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1. Introduction

Parabolic partial differential equations are used to model sev-
eral phenomena as population dynamics, chemical processes,
phase transitions in fluids, temperature evolution, among others.
Once we have an appropriate model to describe a phenomenon,
we can wonder if we can influence the evolution of the system.
For instance, we can ask if we can drive to a desired target the
temperature profile of a rod by means of manipulating some
heat source acting at the end of the rod. This and other similar
questions concerning a given mathematical model are the kind of
questions addressed by control theory. In this work we deal with
related issues concerning some parabolic systems. The specific
property of steering a system from some initial to a final state in
finite time is called exact-controllability. If the final state is the
rest, we call it null-controllability. Depending on the localization
of the source that we can manipulate, the control property is
called boundary- or distributed-controllability if the control acts
on the boundary or the interior of the domain, respectively.

Concerning one-dimensional parabolic equations, the first
boundary null-controllability result was proved for the heat equa-
tion by Fattorini and Russell in [1] using the moment method.
Later on, Lebeau and Robbiano in [2] (using local Carleman esti-
mates) and Fursikov and Imanuvilov in [3] (using global Carleman
estimates) obtained the distributed null-controllability of the heat
equation in higher dimensions. Fourth-order parabolic equations
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(bilaplacian type) have also been studied recently. Some null-
controllability results for the one-dimensional case can be found
in [4] (boundary control, moment method), [5] (boundary control,
global Carleman estimates) and [6] (distributed control, global
Carleman estimates). In higher dimensions, we find [7] (dis-
tributed control, global Carleman estimates) and [8] (distributed
control, local Carleman estimates).

An interesting extension is the study of control properties for
systems of coupled partial differential equations, specially if the
number of control inputs is less than the number of equations.
In this case, we have to control a part of the system indirectly
using the coupling with other equations which are directly un-
der the influence of the control. Regarding control of parabolic
systems, many works have been devoted to study different type
of couplings of second-order equations (see the survey [9] and
the references therein). Some Kalman type conditions naturally
appear to characterize good couplings (see [10] and [11]) and a
very useful tool to prove distributed controllability of parabolic
systems with less controls than equations is the Carleman es-
timates approach [12]. Unfortunately, it is very hard to use it
in the boundary control case. In the framework of second-order
operators, other recent results we can cite are [13] (considering
non-local terms in the equations), [14,15] (algebraic methods to
eliminate controls), [16] (approximate-controllability), and [17]
(control and coupling region do not intersect).

Regarding systems involving fourth-order parabolic equations,
we find controllability results for the stabilized Kuramoto-
Sivashinsky system, which is a non-linear system coupling a
bilaplacian equation with a heat equation. Using a Carleman esti-
mates approach, the boundary [18] and distributed null-
controllability [19,20] has been obtained. In [19] the case of
one distributed control acting on the fourth-order equation is
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considered while in [20] the control acts on the second-order
equation.

In this paper, we study the boundary controllability properties
of a cascade system coupling a bilaplacian operator to a heat
equation, which reads as

u(t, X) + teue(t, X) = v(t,x), t €(0,T), x € (0, ),

ve(t, X) — duy(t, x) =0, te(0,T), xe(0,m),

u(t, 0) = uy(t,0) =0, te(0,T), (1.1)
u(t, m) = ux(t,7) =0, te(0,T),

v(t, 0) = h(t), v(t, ) =0, te(0,T),

where the state is given by (u, v) and the control is h, which only
acts on the heat equation. The parameter d > 0 is the diffusion of
the heat equation and it will play a crucial role in order to define
which kind of control properties we are able to obtain.

To study the null-controllability for (1.1), we will prove that
this system enters in the general framework introduced in [21],
where the authors consider the existence of minimal time of
control for parabolic systems. See also [10] and [22] for some
results for second-order operators.

Now we state the precise definitions of the properties we are
interested in.

Definition 1.1. Let T > 0. System (1.1) is said to be approximate-
controllable in time T if for any ¢ > 0 and for any states
(ug, vo), (ur, vr) € L[*(0, ) x H™Y(0, m), there exists a control
h € 1%(0, T) such that the solution of (1.1) with initial condition

u(0,-)=ug and (0, )= vy

satisfies

1u(T, -) — urlli2 ) + 10(T, -) = vr)llg-1(0.2) < &-

Definition 1.2. Let T > 0. System (1.1) is said to be null-
controllable in time T if for any state (ug,vo) € L%(0,7) X
H™'(0, ), there exists a control h e [*(0,T) such that the
solution of (1.1) with initial condition

u(0,-)=ug and v(0,-) = vy

satisfies
u(T,)=0 and o(T,-)=0.

The main result we obtain concerning approximate-
controllability is the following one.

Theorem 1.3. System (1.1) is approximate-controllable if and only
if +/d is irrational.

The proof to this theorem is given in Section 2. It is based
on a duality approach leading us to study a unique continuation
property for the adjoint system.

Regarding null-controllability, the results that we obtain also
depend on the coefficient d, and there are cases when the system
is null-controllable for all time T > O or only when T is larger
than a given Ty > 0. It turns out that the key property of the
coefficient d is how closely +/d can be approximated by rational
numbers. In the literature we find the following measure of this

property.

Definition 1.4. The Liouville-Roth constant of a real number x is
the least upper bound of the set of real positive numbers u such
that

1
- —

qﬂ
is satisfied by an infinite number of integer pairs (p, q) with g > 0.

0<

p
x_f
q

Using this definition we can state our main results on null-
controllability.

Theorem 1.5. If /d is an irrational number with finite Liouville-
Roth constant, then system (1.1) is null-controllable in time T for
any T > 0.

Theorem 1.6. For any Ty > O, there exists d > 0 such that
system (1.1) is null-controllable in time T if T > Ty and is not
null-controllable if T < T.

Theorem 1.7. There exists d > 0 such that system (1.1) is not
null-controllable in time T for any time of control T > 0.

These theorems will be proved in Section 3. To do that we
write our control system (1.1) in the general form used in [21],
which reduces the proof to the computation of what is called the
condensation index of the sequence of eigenvalues of the system
(see Remark 3.2). The authors of [21] use the moment method
and a duality approach.

Remark 1.8. For the sake of simplicity in the corresponding
eigenvalue-eigenfunctions formulae, we study our system on the
interval (0, v ). However, by simply rescaling, our results still hold
if the system is posed on any interval (0, L) with L > 0.

Remark 1.9. The Liouville-Roth constant is also called irrational-
ity exponent or irrationality measure (see Appendix E of [23]). It
gives a degree of the accuracy of the approximation by rationals
of the given real number. It is known that it is 1 for rational
numbers, it is no less than 2 for irrational numbers and it is
exactly 2 for irrational algebraic numbers. The real numbers hav-
ing infinite Liouville-Roth constant are called Liouville numbers.
It is known that the set of Liouville numbers has null Lebesgue
measure. The role of this value in the controllability properties is
given in Proposition 3.5 (see also Remark 3.6).

Remark 1.10. The moment method is very useful to study bound-
ary controllability of systems with less controls than equations.
Very precise results can be obtained concerning the existence of
minimal time of control (see [24]). The drawback is that precise
expressions for spectrum data are needed. Thus, this method is
hard to be applied when non-constant coefficients appear in the
partial differential equations forming the system (see [17]).

2. Approximate-controllability

Let us start by saying a few words on the well-posedness
of system (1.1). We notice that, given the cascade structure of
the system, we can first solve the heat equation. This is possible
in the framework h e [%(0,T) and initial condition v(0,.) =
vo with vy € H™1(0, ) (see [21]). Once we have the solution
v € C(0,T; H1(0, 7)) N L?(0, T; L?(0, )) for the heat equation,
we plug it into the right-hand side of the fourth-order equa-
tion. Using [25, Proposition 2.1] we obtain that the solution
of the fourth-order equation with initial condition u(0,-) =
ug € (0, ) satisfies u € C(0, T; [*(0, )) N L%(0, T; H*(0, #) N
Hy(0, 7).

With this regularity framework we can start the proof of
Theorem 1.3.

Proof of Theorem 1.3. Let us introduce the operator
A:hel?0,T)— (uT,-), (T, ")) e L?0, ) x H7Y(0, ),

where (u, v) is the solution to (1.1) with control h and initial data
u(0,-) =0 and v(0, -) = 0.
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Thus, the approximate-controllability of (1.1) is equivalent
to the property that the range of the operator A is dense in
[?(0, ) x H™Y(0, ). It is already a classical duality approach to
see that the latter is equivalent to the inyectivity of the operator
A*. After simple computations, we find

A* : ((pTv WT) € Lz(ov 7T) X H(}(Oﬂ 7{) [ Wx('» O) € LZ(Os T)v

where (¢, ) is the solution of

_got(t’ X) + (pXXXX(t X) - 0 te (07 T), Xe (0, ﬂ),
_wt(L X) dl/fXX( X) (t X), te (07 T)5 X e (0’ ﬂ)v

o(t, 0) = pw(t,0) =0, te(0,T), (2.1)
o(t, 1) = pult, ) = 0, t €(0,T),

¥(t,0)=0, ¥(t,7)= te(0,T),

with initial data (T, -) = ¢r and (T, -) = Y.
In order to study the injectivity of A*, we write

gr=1 bpx), and  Yr=) apx)

keN keN

where for any k € N we denote by ¢, the normalized eigen-
functions associated to the Laplacian operator with homogeneous
Dirichlet boundary conditions:

wi(x) = \/gsin(kx)- (2.2)

Then, the family of functions ¢y are eigenfunctions of each one
of the two differential operators appearing on system (2.1) (and

(1.1)), with eigenvalues given by k* and dk?, respectively. Hence,
the solution of system (2.1) can be explicitly given. We have

_ —k4(T—t)
= kz bye Pr(x), (2.3)
eN

and the expression of ¥ depends on the possible fact that k* =
dk? for some k. More precisely, if k* — dk? # 0 for any integer k,

we have
2
=Y ae T g x)
ken b (2.4)
—dI3(T—t) —k4(T—t)) k
e —e ————(X),
+( PPTERLS

and, if v/d = m € N, then
Y(t,x) = Z |:akf-’_dk2(T_t)<pk(X)

k#m
2 A by
i (e dA(T—) _ o= IA(T r)) = (de ox )}
+ bu(T = e ™™ T 00,(x) + ame= ™ T=0g,(x).

In order to analyze the injectivity of A*, we deal with the cases
Vd ¢ Qandd e Q.

e Case 1: v/d ¢ Q.

In this case, v is given by (2.4), and then

Y(t, 0) = Z [kakedkz(T”
= (25)

bx —dk3(T—t) —k4(T—t))
S G —¢ ‘

If ¥x(+, 0) = 0, from the fact that the family {e~¢
k, m € N} is minimal in L?(0, T), we get that

kz(T—t)’ e—m4(T—t) .

by k
K =0 and
Ut g DM e

for all k € N. Thus, a, = b, = 0 for all k € N, and we get the
injectivity of A*.

:0,

e Case 2: v/d e Q.

Notice that we can write /d = m?/k, with m, k € N, m # k
and k # 1. Let us consider the initial conditions
or = (m> — dm)gy,
and

1 1

Yr = ——¢@m + ~ k.
m k

Then the solution of system (2.1) is given by
o(t,x) =

and

w(t,x) = |:_1e—dm2(T—t) + (e—dmz(T—t) _ e—m4(T—t))
m

(m? — dm)e™" TV g,(x)

m3 —dm

—dk2(T—t)
X T dm ]wm(x Pi(x).
It is not difficult to see that this is a non-trivial solution such
that ¥(-,0) = 0. We conclude that the operator A* is not

injective in this case.

Recalling that the injectivity of A* is equivalent to the
approximate-controllability of system (1.1), we conclude the
proof of Theorem 1.3. W

3. Null-controllability
3.1. Abstract control system
We will state some results for abstract control systems ob-

tained in [21]. Given an unbounded operator A in the complex
Hilbert space X, we consider the system

{ y Ay + Bh,

W) = GD
with yo € X and h e L%(0, T), where B is the control operator. We
introduce some assumptions and notation in order to state that
result.

We will assume that X has a Riesz basis given by the eigen-
functions of operator A denoted by {¢y}ren With eigenvalues
{Ak}ken. We denote by {y}ren the corresponding sequence of
biorthogonal functions to {¢y}ren. Then A can be characterized
by

=Yl Vi) (32)

Furthermore, we denote by X_; the completion of X with
respect to the norm

Wl = <Z | ylf"
k

k:

2
) , foreachy e X_;.

Also, we say that B € £(C, X_;) is an admissible control operator
for the semigroup {e'*},.o generated by A if Ly € £(L*(0, T; C),
X), where we have defined

T
Lru= / eI =4 By(s)ds,
0

In [21] a characterization of the controllability of system (3.1)
is established in terms of the sequence {\¢} and the control
operator B. The result is stated in terms of a holomorphic complex
function E(z) which vanishes at z = A, for any k € N. One way
to define such a function is given by the infinite product

]‘[(1 - 7), zeC. (3.3)

u € [*0,T; C).
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The function E(z) converges uniformly and absolutely in compact
subsets of C under the hypothesis of the theorem below, where
the controllability properties of system (3.1) are stated.

Theorem 3.1 (Theorem 2.5 in [21]). Assume that B € £(C, X_1) is
an admissible control operator for the semigroup {e*};. o generated
by A, and A = {Ay}ken is a complex sequence satisfying

A #E Mo Vi #E ko R(A) = 8|Ak] > 0, for some § > 0; and

oo

1
> < 0. (3.4)
k=1 |)\k|
Let us suppose in addition that
by =8By, #0 VkeN. (3.5)
We introduce
In--~ In—}
. bkl [E" (Al
To == limsu + s 3.6
o= limsee (mw i) ) GO

where E is defined in (3.3). Then:

1. System (3.1) is null-controllable if T > Ty.
2. System (3.1) is not null-controllable if T < T.

Remark 3.2. The condensation index c(A) of a sequence A =
{Ak}ken is defined by

c(A) := limsup fn 'E/(IA")‘
’ k—o00 m()‘-k) .

Under the hypothesis of Theorem 3.1, we have c(A) € [0, oo] (see
Theorem 4.8 in [21]). Also, if

(3.7)

1

n
bl _

k—o00 M(Ak)
it can be easily proved that Ty = c(A).

3.2. Null-controllability of system (1.1)

We write the control system (1.1) as a first-order control
system of the form (3.1). Let us consider the Dirichlet Laplacian

A= —9? : D(A) := H*(0, 7) N HY(0, ) C I*(0, 7) — L*(0, ),

which is a self-adjoint operator. We still denote by A its self-

adjoint extension to the spaces H~'(0, =) with domain H}(0, ),

and (H2(0, w) N HY(0, 7)) with domain L?(0, 7 ), respectively.
We define X = [*(0, 7) x H"1(0, 7), and A : D(A) C X — X

by

D(A) = {u € D(A) : d?u € D(A)} x HJ(0, ),

and

a2
,4:< 4 _2A> (38)

The operator B € £(R, ((H*(0, ) N Hy(0, ))?)) is defined by
(Bv) (g;) = vdpy(0), Vv eR, Ve, ¢, € HX(0, 7)NH(0, 7).

Hence, system (1.1) can be equivalently reformulated as system
(3.1) with

v=(1):

Let us check that our system satisfies hypothesis of
Theorem 3.1. We have from the well-posedness of system (1.1)

that B is an admissible control operator for .A. On the other
hand, the family of eigenfunctions of A in [*(0, ) is given by
{or}ken, defined in (2.2). It is well known that {gi}ren iS an
orthonormal basis for L?(0, 7), and {kg;}ken is an orthonormal
basis for H=1(0, ).

We can explicitly compute the eigenfunctions of the operator
A. Indeed, if we set

1
1 L
D= (o) ok, Parr=k <k4 _ldk2> ©ks (3.9)

then, it can be shown that {®; / j = 1,2 and k € N} is a Riesz
basis of X, and its biorthogonal basis is given by

1 0
Vi = 1 o, Y=k (1) @k
dk? — k*

From the definition of B we get that B* e ((H*(0,7) N
Hy(0, ))?) is given by

5 (ﬁﬁ;) = —dg}(0),

and hence we have that
dk

(3.10)

2
B*ll/ = ——
YT T die =k

and
2
By = —=dk°.
b4
We directly get that

ln _ 1
lim 7| G =
k=00 k4 koo dk?

1
Inl gy, |

Hence, from Theorem 3.1 and Remark 3.2, we have the following
result.

Proposition 3.3. If c(Ay) is the condensation index of Aq =
{dk?, kK*}en, then we have:

1. System (1.1) is null-controllable if T > c(Ag).
2. System (1.1) is not null-controllable if T < c(Ay).

Given that our sequence A4 has two branches of eigenvalues,
we will use the following characterization of c(Ay).

Proposition 3.4. We have c(A4) = max{cy, c;}, where

. — In |sin(zr +/dVk)|
¢y := limsup and
k—o00 dk?

; k?
im0
2 k%oop k4 '

(3.11)

Proof. To begin, observe that the product (3.3) corresponding to
the sequence Ay = {dk?, k*}ien is given by
2 2

E(z) = ﬂ(l - ﬁ)(l - %) z eC.

According to definition (3.7), the condensation index associ-
ated to the sequence Ay = {dk?, k*}ien is given by

c(Ag4) = max 4 lim su —In|E(dk)] lim su —In[E'(Y)]
@ I<—>oop dk2 ’ k—)oop k4 '

(3.12)
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Notice that using the identities
2

sin(rz) =nz l_[(l — %2)’ z e C,

keN

and

sinh(z) =7z l_[(l +

keN

ZZ
k—z) zeC,

we find that
E(z) = —i% sin(n \‘Z) sin( Y2)F(2)

where

z € C,

sinh(n %) sinh(7r /) sin( v/i/z) sinh(7r Vi ¥Z)

F(z) = =

It is not difficult to check that

E'(z) = d [( foc s(nﬁ) sin(r v/z)

4\/>sm(7rﬁ>cos(7rf) ()

fa) sin(x Y2)F(2) ] .

Hence we obtain

2
|E'(dKk?)| = |sin(z vdvk)| IF(dk)

+ sin(n

275k (3.13)
and
d |/ K .
E'(kY)| = 4ﬂ5,3‘sm(nﬁ)‘|F(k ). (3.14)

The idea now is to find lower and upper bounds for |F(dk?)|
and |F(k*)|. Notice that

|F(dKk?)| = ﬁ sinh(rrk) sinh(rr v/dv/k)
x |sin(zr /iv/dv/k)| [sinh(rr V/ivdvk)],

and
e?‘[k e” «[\/E
sinh(7r) sinhi nf) < sinh(srk) sinh( nff <= 5
For the other terms, we use the identities
sin(x + iy) = sin(x) cosh(y) + i cos(x) sinh(y),
sinh(x + iy) = sinh(x) cos(y) + i cosh(x) sin(y),
which hold for every x,y € R. We have
_aVdvk YAk VAV .nf/aﬁ
(2 L )
V2 V2 V2 V2
(Vv 02 vk
_( ( 2 ) osh < 2 )
nff (T VAVEN N 172
+cos< )smh( 7 >) s

from where, since v/i = 1/+/2 + i/«/i, we obtain

sinh2<ri/4éa) < ‘sm(nxﬁ%ﬁ)“ sinh(nﬁ%ﬁ)‘
= enp YY),

and therefore
nJd )

sinh(n)sinh(n«“/é)sinhZ( %

< |F(dk?)|
emkem %ﬁeﬁn Yavk

<
- 4d%k4

(3.15)

Now, we have that

1 wk?
|F(k*)| = ’—Ssmh(\/a

We can use the same estimates as before to obtain

)smh(nk |sin( nx/k )|Isinh( n«/k)l

7k
e e V@ eTkpV2mk
sinh(— _—
4k8

ﬁ) sinh(s ) sinh? (L

4
ﬁ) < |F(K*)| <
(3.16)

In order to finish the proof, it suffices to combine estimates
(3.15)and (3.16) with (3.13) and (3.14) in the expression (3.12). ®

3.3. Proof of Theorem 1.5

Taking into account Proposition 3.3, it is enough to prove the
following result.

Proposition 3.5. If+/d is an irrational number with finite Liouville—
Roth constant, then the condensation index of Aq = {dk?, k*}ren is
C(Ad) =0.

Proof. From Proposition 3.4, it suffices to show that ¢; = ¢, = 0.
From Definition 1.4, we directly get that, if the irrational number
x has a Liouville-Roth constant u and n > pu, then there exists a
constant C such that
x-2> &
q q

for any integers p and q with g > 0.

Let us first prove that c; = 0. For each k € N, let hy € N be
such that

|Vk/d — hy| < 1/2.

From (3.17) applied to x = +/d with p = hﬁ and q = k, there exist
n € Nand C > 0 such that

(3.17)

(3.18)

Vd— g > < (3.19)
k kn

Hence, from (3.18) and (3.19) we have

1 kv/d — h2 C
E z WAVl = \ﬁ:ga + ;lk = kn=1(Vkd + ) (520
It is not difficult to check from (3.20) that

[sin(m f«[ )| = |sin( (ﬁ% — )|

= sin(|w(Vkv/d — i) (321)

. Crm
> 51n(—4),
kn=1(Vk/d + hy)
where the inequality comes from the fact that sinx is increasing
in the interval [0, 7z /2]. Then

—1n|sin(nﬁ<‘/a)| — Insin(Crk'"(Vk/d + h)~ )
dk? - dk?

(3.22)
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From (3.18), we check that
—Insin(C k' "(kv/d + he)™1)

I
TP di2
. —In|Crk"(Vk<d + b)Y
= lim sup =0.
k—o00 dk?

Then, thanks to this last identity, (3.22) and (3.11), we conclude
that ¢c; = 0.

In a similar way, we prove that ¢, = 0. Indeed, for k € N, let
h, € N be such that

k2 1
- < —.
Jd 2
It is not difficult to see that, if x is a Liouville number (this
means that it has infinite Liouville-Roth constant), then 1/x also
is a Liouville number. That implies that 1/+/d has finite Liouville-

Roth constant. Hence, from (3.17) with x = 1/+/d, p = hy and
q = k?, there exist n € N and C > 0 such that

- hk

1 hy C
ﬁ k2| — Kk2n :
Then,
1 k2 Cn
> == 5=,
2 Jd k2n—2

and therefore
2

sin(r(Z5)) = sn((5 =)
7T(— = |sin(z|(— —
Vi Ji
. k2 . Cr
sm(‘n(ﬁ — hk> ) > sin oz ) (3.23)
Using the same argument as for c;, we obtain from (3.23) and
(3.11) that c; = 0. This ends the proof of Proposition 3.5. H

Remark 3.6. The same result stated in Proposition 3.5 is true
for the family Aq = {dk?, k*}xen appearing in [21], which gives a
more explicit criterion for the characterization of possible values
of the controllability time T; in Theorem 2.7 in [21].

3.4. Proof of Theorem 1.6

We shall prove that, for any given Aq > 0, there exists d > 0
such that ¢c; = ¢; = Aq. Once this has been achieved, we conclude
the proof of Theorem 1.6 thanks to Propositions 3.3 and 3.4.

The following result, coming from approximation of irrational
numbers by continued fractions, is the main part of the proof.

Lemma 3.7. Let Xy be any positive real number. There exist an
irrational number d > 0 and a sequence of rational numbers
{pr/qk}ren such that p, and gy are co-prime positive integers, the
sequences {pilken and {qy}ken are strictly increasing, and

Yq_Px

qk

4
lim e*oP«
k—o00

=1 (3.24)

Proof. The proof is similar to [21, Lemma 6.22] and therefore
omitted here. ®

Let A9 be any positive number and let d > 0 given by
Lemma 3.7. First, we prove that ¢y, c; > Xq. From the definition
of ¢y in (3.11), and since {qﬁ}keN is a subsequence of the natural
numbers, we have

) —In |sin(7 (q/d — i)l
c1 > limsup 7
k—o00 qu

) (3.25)

where {py}keny and {qi}ren are the sequences given by Lemma 3.7.
From (3.24), we see that

lim P* = ¥4, (3.26)
k—+o00 Qi
and furthermore, since {py}reny and {qi}ken are increasing,
lim (qv/d — pi) = 0. (327)
k—+o0
Then,
. —In|sin(z(qv/d — p))l . —In | (qV/d — py)l
im sup 1 = lim sup 1
k— 00 qu k— 00 qu
. —In |z qe oM |
=limsup ————
k—o0 dq,
= Xo,

which together with (3.25) gives ¢; > Aq.
Following a similar argument, we have that

—Insin(Z(p* — gzv/d))|

c; > limsup 4
k—o00 Dy
—In|Z g% + (ya)e—kopﬁ
= lim sup |¢H i B | = Ao.
k—o00 Py

We now prove cq, ¢; < Ag. For each k € N, there exists hy € N
such that |¢E<‘/B — hy| < 1/2, and then

Isin(r Vkvd)| = [sin(r(vVkvd — hy))| = sin(|m(vVkd — hy)]).
(3.28)

On the other hand, we have already proved that c(Ag4) > A¢ > 0,
and this inequality implies that ~/d is not an algebraic num-
ber. Indeed, if ~/d were algebraic, we would also have that
Jd = (J/d)?* is algebraic, and then its Liouville-Roth constant
is 2, which implies, using Theorem 1.5 and Proposition 3.3, that
c(Aq) = 0, a contradiction. Accordingly, for each k € N we have
|vk</d — hi| > 0, and then there exists an increasing sequence
{nk}ren C N such that

|qn V/d — pu | < |Vk/d —hy| and gy, > vk,

where {pi}reny and {qx}ren are the sequences given by Lemma 3.7.
From (3.28) and (3.29) we conclude, using the argument to obtain
(3.21)=(3.22) that

— In [sin(77 (G, v/d — Pn))

(3.29)

¢y < limsu
'= kﬁoop dq%k
—In Jd —
= lim sup In(an{ P = Ao.
k—00 dan

Similarly, taking into account that (+/d)~! is not an algebraic
number, for each k € N there exists an increasing sequence
{gk}ren C N such that

1
>

=

k2
0< ‘* — &l
N
and then there exists an increasing sequence {n;}rey C N such
that

k?

4
|G V/d — P, | < N

and pp, > k. (3.30)
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Hence
. — In [$in(77 (qn, V/d — )|
c; = limsup v
k— o0 p“k
-1 Yd —
SMmp“m%¥7“M=m
k—00 Dh,

Therefore, c1, ¢ < Ao, thus c(Ag4) = Ag. This ends the proof of
Theorem 1.6 taking

Ty == C(Ad) = Ao.
3.5. Proof of Theorem 1.7

From Propositions 3.3 and 3.4, it is enough to prove that
c(Agq) = +oo for some d > 0. Such a parameter will be given
by the following result:

Lemma 3.8. There exist an irrational number d > 0 and a
sequence of rational numbers {py/qk}ken Such that py and qy are co-
prime positive integers, the sequences {py}xen and {qx }ken are strictly
increasing, and

Yq_ Px
dk

. 5
lim ePk =0.

k— o0

(3.31)

Proof. The proof is similar to [21, Lemma 6.22] and therefore
omitted here. ®

Let d > O, {pr}ken and {qx}ren be given by Lemma 3.8. We will
check that ¢; = +o0, which gives directly that c(A4) = +o00.

Since {qﬁ}keN is a subsequence of the natural numbers, from
(3.11) we have that

— In|sin(zr(qx~/d — py))|
dqy .

From (3.31), we can prove that the sequences {py}xeny and
{qr}ren satisfy (3.26), (3.27), and, furthermore, that there exist
C > 0 and kg € N such that

|q¥/d — pil < Ce Pk, Vk > ko.

c1 > limsup

k— o0

(3.32)

Therefore,
— Insin Jd — —In Jd —
limsup = w%J’mm=wa mm{ po)l
k— 00 qu k— 00 qu
_1InlzCa.ePr
k— 00 qu
This last inequality, (3.26) and (3.32) yield
P

c1 > limsup - = 400,

k— 00 qu

since {py}ren is a strictly increasing sequence. This ends the proof
of Theorem 1.7.
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