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ABSTRACT. In this paper we deal with the local exact controllability to a par-
ticular class of trajectories of the N-dimensional Boussinesq system with in-
ternal controls having 2 vanishing components. The main novelty of this work
is that no condition is imposed on the control domain.

1. Introduction. Let Q be a nonempty bounded connected open subset of RV
(N =2 or 3) of class C*°. Let T' > 0 and let w C Q be a (small) nonempty open
subset which is the control domain. We will use the notation @ = Q x (0,7 and
X =00 x(0,7).

We will be concerned with the following controlled Boussinesq system:

y—Ay+(y-V)y+Vp=vl,+0ey inQ,

6; — N0+y-VO=uv9l, in Q,
V-y=0 in Q, (1.1)
y=0,0=0 on X,
4(0) = 4°, 0(0) = 0° in Q.

where
[ (1) if N =2,
N7 0,0,1) ifN=3
stands for the gravity vector field, y = y(x, t) represents the velocity of the particules
of the fluid, 6§ = 6(z,t) their temperature and (vo,v) = (vg,v1,...,vn) stands for
the control which acts over the set w.
Let us recall the definition of some usual spaces in the context of incompressible
fluids:
V={yecH}(Q)Y:V.-y=0inQ}
and
H={yecL*Q)Y:V.-y=0inQ, y-n=0on dN}.
This paper concerns the local exact controllability to the trajectories of sys-
tem (1.1) at time ¢ = T with a reduced number of controls. To introduce this
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concept, let us consider (7,60) (together with some pressure p) a trajectory of the
following uncontrolled Boussinesq system:

G- Ay+(y-V)g+Vp=0ey inQ,

0, —AO+75-VO=0 in Q,
V.-yg= in @, (1.2)
7=0,0= on X,
7(0) = 7°, 0(0) = 4° in Q.

We say that the local exact controllability to the trajectories (¥,6) holds if there
exists a number § > 0 such that if ||(y°,6°) — (3°,6°)||x < & (X is an appropri-
ate Banach space), there exist controls (vg,v) € L?(w x (0,7))N*! such that the

corresponding solution (y, #) to system (1.1) matches (g, 0) at time t =T, i.e.,
y(T) = y(T) and O(T) = 6(T) in Q. (1.3)

The first results concerning this problem were obtained in [7] and [8], with N +1
scalar controls acting in the whole boundary of €2 and with N + 1 scalar controls
acting in w when 2 is a torus, respectively. Later, in [9], the author proved the local

exact controllability for less regular trajectories (g, 6) in an open bounded set and
for an arbitrary control domain. Namely, the trajectories were supposed to satisfy

(9,0) € L@, (9, 6:) € L*(0, T; L7 ()N, (1.4)

withr>1if N=2and r >6/5if N =3.

In [5], the authors proved that local exact controllability can be achieved with
N — 1 scalar controls acting in w when @ intersects the boundary of Q and (1.4) is
satisfied. More precisely, we can find controls vy and v, with v = 0 and v, = 0 for
some k < N (k is determined by some geometric assumption on w, see [5] for more
details), such that the corresponding solution to (1.1) satisfies (1.3).

In this work, we remove this geometric assumption on w and consider a target

trajectory of the form (0,7, 0), i.e.,

Yﬁ = 9__61\7 in Qa
G—AG=0 inQ,

é: 0 on X, (1.5)
6(0) = 6° in Q,
where we assume
6 € L>=(0,T; W3>(Q)) and Vb, € L=(Q)". (1.6)

The main result of this paper is given in the following theorem.

Theorem 1.1. Let i < N be a positive integer and (p,0) a solution to (1.5) sat-
isfying (1.6). Then, for every T > 0 and w C €, there exists 6 > 0 such that for
every (y°,0%) € V- x HE(Q) satisfying
1(5°,6%) = (0,6°) v wrr <6,
we can find controls v° € L?(w x (0,T)) and v € L*(w x (0,T))N, with v; = 0 and
vy = 0, such that the corresponding solution to (1.1) satisfies (1.3), i.e.,
y(T) =0 and O(T) = 6(T) in Q. (1.7)

Remark 1. Notice that when N = 2 we only need to control the temperature
equation.
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Remark 2. It would be interesting to know if the local controllability to the trajec-
tories with NV — 1 scalar controls holds for § # 0 and w as in Theorem 1.1. However,
up to our knowledge, this is an open problem even for the case of the Navier-Stokes
system.

Remark 3. One could also try to just control the movement equation, that is,
vg = 0 in (1.1). However, this system does not seem to be controllable. To justify
this, let us consider the control problem

y—Ay+(y-V)y+Vp=vl,+0ey inQ,

0, —A0+y-VO=0 in Q,
V-y=0 in Q,
y=0,V0-n=0 on X,
y(0) = 40, 6(0) = 0° in 0,

where we have homogeneous Neumann boundary conditions for the temperature.
Integrating in @, integration by parts gives

! 0(T) d — ! o da,

so we cannot expect in general null controllability.

Some recent works have been developed for controllability problems with reduced
number of controls. For instance, in [3] the authors proved the null controllability for
the Stokes system with N — 1 scalar controls, and in [2] the local null controllability
was proved for the Navier-Stokes system with the same number of controls.

The present work can be viewed as an extension of [2]. To prove Theorem 1.1 we
follow a standard approach introduced in [6] and [10] (see also [4]). We first deduce
a null controllability result for the linear system

ye —Ay+Vp=f+ol,+0ey inQ,
0y — AO+y-VO = fo+ vl in Q,

V.y=0 in Q, (1.8)
Yy = O7 9 =0 on 2,
y(0) =y, 6(0) = 6° in Q,

where f and fy will be taken to decrease exponentially to zero in t = T.
The main tool to prove this null controllability result for system (1.8) is a suitable
Carleman estimate for the solutions of the adjoint system

—poy—Ap+Vr=g—9Vl inQ,

—Yr — A =go + pNn in Q,
V-p=0 in Q, (1.9)
p=0,9v=0 on X,

o(T) = o7, Y(T) =T in Q,



364 NICOLAS CARRENO

where g € L2(Q)N, go € L*(Q), 9T € H and y* € L?(Q). In fact, this inequality
is of the form

/ / ) (ol + [Pz dt < C / / Pa(t) (9% + |gol?)der dt
Q Q

T T
+ p3(t)| ;| dw dt + pa(t)Pdzdt |, (1.10)
/1 /]

if N =3, and of the form

/ / (0|l + [0 dadt < C / / Pa(t) (192 + go|?) ddt
Q Q

T
+//ﬁ4(t)|¢|2da;dt ,
0 w

if N =2, where j = 1 or 2 and pi(t) are positive smooth weight functions (see
inequalities (2.4) and (2.5) below). From these estimates, we can find a solution
(y,0,v,v9) of (1.8) with the same decreasing properties as f and fy. In particular,
(y(T),0(T)) = (0,0) and v; = vnx = 0.

We conclude the controllability result for the nonlinear system by means of an
inverse mapping theorem.

This paper is organized as follows. In section 2, we prove a Carleman inequality
of the form (1.10) for system (1.9). In section 3, we deal with the null controllability
of the linear system (1.8). Finally, in section 4 we give the proof of Theorem 1.1.

2. Carleman estimate for the adjoint system. In this section we will prove a
Carleman estimate for the adjoint system (1.9). In order to do so, we are going to
introduce some weight functions. Let wy be a nonempty open subset of RY such
that wy C w and n € C%(Q) such that

|Vn| > 0in Q\ wg, 7> 0in Q and n = 0 on 9. (2.1)

The existence of such a function 7 is given in [6]. Let also £ € C*°(][0,T]) be a
positive function satisfying
Uty =t Vtel|0,T/4), €(t)=T —t Vte [3T/4,T),

() < 0(T/2), vt € [0,T). (2:2)

Then, for all A > 1 we consider the following weight functions:

o2 mllee _ pAn(e) An(a)
- O t) = ———
es(t) ) £($7 ) gs(t I

a*(t) = I;lea%(a(x,t), &) = Ixneigg(x,t), (2.3)

afz,t) =

~

a(t) = min oz, t), £(t) = max£&(a, b).
z€Q e

Our Carleman estimate is given in the following proposition.
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Proposition 1. Assume N = 3, w C Q and (p,0) satisfies (1.6). There exists
a constant Ao, such that for any A > Ao there exist two constants C(A\) > 0 and
so(\) > 0 such that for any j € {1,2}, any g € L*(Q)3, any go € L*(Q), any
ol € H and any w1 € L*(Q), the solution of (1.9) satisfies

st [[em@yoPdnar v [[ e e s
Q Q

T
<c / / e (g2 + go ) dt + 57 / / e~ 2535 ()| 12 dit
Q 0 w

T
+812//674s&75a* (E)49/4|,¢)‘2d$dt (24)
0

w

for every s > sg.

For the sake of completeness, let us also state this result for the 2-dimensional
case.

Proposition 2. Assume N = 2, w C Q and (p,0) satisfies (1.6). There exists
a constant Ao, such that for any A > Ao there exist two constants C(A\) > 0 and
s0(\) > 0 such that for any g € L*(Q)?, any go € L*(Q), any T € H and any
T € L2(Q), the solution of (1.9) satisfies

st [[ e @oPdnar v [[ e e puPdnar
Q Q

T
<c( [[es ol s lgoPydnar s [ [esm @0 pparde | (25)
Q 0 w

for every s > sg.

To prove Proposition 1 we will follow the ideas of [3] and [5] (see also [2]). An
important point in the proof of the Carleman inequality established in [3] is that the
laplacian of the pressure in the adjoint system is zero. In [2], a decomposition of the
solution was made, so that we can essentially concentrate in a solution where the
laplacian of the pressure is zero. For system (1.9) this will not be possible because
of the coupling term V. However, under hypothesis (1.6) we can follow the same
ideas to obtain (2.4). All the details are given below.

2.1. Technical results. Let us present now the technical results needed to prove
Carleman inequalities (2.4) and (2.5). The first of these results is a Carleman in-
equality for parabolic equations with nonhomogeneous boundary conditions proved
n [11]. Consider the equation

N
ut—Au:Fo—l—Z@ij in Q, (26)

j=1

where Fy, F1, ..., Fy € L*(Q). We have the following result.
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Lemma 2.1. There exists a constant Xo only depending on Q, wy, n and { such
that for any A > Ao there exist two constants C(X\) > 0 and $(\), such that for every
s >3 and every u € L2(0,T; H(Q)) N HY(0,T; H~1(2)) satisfying (2.6), we have

T

1 1

g//e%m?Vu\Qda:dt—F5//67250‘§|u|2dmdt <C s//6725“5|u|2dmdt
Q Q 0 wo

2 2

Ls /2 “6_5a5_1/4u“ 1 s1/2 He—sag—l/Su‘

HI3 (%) L2(%)

N
+572 //e_Qsaf_Q\FOFdxdt—FZ//e_2‘9a|Fj|2dxdt . (2.1
Q =

Recall that

1/2
Il 1.3 sy = (1lBis scozieoqon) + Il i mcony)
Remark 4. The usual notation for this space is actually H2'3(X) (see [13], for
instance). However, we follow the same notation used in [11].

The next technical result is a particular case of Lemma 3 in [3].

Lemma 2.2. There exists a constant Xl such that for any A > :\\1 there exists
C > 0 depending only on A, 2, wg, n and £ such that, for every T > 0 and every
we L2(0,T; H'(9)),

3 //e_zsa§3|u|2dacdt
Q

T
<C s//e_23a£|Vu|2dxdt+83//6_280‘53|u|2dxdt , (2.8)
Q 0 wo

for every s > C.
The next lemma is an estimate concerning the Laplace operator:

Lemma 2.3. There exists a constant 3\\2 such that for any \ > :\\2 there exists C > 0
depending only on X\, Q, wo, n and £ such that, for every u € L?(0,T; H}(Q)),

s8 //6725a56|u|2dmdt+54 //672“‘§4|Vu|2dxdt
Q Q

T
<C|s® // e_2sa§3|Au|2dxdt—|—s6//6_250‘§6|u|2daﬁdt . (2.9)
Q

0 wo
for every s > C.

Inequality (2.9) comes from the classical result in [6] for parabolic equations
applied to the laplacian with parameter s/¢2(¢). Then, multiplying by
exp(—2se?Mlle /¢8(1)) and integrating in (0,7) we obtain (2.9). Details can be
found in [3] or [2].

The last technical result concerns the regularity of the solutions to the Stokes
system that can be found in [12] (see also [14]).
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Lemma 2.4. For every T > 0 and every F € L*(Q)", there exists a unique solution
ue L*0,T; H*(Q)N)n HY(0,T; H)

to the Stokes system
u—Au+Vp=F inQ,

V.-u=0 mn Q,
u=0 on X,
u(0) =0 in §,

for some p € L2(0,T; H'(Q)), and there exists a constant C > 0 depending only
on ) such that

||UH%2(0,T;H2(Q)N) + [lull 3 O.T:L2(N) = C”F”%"’(Q)N' (2.10)
Furthermore, assume that F € L2(0,T; H2(Q)N)n HY(0,T; L2(Q)N) and satisfies
the following compatibility condition:

Vpr = F(0) on 09,

where pr is any solution of the Neumann boundary-value problem
{ App =V -F(0) inQ,

pr _
= F)-n  on 0.

Then, uw € L2(0,T; H*(Q)N)NH(0,T; H*(Q)N) and there ezists a constant C > 0
depending only on Q such that

2 2
lull 20,7503 )~y + 1@l o, 2000 vy
< C (IF 220,120 + IF I o zic20m)) -

From now on, we set N =3, 7 =2 and j = 1, i.e., we consider a control for the
movement equation in (1.1) (and (1.8)) of the form v = (v1,0,0). The arguments
can be easily adapted to the general case by interchanging the roles of 7 and j.

(2.11)

2.2. Proof of Proposition 1. Let us introduce (w,7,), (z,7.) and v, the solu-
tions of the following systems:

—wy — Aw+Vm, =pg inQ,

V-w=0 in Q,
w =0 on X, (2.12)
w(T) =0 in Q,
—z; — Az +Vm, = —p’go—JVé in Q,
V-z2=0 in Q
) 2.1
z=0 on X, (2.13)
2(T)=0 in £,
and _ _
—Y =AY =pgo+ppes—pY InQ,
=0 on X, (2.14)

O(T)=0 in Q,

where p(t) = e~2°*". Adding (2.12) and (2.13), we see that (w + z, Ty + 75, 0)
solves the same system as (p o, pm, p1p), where (o, 7, 1)) is the solution to (1.9). By
uniqueness of the Cauchy problem we have

PO=wW+ 2z, pT =Ty + 7, andpwziz. (2.15)
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Applying the divergence operator to (2.13) we see that An, = -V - (JV@). We
apply now the operator VA = (01A,02A,03A) to the equations satisfied by z;
and z3. We then have

—(VAz); — A(VAz) =V (alv - (OVO) — A(d0) — p’Agpl) in Q,

o o (2.16)
—(VAz3); — A(VAz) = V (33v (DY) — A(350) — p/Agog) in Q.

To the equations in (2.16), we apply the Carleman inequality in Lemma 2.1 with
u = VAz for k= 1,3 to obtain

> ! //e*zsa%wvmkmxdws//e*zwg\vmkﬁdmdt
S
Q

k=1,3

<C // —250£|V Azy|? dxdt+s—1/2H —sa” 1/8VAZ]€‘

k 1,3

L2(Z)3
0 wo

. 2
_|_871/2 Hefsa (g*)71/4VAZkHH%,%(E)3 +//672sa|p/|2|A(pk|2dxdt

// (3 R+ VTR + 9Pt |, 217)

k,l=1

for every s > C, where C depends also on ||| e (0, 7w (0))-
Now, by Lemma 2.2 with u = Az for k = 1,3 we have

> s // ~2s0e3| Az | 2da dt

k=1,3

<Cc > // “20£ |V Az |2 di 4 53 // “20e3| Az [Pdadt |, (2.18)

k=1,3 0 wo

for every s > C, and by Lemma 2.3 with u = z;, for k =1, 3:

// e 25 ¢V 2y 2 d dt + s° // —2s0e6) 2 |2 da dt
k 1,3

<C ) s // ~250 63| Ay |2 da: dt + s° // “2s0el| 2 Pdadt |, (2.19)

k=1,3 0 oo
for every s > C.

Combining (2.17), (2.18) and (2.19) and considering a nonempty open set wq
such that wyg € w; € w we obtain after some integration by parts
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1 1
f//6728a5|VVAzk|2d$dt+s//efQSaf\VAszdxdt
s

Q

k=1,3 o

+s3 // e 2593 | Ay | da dit+s* // e 2594 V2|2 da dt 455 // e 250 2 Pda dt
Q

<C // T2 P dt + 5 1/2H USVAzk‘
L2(D)3
k 1,3 0 w1
+S—1/2He—sa*(£ ) 1/4VAZk Hll // 29a|p| |A<pk|2d.’1,‘dt
132

// 2o ( S 0837 + VO + [0 dt ) . (220)

kll

for every s > C.
Notice that from the identities in (2.15), the regularity estimate (2.10) for w
and |p'|? < Cs?p*(€)%/* we obtain for k = 1,3

[ e rindsar = [[e0p0 2 a0 Pz di
Q Q

< Os? //672”{9/4\Azk|2dxdt—|—C'52 //67250‘59/4|Aw|2dxdt
Q Q

< 082 // 6_2sa§3|Azk|2dl‘ dt + Ollng%Q(Q)a

where we have also used the fact that s?e~25%¢9/4 is bounded and 1 < C¢%/* in Q.
Now, from z|s, = 0 and the divergence free condition we readily have (notice that
o* and £* do not depend on x)

st // ~2s07 (e9)4 29| 2da dt < C's* // ~2507 ()49, 2o |2dux dt
Q

<Cst // e 25|V 2y |2 + |V 3|?)da dt.
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Using these two last estimates in (2.20), we get

I(s,2) =Y // ~2sa |VVAzk|2dmdt+s// ~250¢ |V Az [2d dt

k=1,3

+s // “250e3 Az |2 da dt + s* // ~250 64| 2|2 der dt
+s // —250 66 Pda dt| + s // ~2s07 (%)} 29| 2da dt

<C // 72sa§7|z ‘ dl’dt+571/2H —sa™ l/SvAzk‘
L2(5)3
k I A
2
—-1/2 —sa” (¢x\—1/4 2
2 e ) mzkHHH(E)J + o812 g

// 250 (S OB + (VO + [d)dwdt |, (221)

kll

for every s > C.

For equation (2.14), we use the classical Carleman inequality for the heat equation
(see for example [6]): there exists X3 > 0 such that for any A > A3 there exists
C(N, Qw1 [|0]| o< (0,73 (02))) > 0 such that

—s// g+ S ORI dt+ o7 // e~20 €|V [2da dt

k,l=1

+s // _26a§5‘w|2d$ dt < C // 25a€2p2 |gO|2 4+ |S03| )d.’L' dt

s // 2502/ 2|2 2 di + 5° / [emeiipasa | 222)

0 wp

for every s > C.

We choose Ag in Proposition 1 (and Proposition 2) to be A\g := max{xo, Xl , /):2, /):3}
and we fix A > Ag.

Combining inequalities (2.21) and (2.22), and taking into account that s2e=25*¢2p?
is bounded, the identities in (2.15), estimate (2.10) for w and |p'| < Cs(£*)%%p
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we have

T
1(5,2) + J(5,9) < C [ o612y + 190220y +5° / / 20065\ 2da dt
0 w1
. 2
4 Z [81/2Hesa (E*)fl/stzk’

k=1,3

X 2
4ogm1/2 Hefsoc (5*)*1/4VAzkH -

H12($)?

L2(%)3

T
+57//672S°‘§7|zk\2d:17dt , (2.23)
0 w1

for every s > C.
It remains to treat the boundary terms of this inequality and to eliminate the
local term in z3.

Estimate of the boundary terms. First, we treat the first boundary term
in (2.23). Notice that, since o* and £* do not depend on z, we can readily get by
integration by parts, for k =1, 3,

. 2
He‘m VAzk‘
L2(Z)3

<C Hsl/Qe—sa*(g*)l/QVAzk‘

8—1/26—3(1* (5*)_1/2VVAZI¢‘

L2(Q)3 L2(Q)3

x 1 « 1
<C s// e 25 §*|VAzk|2dxdt+g//e_2m ?*|VVAzk|2dxdt ,
Q Q

so |le=se VAzk||%2(E)3 is bounded by I(s, z). On the other hand, we can bound the
first boundary term as follows:

2 2

LQ(z)S :

Therefore, the first boundary terms can be absorbed by taking s large enough.

Now we treat the second boundary term in the right-hand side of (2.23). We
will use regularity estimates to prove that z; and z3 multiplied by a certain weight
function are regular enough. First, let us observe that from (2.15) and the regularity
estimate (2.10) for w we readily have

g—1/2 He_sa* (5*)—1/8vAzk‘

< Cs /2 He‘sa*VAzk‘

L2 (2)3

5%~ (€2l s < C (1(5,2) + o9l ps) - (2:24)
We define now
T =575 (&)/82, T, 1= se 5 (€9)Br,.
From (2.13) we see that (Z,7,) is the solution of the Stokes system:

-z —AZ4+V7m,=R; inQ,
V-z2=0 in Q,
z=0 on X,
Z(T)=0 in Q,

(2.25)
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¢

where Ry := ()78 — s (£*)T/8) V0 — (se==" (£*)7/8),z. Taking
into account that lag| < C(&* )9/8, Ip'| < Cs(£¥)%/8 p, (1.6) and (2.24) we have

sa

IR1l32(gye < € (105,2) + J(,%) + logllEz(ape )
)

and therefore, by the regularity estimate (2.10) applied to (2.25), we obtain

1211720711202 (0,7 L2 (023) < C ( (s,2) +J(s,9) + ||P9||%2(Q)3) - (2:26)
Next, let
T .= efsa* (g*)71/42, 7?2 — efsa* (5*)71/47‘_’2
From (2.13), (Z,7.) is the solution of the Stokes system:
-2 —AZ+4+ V7, =Ry inQ,
V.-2=0 in Q,

z=0 on 3,
Z(T)=0 in Q,

(2.27)

where Ry 1= —e 5 (&)~ M4p/p — e—sa*(g*)—l/%vé — (e7*7 (&)~ /4),2. By the
same arguments as before, and thanks to (2.26), we can easily prove that Ry €
L2(0,T; H*(Q)3) N HY(0,T; L*(Q)3) (for the first term in Ra, we use again (2.15)
and (2.26)) and furthermore
IR2\122 (0712 ()2 ) (0,722 (00)2) < C (1(372) + J(s, %) + HPQH%%Q)S) :
By the regularity estimate (2.11) applied to (2.27) (notice that the compatibility
condition in Lemma 2.4 is satisfied since Ry(0) = 0), we have
12132 0.t scmn o,z < € (105,2) +J(5,9) + o gl ) -
In particular, e =5 (¢*)"1/4V Az, € L2(0,T; H'(Q)?) N H*(0,T; H~*(Q)?) for k =
1,3 and
Z e™* 1MVAZkHLZ(o o O (¢ )_1/4VAZ’€”3’11(0,T;H*1(Q)3)
k=1,3

<O (1(s:2) + T(5,9) + llogliz g ) - (2:28)

To end this part, we use a trace inequality to estimate the second boundary term
in the right-hand side of (2.23) (see [13], for instance):

e mzku 1

HI'3(5)3
k=1,3 )

$—1/2 Z {H —sa* 1/4VA ’

k=1,3

L2(0,T;HY(Q)3)
* 1/4 A 2
—sa” (gr)=1/4yy H ]
+ He (&) “k Hl(o,T;Hl(Q)S)]

By taking s large enough in (2.23), the boundary terms
s~1/2 ||e’s"‘£*1/4VAzk||Zl 3 sy can be absorbed by the terms in the left-hand side
4’2

of (2.28).
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Thus, using (2.15) and (2.10) for w in the right-hand side of (2.23), we have for
the moment

T
(s,2) + J(s,0) < C ||pg\|iQ(Q)3+|\pgo||iz@)+s5//e—28a55|i|2dxdt

T T
+S7//6728a57p2|(p1‘2d{£dt+87//6728a£7p2|g03|2d{£dt ,

0 w1 0 w1

for every s > C. Furthermore, notice that using again (2.15), (2.10) for w and (2.26)
we obtain from the previous inequality

// 20 (T4 2 g P dt + T(s, pp) + T (s,9)
T
<C | 109122y + o 90l125(0ps + 5° / / 25| P e dt

T T
+s7//6_2‘s“£7p2|cp1|2da:dt+s7//e_2$af7p2|g03|2da:dt , (2.29)
0 wi 0 wi

for every s > C, where

Ts,p) / [ e apP v+ s / [ e oct Vs
k 1,3

+s // —250e6 2| o [Pda dt | + s // —2sa’ Pl po|*da dt.

Estimate of ¢3. We deal in this part with the last term in the right-hand side
of (2.29). We introduce a function ¢; € C3(w) such that ¢; > 0 and ¢; = 1 in wy,
and using equation (2.14) we have

T T
037//6_25a§7p2|g03|2d$dt§087//C16_25a§7p2|<p3|2dl‘dt
0 w1 0 w
T

e / / Cre=2T p oo (= — AT — pgo + plt6)da dt,
0 w

and we integrate by parts in this last term, in order to estimate it by local integrals
of 1, go and € I(s, p). This approach was already introduced in [5].
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We first integrate by parts in time taking into account that e=25*(0)¢7(0) =

e—2$a(T)€7(T) =0:
T

—087//C16_23a§7p(p31;td$dt

0

—CS //Cle 250§7p903t1/)d$dt+08 //C 26&57 )t (p3¢d$dt
// —2507 (Y42 g Pdz dt + (s, p o)

T
+O0e) |52 / [t g gpazar v 5 [ [ eegt iR ).
0 w 0 w

where we have used that
\(e_2s“£7p)t| < 086—23a£65/8p

and Young’s inequality. Now we integrate by parts in space:

T T
—057//C167250‘§7p<p3A1:/;da: dt = —037//C167250‘§7pAtp37:/;d1: dt
0 w
T T
— 2057 / / V(Cre 2T . pVpshda dt — C' s7 / / A(Cre M) p psipda di
0 w 0 w

T
<el(s,pp)+Cle 12//67250‘512|J|2da§dt,
0 w

where we have used that
v(<16725a€7> S 0867230468 and A(Clef%ozf?) S 6182672504597

and Young’s inequality.
Finally,

T
087//C1e‘23"€7p<p3(—pgo+p’w)dxdt
0 w

T

<o / / e~ p s (lgol + Cs€%/ | de dt

0 w
T T
SERS,p(p)—i-C 88//6—28a§8p2 |go|2dl‘dt+810//6_2sa§41/4|’$|2dl‘dt
0 w 0 w

Setting € = 1/6 and noticing that
ef2sa S 674sa+2sa* in Q7

(see (2.3)) we obtain (2.4) from (2.29). This completes the proof of Proposition 1.
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3. Null controllability of the linear system. Here we are concerned with the
null controllability of the system

Ly+vp:f+(v17070)]lw+963 iDQ,

LO+y -V = fo+ vl n Q,
V.oy=0 inQ, (3.1)
y=0,0= on X,
y(0) =4°, 6(0) = 6° in Q,

where y° € V, 0° € H}(Q), f and f; are in appropriate weighted spaces, the controls
vp and vy are in L?(w x (0,T)) and
Lq=q—Aq.
Before dealing with the null controllability of (3.1), we will deduce a Carleman

inequality with weights not vanishing at ¢ = 0. To this end, let us introduce the
following weight functions:

e2Mnlls _ pAn(z) en(z)
B(x,t) = W, v(z,t) = B
B*(t) = max B(x,t), v*(t) = miny(x, ), (3.2)
e e
B(t) = migﬂ(xvt)a 7(75) = mal(’)/(xvt)a
€N €N

where
ity ={ Mo 0=t =<T/2,
oty T/2<t<T.

Lemma 3.1. Assume N = 3. Let s and X\ be like in Proposition 1 and (p, é)
satisfy (1.5)-(1.6). Then, there exists a constant C > 0 (depending on s, A and 6)
such that every solution (¢, m, 1) of (1.9) satisfies:

// () e+ // S (Pl e+ (0 + 19O o

T
Jf e P +loPrizar+ [ [ 27955710 P i
Q 0 w

T

- / / e 4sB=sB 29/ 4 200 gt | . (3.3)

0 w
Let us also state this result for N = 2.

Lemma 3.2. Assume N = 2. Let s and X\ be like in Proposition 2 and (p,0)
satisfy (1.5)-(1.6). Then, there exists a constant C > 0 (depending on s, A and 6)
such that every solution (o, m, 1) of (1.9) satisfies:

Jf e amytiopdzdrs [[ e (7P upPdndis 1o 0) 22 +H19O) 22
Q Q

T
<c //67355*(|g|2+\gOP)dde//e*4sﬁfsﬁ*a49/4|¢|2dxdt  (34)
Q 0 w
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Proof of Lemma 3.1: We start by an a priori estimate for system (1.9). To do this,
we introduce a function v € C1([0, T]) such that
v=1in[0,7/2],v=01in [37/4,T).
We easily see that (v, v, vi)) satisfies
(o) — Awp) + V(vm) =vg— ()VE— vy inQ,

—(v)e — A(wy) =vgo+ves — vy n Q,
v ( )_0 inQv
(vp) =0, (vyp) =0 on X,
(vo)(T) =0, (v)(T) = in 0

thus we have the energy estimate
||V<P||%2(0,T;V) + ||V<P||2Loo(o,T;H) + ||V¢||2L2(0,T;H1(Q)) + ||V¢||2Loo(o,T;L2(Q))
< C(llvglliz gy + IV ell72 (g + Ivgollizcq) + 1V Y172 q))-
Using the properties of the function v, we readily obtain
el 20,7221y + 19O Z 2098 + 1911720, 7/2:22(0) + (01720
<C (||g||2L2(0,3T/4;L2(Q)3) + ||90H%2(T/2,3T/4;L2(Q)3)
+||90||2L2(0,3T/4;L2(Q)) + ||1/’H2L2(T/2,3T/4;L2(Q))) .
From this last inequality, and the fact that
e 38" > >0,Vte0,37/4] and e~ () > C > 0, Vt € [T/2,3T/4]

we have
T/2 T/2
// —os87( |cp|2dxdt+// =987 (*) 3|y 2d dt
3T /4
+le(0)]7 + [9(0)[[ 720y < C e (|g* + |go|*)da dt
¥ L2(Q)3 L2(Q) g 9o
0o Q
3T /4 3T/4
+ / /e—5sa*(g*)4|<p|2dxdt+//e—5sa*(g*)5|¢|2dxdt . (3.5)
T/2 Q T/2 Q

Note that the last two terms in (3.5) are bounded by the left-hand side of the
Carleman inequality (2.4). Since o = 8 in Q x (T'/2,T), we have:

// =587 (4 )4 dxdt+// =587 (y*) P2 du dt

T/2 Q T/2 Q
// —0saT (e | |2 da dt + // =53 (e4Y0 4|2 da dt
T/2 Q T/2 Q

< é [ e @i+ é [ o @tz
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Combining this with the Carleman inequality (2.4), we deduce
/ / () | P dt + / / “ ()P | d it
T/2 Q T/2 Q
T
<C // “5 (gl + |gol ) der dt +//e*283*38a*(§)7|¢1|2dx dt
0 w
T
+//e—4s&—sa*(g)49/4|w|2dxdt
0 w
Since
6—33,6’*’6—285—33,6*;7\7,6—23[?—386*37’6—433—86*349/4 >0 > 0, vt e [O,T/Q],
we can readily get
T T
//e_5sﬁ*(7*)4|cp|2dxdt+ / /6_585*(7*)5|¢|2d5’3dt
T/2 Q T/2 Q
// =357 (1g|? + |go|?)de dt +// ~258-358"57| | 12z dit
T
+ //e 435—36*;7\49/4|w|2dm dt ,
0 w
which, together with (3.5), yields (3.3). O

Now we will prove the null controllability of (3.1). Actually, we will prove the

existence of a solution for this problem in an appropriate weighted space. Let us
introduce the space

E= { (yapa U1, 07 UO) : 63/286* Y, esg+3/286*7y\_7/2 (U17 07 O)ﬂw S LQ(Q)?)’
03/258" 0, e2s,§+1/256*,’y\—49/8 vl € LQ(Q),
e3/2587 (y) =98y € L2(0,T; H*(Q)?) N L®(0,T; V),

“)79/%9 € L2(0,T; HA(Q)) N L=(0, T; HA(Q),

eB/QsB (
€5/258" (4*)=2(Ly + Vp — Bes — (v1,0,0)1,,) € L2(Q)3,
B2 () PA(LG +y - VO — v ly) € LA(Q) ).
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It is clear that F is a Banach space for the following norm:

”63/23[3* sﬂ+3/2sﬁ*ﬁf7/2 Ul]]-wH%ﬁ(Q)

| (y, p,v1,0,v0) & = ( yllZ2g) + lle
+||e3/255* 9||2L2(Q) + ‘|625§+1/255*,’7\—49/8 Uo]le%z(Q)
€225 () Syl o ey + 162 () Byl 0.y
€225 () I 01 o ey T 1€ 2 () 00 e 0 oy
+1e3/255" (v*)~2(Ly + Vp — ez — (v1,0, 0) L1320
+[|e5/258" (4*)=5/2(LO + y - VO — vo]lw)\|§2(@)1 ’

*

Remark 5. Observe in particular that (y,p,v1,60,v9) € E implies y(T) = 0
and 6(T) = 0 in Q. Moreover, the functions belonging to this space possess the
interesting following property:

P () 2y - V)y € LA(Q)P and /27 (v7)72y - v € L(Q).
Proposition 3. Assume N =3, (p,0) satisfies (1.5)-(1.6) and
y’ € V. 0o € Hy(Q), /7 (v)2f € LX(Q)? and e¥/>7 (v*) 752 fy € L*(Q).

Then, we can find controls v1 and vy such that the associated solution (y,p,0)
to (3.1) satisfies (y,p,v1,0,v0) € E. In particular, y(T) =0 and 6(T) = 0.

Sketch of the proof: The proof of this proposition is very similar to the one of
Proposition 2 in [9] (see also Proposition 2 in [4] and Proposition 3.3 in [2]), so we
will just give the main ideas.

Following the arguments in [6] and [10], we introduce the space

Py={(x,0,6) €C*Q)°:V-x=0,x=00n %, k=0o0n X}
and we consider the following variational problem: find (X, 7, %) € Py such that
a((X,0,8), (x,0,k)) = (G, (x,0,k)) Y(x,0,k) € Py, (3.6)

where we have used the notations
a((X,0,8), (x,0,kK)) = // e 39 (L*Y + V6 +’V0) - (L*x + Vo + kV0) dx dt
Q
T
+ / / e3P (L*R — X3)(L*k — x3) da dt + / / e 2B=38° 3T %) 1 da dt
0 w

T
+//6_483_5’8*§49/4Emdxdt7
0 w

(G,(X,a,f-s:»://f-dedt+//f0/<dxdt+/y0-X(O)dx+/00/f(0)dx
Q Q Q Q

and L* is the adjoint operator of L, i.e.

L*q=—q — Aq.

It is clear that a(-,-,:) : Py X Py — R is a symmetric, definite positive bi-
linear form on Py. We denote by P the completion of Py for the norm induced
by a(-,-,-). Then a(-,-,-) is well-defined, continuous and again definite posi-

tive on P. Furthermore, in view of the Carleman estimate (3.3), the linear form
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(x,0,k) — (G, (x,0,k)) is well-defined and continuous on P. Hence, from Lax-

Milgram’s lemma, we deduce that the variational problem
a((X,0, %), (x,0,K)) = (G, (X, 0,K))
Y(x,0,k) € P, (X,0,K) € P,

possesses exactly one solution (¥, 7, k).
Let ¥, v1, 6 and 7y be given by

@\: —335*(L*Q+v3+gvé), in Q,
o = —2s3—358" X1, inw x (0,7),
0= 6_385 (L*K — X3), in Q,
{}\0 — _6—435—35*:)749/4 7{\7 in w X (O,T)

Then, it is readily seen that they satisfy

T
//e3sﬁ*|g|2dxdt+//63813*|§|2dxdt+//e%m?’sﬁ*a—ﬂaﬂ?dmdt
Q Q 0 w

T

b [ [ A S O G e = a((2.5.R), (R.,0) <+

0 w

and also that (g, é\) is, together with some pressure p, the weak solution of the

system (3.1) for v; = 77 and vy = .
It only remains to check that

e3/258” () =9/85 ¢ 12(0,T; H2()®) N L=(0, T}

and

V)

32587 (y*) 7989 ¢ L2(0,T; H2(2)) N L>(0,T; HL(R))

To this end, we define the functions

y* — 63/2sﬁ* (,_)/*)

fr= P ()T (f 4 (01,0,0)1y) and f5 = ¥ ()78 (fo + Do L)

Then (y*,p*, 6*) satisfies
Ly* + vp* — f* 4 9* es + (63/256* (,y*)fg/S)t@\

Lo* + y* . vé _ f6< + (63/236* (7*)—9/8%@\
V.-y*=0
y* = 0,0 =0

7 (0) = e¥/257 O (0) =005y,
9*( ): 63/25[3 (0) ( *(O)) 9/890’

From the fact that f* + (e 3/2sp" (v*)~
L?(Q), y° € V and §° € H}(Q), we have indeed
)

—-9/8 {U\, p* — 63/25[3* (7*)79/8]/5’ 0 = e3/2sﬁ* (7*)79/80

in Q,
in Q,
in @Q,

on X,

in €,
in Q.

%), 5 € LA(Q), f§ + (€328 (v*)9/%),0 ¢

y* € L*(0,T; H*(Q)*) N L>(0,T;V) and 6* € L*(0,T; H*(Q)) N L>=(0,T; Hy(2))

(see (2.10)). This ends the sketch of the proof of Proposition 3.

O
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4. Proof of Theorem 1.1. In this section we give the proof of Theorem 1.1 using
similar arguments to those in [10] (see also [4], [5], [9] and [2]). The result of null
controllability for the linear system (3.1) given by Proposition 3 will allow us to
apply an inverse mapping theorem. Namely, we will use the following theorem
(see [1]).

Theorem 4.1. Let By and Bs be two Banach spaces and let A : By — B satisfy
A€ Cl(Bl;BQ). Assume that by € B, A(bl) = by and that A/(bl) : B — B
is surjective. Then, there exists 6 > 0 such that, for every b € Bs satisfying
16" — ball B, <6, there exists a solution of the equation

A®d) =V, beD.

Let us set
y=9,p=p+pandf=0+6.
Using (1.1) and (1.5) we obtain

G- AT+ G- Vi+Vp=0vl,+0ey inQ,

0, — AO+7-VO+7-V0 =L, in Q,
V-5=0 in Q, (4.1)
7=0,0=0 on ¥,
7(0) =40, 6(0) = 6° — g0 in Q.

Thus, we have reduced our problem to the local null controllability of the nonlinear
system (4.1).
We apply Theorem 4.1 setting

B =E,

By = L(e*/2F" (") 72(0,T); L*(Q)*) <V x L2 (727" () 72/2(0, T); L*(2)) x Hg ()
and the operator
A(gvii VU1, 5& UO) = (L§+ (?j V)ZIFJ“F vﬁ_ 563 - (’U1,070)]1w, §(0)7
LO+7-VO+7-V0—ul,, 6(0))
for (v, p, vl,bv, vg) € E.
In order to apply Theorem 4.1, it remains to check that the operator A is of class

C1(By; By). Indeed, notice that all the terms in A are linear, except for (7 - V)y
and 3 - V6. We will prove that the bilinear operator

((y*,p' 1, 0% 08), (%, 02,01, 6%, 03)) — (y* - V)y?

is continuous from By x By to L?(e%/2*F" (v*)=2(0,T); L*(Q)?). To do this, notice
that

¢35 ()T By € LP(0, T HA(Q)*) N L=(0, T3 V)
for any (y,p,v1,0,v0) € By, so we have
¥ () TPy € L2(0,T; L¥(Q)%)

and
V(25 (7)) € 20, T5 X(©)°).
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Consequently, we obtain
172577 () 2 (5" - V)9 |l 12y
< C||(¥2557 () Byt )32 () 7B 42| L e
< C”e?)/ZSB (7*)_9/82/1HL2(O,T;L°°(Q)3) ”63/25/3 (7*)_9/8y2||LN(O,T;V)~
In the same way, we can prove that the bilinear operator
((y",p" o1, 0%, 00), (v%, 07, 01, 0%,08)) = o' - V6

is continuous from By x By to L?(e%/255" (4*)=5/2(0,T); L?(Q)) just by taking into
account that

e (v4) 7080 € L(0, T Hy (1)),
for any (y,p,v1,6,v9) € By.

Notice that A’(0,0,0,0,0) : By — By is given by
A/(Oa 07 07 07 0)(gaﬁ7 U1, ’é/? UO) = (Lg+ vﬁ_ 563 - (Ulv Oa O)HUM g(o)’
LO+7- V0 —vl,, 6(0)),

for all (¥, p, vl,g, vg) € Bi, so this functional is surjective in view of the null con-
trollability result for the linear system (3.1) given by Proposition 3.

We are now able to apply Theorem 4.1 for b; = (0,0,0,0,0) and by = (0,0,0,0).
In particular, this gives the existence of a positive number § > 0 such that, if

[5(0),0(0)[lv x z3 () < 9, then we can find controls v1 and v such that the associ-

ated solution (7,5, 0) to (4.1) satisfies 7(T) = 0 and 6(T) = 0 in €.
This concludes the proof of Theorem 1.1.
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