satisfies the
transposition formulation (A.38)). Since the solutions of (A.38)) are unique, we obtain that the solution of

(A.38)) possesses the regularity (A.20).
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