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1. Introduction

Let T >0, L > 0 and @ := (0,T) x (0,L). We consider the following linear Korteweg—de Vries (KdV)
equation:

Yt + €Yzaz — My, =0 in Q,
y\z:() = Yo, yw|g;:L = V1, y$$|z:L = V2 in (07T)a (11)
Yit=0 = Yo in (O7L)7

where ¢ > 0 is the dispersion coefficient, M € R is the transport coefficient, yo € L?(0, L) is the initial
condition and vy, v; and vy stand for the controls.

The control of the KdV equation has captured the attention of several researchers over the last twenty
years. Most results are related to the boundary conditions

Yjz=0 = U0, Ylz=L = U1, Yz|g= = U2- (12)
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We refer to the recent survey [2] for a complete compendium of controllability and stabilization results for
(1.2). See also [17,19,18,3,13].

For the boundary conditions in (1.1), introduced by T. Colin and J.-M. Ghidaglia in [6,5], the first
controllability result is found in [14], where the null controllability is proved with M = —1 and v; = vy = 0.
In [4], the authors proved exact controllability results for the remaining cases of active controls.

We are interested in the uniform null controllability of (1.1). More precisely, we ask if, given an initial
condition yo and a time T > 0, is it possible to drive the solution of (1.1) to the rest at ¢ = T' with controls
uniformly bounded with respect to € as € — 07

For boundary conditions (1.2), positive results are proved for the case of vanishing diffusion (uy., with
small g > 0) [7] and vanishing dispersion [11,12] for large control times 7. For (1.1), this question has a
negative answer in the case v; = vo = 0. Indeed, in [1], we proved that there exist initial conditions such
that the L?-norm of any control vy driving the solution of (1.1) to zero is exponentially increasing as & goes
to zero. Furthermore, this holds for any 7" > 0.

This paper is a continuation of [1]. We are interested in investigating the uniform null controllability in
two cases:

e Case 1: v; =0.
e Case 2: vg = 0.

Indeed, we are able to obtain uniform null controllability of (1.1) as long as we control with v the
boundary condition y,,|,—r, and the initial condition yo € L?(0, L) satisfies, for some Lo € (0, L),

Yo =0 in (Lo, L). (1.3)
The result corresponding to the first case is the following.

Theorem 1.1. Let L,e, M > 0, Ly € (0,L) and set vi = 0. There exists K > 1, independent of € and M,
such that for every T > K/M and every yo € L%(0, L) satisfying (1.3), there are controls v§ and v§ belonging
to L*(0,T) such that yju—r =0 in (0,L) and

_ CM/2
o6 + 1510 < Cex (= S JnlEsco (1.4

where the constant C' depends at most polynomially on e=', e, M~ and M, and C only depends on L
and Lg.

A direct consequence of Theorem 1.1 is that the cost of null controllability is uniformly bounded with
respect to €. Furthermore, it goes to zero as e vanishes. Indeed, we define this cost as

Cp:= sup min HUSH%Q(O’T) + HUSHQLQ((LT)
yo€L?(0,L) v5-v5EL(0,T) HyO‘liz(O,L)
(1.3),y07#0 Yjt=7=0

(1.5)

Notice that Cf§ is the best constant such that (1.4) holds (see, for instance, [8]). With this notation, we
deduce from Theorem 1.1 the following result.

Corollary 1.2. Let L, M >0, Lo € (0,L) and T > 0 as in Theorem 1.1. Then,

lim C§ = 0.

e—0
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Some remarks are in order. Notice that in [1], it is shown that, when only vy is acting, the cost explodes
as € — 0, even if T is arbitrarily large. Although that result is proved for a larger class of initial conditions,
Corollary 1.2 says that the controls can be uniformly bounded with respect to ¢ if a control on y,,|,—r, is
permitted.

Concerning the second case, we are able to prove the following

Theorem 1.3. Let L,e, M > 0, Ly € (0,L) and set vg = 0. There exist C > 0 and K > 1, both independent
of € and M such that for every T > K/M and every yo € L*(0, L) satisfying (1.3), there are controls v§
and v§ belonging to L*(0,T) such that yj,—r = 0 in (0,L) and

CM1/2
HUTHQL"‘(O,T) + HU§||2L2(0,T) < CM exp < - W) ||yo||%2(o,L)~ (1.6)

Similarly as before, the cost of null controllability in this case is defined as

10Tl 20,7 + V51172017

Cf:= sup min
2(0,L) viwsEL? llyoll3
yo€L2(0,L) Vi v3€L(0,T) Yollzz(o,r)
(1.3),y0£0  Yie=7=0

and we deduce from (1.6) the following asymptotic behavior.
Corollary 1.4. Let L, M >0, Lo € (0,L) and T > 0 as in Theorem 1.3. Then,

lim Cf = 0.
e—0

From [12], it is not hard to convince ourselves that controlling from the left extreme of the interval (0, L)
is not so different than controlling from the right when using (1.2). In fact, the uniform null controllability
result proved in [12, Theorem 1.1] will hold if u; and ug are active in (1.2) and up = 0 (see also [7], where
the same happens for vanishing diffusion). For the boundary conditions in (1.1), we see from Corollary 1.4
that the behavior of the cost when we control from the right-end of (0, L) is dramatically different than
controlling from the left (see [1, Corollary 1.4]).

It comes natural to ask if the results of Theorems 1.1 and 1.3 would hold if v = 0, but vy and v, are
active. The approach followed in this article does not allow us to give a positive nor negative answer to this
question. However, given that what enables to obtain these results is to use vy, and in view of the negative
result from [1], we conjecture that the cost in this case cannot be uniformly bounded. Furthermore, it should
explode as the dispersion coefficient vanishes. This case remains, for the time being, an open problem.

To prove Theorems 1.1 and 1.3, we follow the ideas of [7,12]. It consists in two main steps. First, we
prove an observability inequality for the solutions of the adjoint equation (see (3.1) below). This is obtained
by means of Carleman estimates. Second, we prove an exponential dissipation estimate that holds for
large times. From the results in [1], an estimate like the one proved in [12] cannot hold. Nevertheless, the
fact that we allow vy to act on the equation helps to obtain a different kind of dissipation estimate that
allows to counteract the constant coming from the Carleman estimate for large times (see Section 3 for
details).

This work is organized as follows. In Section 2, we justify the existence and uniqueness of solutions.
Then, in Section 3 we prove a new exponential dissipation estimate for the solutions of the adjoint equation
of (1.1). The proofs of Theorems 1.1 and 1.3 can be found in Sections 4 and 5, respectively. Finally, in
Appendix A, we prove a new Carleman estimate for KdV.
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2. On the existence and uniqueness of solutions of (1.1)

The well-posedness of the KdV equation has been the object of several works. Most results are related
for the non-linear version

For well-posedness results concerning the boundary conditions in (1.1), we refer to [15] and the references
therein.

A common strategy to prove existence is by means of continuous semi-groups which requires the linear
operator of the equation to be dissipative. Notice that this is not the case for (1.1) when M > 0. It is not
our intention here to give sharp regularity, but to justify the existence and uniqueness of solutions of (1.1)
in this case.

Proposition 2.1. Let e, T, M > 0, vg,v1,v2 € L?(0,T) and yo € L?*(0, L). Then, there exists a unique solution
y € L*(0,T; H=2(0, L)) N C°([0, T]; H~>(0, L)) of (1.1).

Proof. We start by lifting the boundary conditions. Let € and M be arbitrary positive constants. We consider
the function

t (L —x)? : / (2L — ) /

2(t, ) :/y(s,x)ds— T/vo(s)ds—x/vl(s)ds—l—f/vg(s)ds

0 0 0 0

where y is supposed to satisfy (1.1) with vg,v1,vo € L?(0,T). It is clear then that z satisfies the equation

Zt+52www_MZw:f in Q7
Z|z:0 = 07 Zz|a::L = 07 wa\a::L =0 in (03T>7 (21)
Z|t:0 =0 in (0, L),

with

+ M [ vi(s)ds — M(L —z) [ va(s)ds+ yo.
/ /

Then, if we prove the existence (and uniqueness) of solution z of (2.1), we would have proved the existence
(and uniqueness) of a solution of (1.1) by simply defining

(L —a)*
L3

z(2L — )

y(t,x) = 2z (t, ) + 5

vo(t) + zvy(t) — va(t). (2.3)

The following lemma was proved in [1].

Lemma 2.2. Let &,T,M > 0 and f € L*(Q). Then, there exists a unique solution z of (2.1) which belongs
to L2(0,T; H*(0, L)) N L>(0,T; L?(0, L)).

Remark 2.3. The notion of solution in Lemma 2.2 is the one from [17], that is, z verifies equation (2.1) in
D'(0,T; H=?). The same notion of (mild or weak) solution is considered for equation (1.1).



926 N. Carrenio, S. Guerrero / J. Math. Anal. Appl. 457 (2018) 922-943

Since f defined in (2.2) clearly belongs to L?(Q), the existence and uniqueness of z solution of
(2.1) is ensured from Lemma 2.2. Now, using the equation satisfied by z and (2.3), we deduce that
y € L2(0,T; H=2)N HY(0,T; H~°) satisfies (1.1) (in the sense of Remark 2.3). This concludes the proof of
Proposition 2.1. O

3. An exponential dissipation estimate

This section is devoted to the proof of an exponential dissipation estimate for the solutions of the adjoint
equation of (1.1)

— Pt — EPrar + M@z =0 in Q,
Pla=0 = 0, Pa|z=0 = 0, (E@xm - M‘ﬂ)\z:L =0 in (OvT)v (31)
Plt=T = LT in (07 L)7

with o € L2(0,L). In [12], it was proven that for the boundary conditions
Pr=0 = Pr|lz=0 = Pla=L = 0 in (0’ T)

an estimate of the kind ([12, Proposition 3.2])

L

C(M, L
/|<P|t=t1|2dw§exp( ( )/Isot 1| da
0

holds as soon as ty —t; > L/M. Normally, one would expect that the solutions of (3.1) verify the same type

of inequality, but this would imply an uniform null controllability result (for large times) with v1 = vs =0
n (1.1). This would contradict [1, Theorem 1.2].

Nevertheless, we are able to prove a new kind of dissipation estimate which is stated in the following
proposition.

Proposition 3.1. Let ¢, M > 0 and Lo € (0, L). For every pair (t1,t2) € (0,T)? such that to —t; > L/M and
for every o1 € L*(0, L), the solution ¢ of (3.1) satisfies

Lo L

2(L — Lo)Y?(M(ty — t1)
/|¢|t=t1|2dx§exp< ( o) MLt 12 )/I%:de
0 0

3\/751/2(t2 — tl 1/

2L — Lo)3/? /
+Mexp< VT2 (ty — t1)1/2 |P)a= LI dt. (3.2)

Proof. We follow the steps used in [12] (see also [1]). Let p(t, z) := M (T —t) — . We multiply the equation
by exp(rp)p, r > 0, and integrate in (0, L). After integration by parts, and taking into account the boundary
condition in (3.1), we obtain

L

L L

1d ers 3er €

T /erp|80\2dx -5 /erp\<P|2de+ -5 /€Tp|</?m|2d=’f + ierplm:L“P:clsz‘Q
0 0 0

M er?
— EGTP‘I:L“OLT:L‘Z + 7e?"m;.::L|(p|m:L|2 + ETCTPlI:L(pr'|I:L<p‘.'E:L' (33)
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Let us estimate the last two terms in the right-hand side of (3.3). On the one hand, using Cauchy—

Schwarz’s inequality, we have that

TPlz=L € TPlz=L 2 er’ TPlz=L 2
ere’ =t Qpamr Plo=r, < 5T [ Qala=t [T + e =i [

On the other hand, since ¢|,—¢ = 0,

L L
57,267"P|m:L‘Q0‘$:L|2 —er 2eTPlz= L/ |30| Ldr = 267’26Tp“1:L /cpmcpd:r.
0 0

Notice that exp(rp) reaches its minimum at x = L. Therefore, by Cauchy—Schwarz’s inequality we get

L L
3 2¢er3
67,,267“/)\3:=L|¢|I:L|2 < %/emwle dm_,'_%/erpkppdx.
0 0

Going back to (3.3), we obtain

L L
a4 / ol dn =TT [ lpPar < eetipasl
0
From this inequality, we deduce
L
_%<6—7/36r3(T—t)/erp(p|2 dx) < Me—?/BsTB(T—t)erp‘l,:L|<p|z:L‘2
0
and integrating between t; and ¢y yields
L L
e—?/SETS(T—tl) /eTp‘t:tl |<P|t:t1|2 dr < 6—7/367"3(T—t2) /erp‘f:f2|<p|t:t2|2d$
0 0

ta
+M / e TR Tt Pt 2dt. (3.4)

t1
Since
exp (rp‘t:tg) < exp (rp(tQ,O)) in (0, L)
and
exp (—7/3er®(T —t)) exp (rpju=r) < exp (= 7/3er®(T — t2)) exp (rp(t1, L)) in (t1,t2) x (0, L),
we get in (3.4) the estimate

L

ta
/67TI|<P|t:t1|2 dr < e7/3gr3(t2—1‘,1)e—rM(tQ—tl)/|80|t:t2|2 dx+M€7/3gr3(t27t1)6—7~L/|w|w:L|2 dt. (3.5)
0 0
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We observe in (3.5) that, to have any hope to choose r > 0 such that the argument in the exponential
is negative, we need to truncate the integral in the left-hand side so that the term exp(—rL) does not
completely disappear. Thus, for any Ly € (0, L), we get

0 L 2
/|¢|t:t1|2 dz < e7/35r3(t2—t1)e—r(M(tg—tl)—Lo)/|w|t:t2|2 dx+Me7/35r3(t2—t1)e—r(L—Lo)/|¢|I:L|2 e

(3.6)
The objective now is to choose r > 0 appropriately. We first remark that
7 3 : VB(M(ty — t1) — Lo)/?
—er®(tyg —t1) —r(M(ta —t1) — Lg) <0 if0<r<
3 ( 2 1) ( ( 2 1) 0) \/?&_1/2(1;2 _ t1)1/2
and
7 4 , V3(L — Lo)'/?
—er®(ty—t1) —r(L—Lo) <0 if0<r< .
3 ( 2 1) ( 0) \/781/2(t2 _ t1)1/2
Thus, r > 0 needs to be chosen to satisfy
. {\/E(M(tz —t1) — Lo)V/? /3(L — Lo)*/? } V3(L — Lo)'/?
7 < min , = .
ﬁ&l/z(tg—t1)1/2 \/751/2(152 _t1)1/2 \/781/2(t2—t1)1/2
The last equality holds since L < M (to —t1). Let
(L —Lp)'?
- \/751/2@2 _ 251)1/2'
With this choice of 7 in (3.6) we obtain
7 (L~ Loy = 3(L — L) 2(M(ts ~ 1) ~ L)
— — — to —t1) —
. [Pdz < ex ( 0 0 z 1 0)/ [P dx
/|80|t_t1| = €xp 3\/761/2(1?2 _ t1)1/2 |80|t_t2|
+Me 2(L — Lo)*” /| |2 dt.
Xp 3\/_61/2 t2 —t 1/2 Solac L

Using again that L < M (t2 — 1) to estimate the first exponential, we finally deduce (3.2). O
4. Proof of Theorem 1.1

It is well known that the null controllability result stated in Theorem 1.1 is equivalent to the observability
inequality (see [16])

le1e=0llZ2(0.L4) < Cobs (|0aaia=0llT20.1y + 1P1e=LZ2(0.7)) (4.1)

where ¢ is the solution of (3.1) and Cyps > 0 is a constant independent of . We prove (4.1) by means of a
Carleman estimate (proved in [1]) and the exponential dissipation estimate proved in Proposition 3.1.
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Carleman estimates have been largely used since the celebrated work [10]. Indeed, they are a powerful
tool to prove observability for parabolic ([9,7]) and dispersive ([17,11]) equations.
Let us introduce the weight function

t1) = srp s () € (0.1) % (0. L),

where p(x) is a polynomial of degree 2, strictly positive, increasing and concave. We have the following
result.

Lemma 4.1. (/1, Proposition 3.2]) Let T,e > 0 and M € R\ {0}. There exists a positive constant C
independent of T, € and M such that, for any solution ¢ of (3.1), we have

// et (9], _olpl? + saf, _olul? + saumolieal?) dudt
Q

T
< Cexp (C|M|1/2671/2)55 / 672sa‘m:oaa:0|¢mlx=0|2 d¢ (4.2)
0

forall s > C(T+e2TY2 4+ |M|*/2=1/2T) and C depends at most polynomially on ™', e, |M|™* and |M]|.

Now we are in position to prove (4.1). From Lemma 4.1, fixing s = C(T + e~ Y/2TY2 + M'/2¢=1/2T)
(recall that M > 0), we obtain

3T/4 L

c (1
/ /W dz dt < cexp< (T1/2 +M1/2>> /mm of2 dt. (4.3)

T/4 0

Now, we take t; = 0 in Proposition 3.1 and integrate with respect to to = ¢ between T'/4 and 37'/4 in
(3.2), provided that T' > 4L/M. This way, we have

Lo 3T/4 ( )1/2
2 L—-L Mt — Ly)
2 0 0 2

[l < 2 [ (- 2L 00 )/m drdt

0 T/4
3T/4 ( 3/

oM 2(L — L) )

T/4

Since in (7'/4,3T/4) it is verified that

o [ 2L = Lo)A(ME—Lo)\ _ (L= Lo)/*(MT — 4Ly)
P 3VTel/2t1/2 = &P 3/7el/2T1/2

and

2(L — Lg)3/? 4(L — Lo)3/?
exp| ———F—F | {exp| - ————F—— |,
3V/Tel/2¢1/2 3v/21el/271/2

we obtain from (4.4)
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Lo
(L LO 3/2
/|¢|t—o|2dx§MeXP( 32T/ |80|x LI dt
0
3T/4 L,

2 (L — Lo)Y?(MT — 4Ly) )
+ T €XP (— 32T / /|<p| da dt (4.5)

T/4 0

for every T' > 4L/M. Going back to (4.3) we find that

Lo

AL — L)
[lonol?an < drep (- S / CRY
0

+

(4.6)

_ T
C C(1+ MY2TY?) — (3y/7)" (L — Lo)"/>(MT — 4Lo) )
TQXP |‘Pzr\z ol dt

cl/271/2

Notice that at this point, observability inequality (4.1) is proved and therefore the existence of two controls
v, v5 € L*(0,T) driving the solution y of (1.1) to zero at time 7.

Let us now deduce (1.4). From (4.6), it suffices to consider T' = K/M for K > 0 sufficiently large to
obtain (1.4). This concludes the proof of Theorem 1.1.

5. Proof of Theorem 1.3

The proof of Theorem 1.3 follows the same strategy of Theorem 1.1, that is, we prove the observability
inequality

||90\t:0||%2(O,L0) < Cobs(||<ﬁz|z:L||2Lz(o,T) + ||<P\a;:L||2L2(o,T))- (5.1)

In this case, a new Carleman inequality is needed, one with observation terms as in (5.1). To accomplish
this, we need to consider the weight function

where ¢(z) is a polynomial of degree 2, strictly positive, decreasing and concave. We further assume that g
satisfies
2(L) > q(0). (5.3)

a®

(Take, for instance, q(x) = —Fz — ¥ + 6.) Let us state the new Carleman inequality.

Proposition 5.1. Let T,e > 0 and M € R\ {0}. There exists a positive constant C' independent of T, € and
M such that, for any solution ¢ of (3.1), we have

T
e G P e e A
Q 0

T

+Cs°(1+ MT?) /e $2Bje=r—Pla= O)ﬁ‘ |90m\z:L|2 de (5.4)
0

for all s > C(T + e~ Y/2T/2 4 |M|*/2e=1/2T).
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Notice that, unlike the Carleman estimate proved in [14], (5.4) holds for the optimal power of ¢(T — )
for the KdV equation, which is crucial to obtain (1.6). Furthermore, let us recall that in [1] a change of
unknowns is considered to deal with the boundary condition @ z|,—1 — M @|,—r = 0 and prove (4.2). This
is indeed the obstruction found in [14]. Here, we are able to deal with this boundary condition by slightly
changing the weights of the observation terms.

The details of the proof of Proposition 5.1 is in Appendix A.

The proof of the observability inequality (5.1), and in consequence of Theorem 1.3, is actually analogous

o (5.1). However, we sketch it to clarify the dependence on the parameters in (1.6).

From Proposition 5.1, fixing s = C(T 4 &~ /272 + M1/2€_1/2T)7 we obtain

3T/4 L

C 1
/ /|<,0|2 dxdt<Cexp( <T1/2+M1/2>>/|gp|x o> dt

T/4 0

C(1+MT)eXp( ¢ <T1/2 1”))/%@ L2dt. (5.5)

We combine (5.5) with (4.5). This gives, for every T' > 4L /M,

Lo L L 3/2

0
/Iso|t_02dx§Mexp( 3 ﬁsl/QTm)/Mz L2 dt
0

T
C C(1+4 MY2TY2) — (3y/T) "N (L — Lo)"/2(MT — 4Ly) )
+ 7 P ( c1/2T1/2 ) /|<P|a: p|7dt
T
1 C(1+ MYV2TY2) — (3/T)" YL — Lo)/?(MT — 4Lo) )
—i—C(T—kM)exp( 12712 >/|gom|x Ll7dt.

It suffices now to take T'= K /M, with K > 0 large enough to obtain (1.6).
Acknowledgments

This work has been financed by FONDECYT 3150089 (N. Carrefio), and MathAmSud COSIP
14MATH-03.

Appendix A. Proof of Proposition 5.1
Let us start by noticing that from (5.2) we have
Co<TB, CoB < -0, <C18, CoB < —Lex <C15, (A1)
and
1Be] + |Bat] + |Baat| < CLTB%,  |Bul < C1T?B°, (A.2)

for every (t,x) € @ and for some positive constants Cy and Cy that do not depend on T'. As in [11] and [12]
we define ¢ := e~*#. From (3.1) we obtain
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L1y + Loy = L3,

where

Lt = etgug + 1y + 325220y — Miby,
L2'(/} = (633/62 + Sﬂt - Msﬁac)'(/} + 358@01% + 3€5ﬂw'(/)a:w

and

st = _35826Iﬂwww'

Notice that

1Z)|9c=0 =0 (AS)
Taking the L?-norm we have
IL1l1 720y + L2972y + 2(L1%, Lat)r2(q) = ILs®72(q)- (A.5)

In what follows we compute the L2-product. Then, we come back to the original variable ¢. This procedure
is actually quite standard. The boundary condition at = L in (3.1) leaves a boundary term that cannot
be trivially estimated. The main novelty here is the estimation of the remaining boundary term (see (A.16)
below) without the necessity of changing the power of ¢(T' — t) in (5.2) as in [14, Proposition 3]. Let us
denote by (L;3); the j-th term of L;3p. We have divided the rest of the proof in four main steps.

Step 1. Computation of the L?-product.

Step 1.1. Computing ((L1v)1, L2%)12(q)-

e Let us integrate by parts twice in space the first term:

((Llw)h (LQw)l)L2(Q) = 7%8 //(63352 —+ Sﬂt - Msﬂr)amW)EF da dt
Q

—€ //(3683/83%/83&8 + 884t — Msﬁxa:)¢1r/)x3c dx dt

Q
T
te /(583ﬁ2 + sﬁt - MSﬁz)\x:Lwhc:L'wzmmzL dt
0

= ge //(3683ﬁ§5m + 58zt — Msﬂxx)lw;zF dzdt
Q

N | =

T
5/(58362 + Sﬁt - MSBz)\x:LW}Mz:LF de
0

T
1
—35233//ﬁ§’z|¢|2dxdt+ 55/(6533595 2 e+ SBowt)jo=r|Vje—r|® dt
Q 0
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T
—€ /(35836§ﬁwz + Sﬁzt - MSB:E:E)lI:LQ/}‘z:Lw:Hz:L dt
0

T
+e /(55352 + 8Bt — Msﬁx)m:m//u:Li/’m\m:L dt.
0
From (A.1)—(A.2) and Young’s inequality, we obtain

(L)1, (La)1)2Q) = gﬁﬁ//ﬂgﬂmwmﬁdxdtfCz—:s(TJr|M|T2)//B3|wm|2dxdt
Q Q

T

—06253T2//,65\w|2dxdt—0(5253+es(T—|—|M|T2)) /ﬁfz:L\%‘w:Lth
Q

0
T
—0(5255+6233T2+61/252(T3/2+|M\3/2T3)+53T2(T+ \M|T2)) /Bi:LWm:LF a
0
T
(s + 2@ 4 MIT)) [ B lrtems P .
0

e In the second term, we integrate by parts again in space:

T
((Llw)la (L2w>2)L2(Q) = _3525//sz|1/)ww|2 dxdt"’3525/ﬁww\z:Lwﬂz:meﬂx:L dt
Q 0

T

T
> 73625//ﬂm|¢m|2dzdt—CEQS/ﬂ‘x:me‘I:Lth—0525T2/6fx=L|¢£‘z:L|th.
Q 0

0

To obtain the above inequality, we have used the properties (A.1) and Young’s inequality.
e Analogously for the third term:

T
3 3
(Lo, (Ea))ia@) = =52 [[ BusltaPdwdt+ 5% [ Bupympliusios P
Q 0
5. 3
- 5523/5m\z:0‘¢zz\z:0|2dt > —5528//Bmlwml2 da dt
0 Q

T T
3
- 5528/ﬁw‘w:0‘wwz‘x:0|2dt_0625/B|z:L|wzz|x:L|2dt~
0 0

e Putting together these computations, we obtain

933
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(L, Lot i) > 5e’s // 52 Bchnl? d i — s / Bualtbeel? dz dt

—C’es(T—i—|M|T2)//ﬂ3|¢x|2dxdt—06283T2/ B[ da dt
Q

T
——5 S/ﬂm|z 0|7/}xm\z 0| dt — (5 + € sT2+5s(T+|M|T2)>/ 3‘m:L\¢z‘z:L\2dt (A.6)

T
—0(5235 + 2832 4 V/22(T3/2 4 |MP2TP) + esT(T + |M|T?) )/@HE:LW:LM
0

— Ot + V(T 4 M) / Bioer|tafos | dt.

Step 1.2. Computing ((L1%)2, Lav)2(q)-

e We integrate by parts in time the first term and use (A.1)—(A.2):
1
(L1)e, (Lov))rz@) = =5 // (325 B3 Bot + 5B — MsBoy) || dz dt
Q
> —0(=5°T + s(1 + |M|T?)) //[35|w|2dx dt.

e The second term:

((L1v)2, (L2¥)2)r2(q) = 365/ Baazthr do dt.
Q

e In the third term, we integrate by parts first in space and then in time. We obtain, together
with (A.1)—-(A.2),

3
(L1v)2, (Lo¥)3)12(q) = —§€5//ﬁw5t|¢x|2 dz dt — 368/ Braetpe dz dt
Q Q
r 3
+3€S/ﬂx‘I:Lw$|fE:Lwtll‘:L dt = 558/ /th"l,[}x|2d$dt
0 Q
T
~3es // Bastbathy dar dt + 3es / Batom U oms Yejper dt
o} 0

T
> —363//,6’mww1/)t dx dt + 355/ﬁz\x:L¢w|w:L¢t|w:L dt — C’esT/ B3, 2.
Q 0 Q

e Putting together these inequalities, we get
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(Ea¥)s, L) pa(gy = —C (e8°T + (T + |M|T3))/ By da dt
(A7)

T
— CssT//ﬁ?’Wm\g + 3ES/BI|m:sz|z:Lwt|z:L dt.
0 0

Step 1.3. Computing ((L1%)3, Lav)2(q)

e We integrate by parts in space the first term and from (A.1)—(A.2) we obtain

(L19))s, (L2¥)1)r2(q
- _15 // 155855§Bzz + 633Bmﬂzzﬂt + 3836§ﬁzt - 9M53ﬁ55m)|1/)|2 dx dt

N W

T
+ 3 / (6580 + 3326, — M) op purs P dt
0

> 705’&—255/ B5|w|2dxdt—C£s3(T+|M\T2)/ B2|)? dx dt
Q Q

_ Ce(es” + (T + |M|T2))/ﬁ|5w:L|z/J|m:L|2dt.
0

e The second term is

(L1v)3, (La¥)2)12(@) = 96283/ B2 B |t |* da dt.
Q

e In the third term, integration by parts in space and (A.1) yield
T
27 5 3 2 2 9 53 3 2
(L1v)3, (L2¥)3)12(q) = —5Es BB the|” da dt + 28 B omr|Vaje=r|” dt
Q 0

T
27
> 755253//ﬂiﬂm|w9¢|2dxdt705253/ﬂﬁx=L|1j;$|x:L|2dt.
Q 0
e Putting together these estimates, we get

((L19)3, Law)12(q) = ——s 53//62ﬁ$$\wx|2dxdt+ 1—2505’5255/ Boep|* dz dt
Q
— Ces* (T +|M|T?) || Bo|)? dzdt — Ce?s” | BP_p |tha)per|? At (A.8)
J /

T
—Ce(es + 53( T—|—|J\4|T2 /B‘IIL‘w‘CE:L‘th'
0
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Step 1.4. COIIlplltiIlg ((Llw)4, L2¢)L2(Q)'

e As before, we integrate by parts in space the first term. From (A.1)—(A.2), this gives

(L, (Lao))soa) =y [ (3258520 + sur — MBan)|0P dade
Q

T
M .
G [ E584 s = M) s s P
0

> _Ces + s(T + |M\T2))|M|T2//ﬁ5|w|2dxdt
Q

T
 C(es® + s(T + [M|T?)| M|T? / B, e dt.
0

e From (A.1), the second term gives directly

((L1v)4, (L2v)2)2(q) > —C|M|53T2//53\¢z|2dxdt.
Q
e The third and final term gives, after integration by parts and taking (A.1) into account,

3

T

3

(Lo, (Lat)iai@) = gMes [[ Bualtl? dode = 3Mes [ Bupyplinyoms Pt
Q 0

T
> —C\M|gsT2//63\w1|2dxdt—C’|M|gsT2/ﬂfz:sz|I:L\2dt.
Q 0

e Putting together these expressions, we obtain:

((L11))a, Lovp)r2(q) > —0(583 + (T + |M|T2)) |M|T? //55|¢|2 dzdt
Q
T
—C|M|gsT2//53|¢I|2d:cdt—C|M\55T2/5§C:L|¢I|w:L|2dt
Q 0

T
C(es® + (T + |M|T?)| M|T? / Bl dt.
0

Step 2. The entire product (L1, Lot))r2(q)-

We gather estimates (A.6)—(A.9). We find the following positive terms:

1
Ay = 75 35255//55\1/42 dedt, Ay:= gCOEQS//BW)dexdt
Q Q
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and

T
3
A3 = 500525/,3\1:0‘¢m|m:0|2dt'
0

Now, let us estimate the nonpositive integrals coming from the addition of (A.6)—(A.9) in terms of A;.
We begin with the terms concerning [¢|? in Q. They are all bounded by

0(53(5T+52T2 + |MeT?) + s(T? + |M|T? + |M|2T4))/ Bo)? dx dt

which are absorbed by A; by taking s > C(T 4+ T/ 2e=Y2 4 |M|'/2c=1/2T).
With s > C(T+T"/2e=/2 + |M|'/2¢=/2T), the integrals concerning [¢jp—r|?, [Vs o1 |* and [thaz),— 1 |,
can be bounded by

T
052 / (Sﬁ|x:L|¢z$\z:L|2 + 83/8|3{p:L|,(/)I|,’)3:L|2 + 856|59::L|¢|1:L|2) dt. (AlO)
0

Now, we deal with the terms containing |1, |> in Q. They can all be estimated by

Ces(T + |M|T2)/ B3|t |* d dt.
Integration by parts in space shows that

Ces(T + |M|T2)/ B34, |2 da dt = ngs(T—i— |M|T2)//(2ﬂﬂ§ + 2B || dz dt
Q Q

3
— 5Ces(T + |M|T?) / BlomrBrjo=rltia=r|* dt — Ces(T + |M|T?) / B e, da dt
0

T

+ Ces(T + |M|T?) / Bt Vo=t Vo, dt
0

> —C(esT?(T + |M|T?) + e'/2s*(T%? + | M[*2T?)) / Bo4|? da: dt
T
= OV 4 M) [ Bloaa? drdt = Co(sTHT 4 MITD) [ By P
Q 0

T
— Ces(T + |M|T?) /ﬁ‘z:me‘z:Lth. (A.11)
0

Notice that here we have used (A.4) and Young’s inequality. Taking s > C(T4¢~Y2T"/2 | M|*/2e=1/2T),
the first two integrals can be absorbed by A; and As, respectively, and the two remaining can be estimated
by (A.10).
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Finally, all these estimates give

(Llw, LQw)L2(Q) > 008285//ﬂ5‘¢|2 dl‘dt—i—Ooé’QS//ﬁ‘wxdexdt
Q Q

T T
+ 00525 / 5|x=0|¢zz\z:0|2 dt + 3es / Bm\z:mep@:L?/}tpc:L dt
0 0

T
- 052/ (55|12L|¢I9&|m:L|2 + 535%:L|wz|m:L|2 + SSﬂ\ip:L‘w\m:L‘g) dt
0

for every s > C(T + e~ Y/2T"/2 4 |M|'/2¢=1/2T). Coming back to (A.5), and together with

L3172y < 05284T//B5|1/}|2 dz dt,
Q

we obtain the following inequality for :

T
220 // |2 dar dt + 2 // Blthas* da dt + 2 / Blomoltbrsjamol” dt
Q Q 0

T
< O [ (sBumtlbnapomsP + 5B tpoms P 4 B s s )
0

T
- 3€S/ﬂr|m:LT/}$\z:Lwt\z:L dt (A12)
0

for every s > C(T 4 e~ /2T"/2 + |M|'/2e=1/2T).
At this point, there are two tasks left to do: first, to go back to the original variable ¢; and second, to
estimate the last boundary term in (A.12). This is the purpose of the following pages.

Step 3. Coming back to the original variable.

Let us now retrieve the original variable ¢. First, we point out that the same computations made in
(A.11) yield

5283//ﬂ3|wz|2dxdt §C€285//55\1/}|2da:dt+0528//ﬂ|¢m|2dxdt
Q Q Q

T
+ 082 / (S3ﬁ\gz:L|w$\x=L|2 + 35ﬂ|5;:L|w|z:L|2) dt
0

as long as s > CT. This means that we can add this term to the left-hand side of (A.12), and together with
1 = e~ %Py, we obtain directly that
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5255//e*%%ﬂwﬁdzdtﬂ?s?’//53\¢x|2dxdt+a2s//ﬁ|¢m|2dzdt
Q Q Q

T T
+ 525/5|x:0|¢xm|x:0|2 dt S 7355/5m|m:sz\z:Lwt|Z:L dt
0 0

T
+052/(Sﬂ|z:L|¢x9¢‘x:L|2 +$36|3I:L|¢ﬂc|x:L|2 +Sseizsﬁ‘m:Lﬂ‘i):LIW‘IZLF) dt (A.IS)
0

for every s > C(T + e—1/271/2 \M|1/2€_1/2T).
Taking the derivative with respect to z in 1) = e%%p, we find that

83/26_8653/2@96 = 83/253/2¢x + 85/26_8’8ﬂ3/23m90, (A.14)

and taking the L?(Q)-norm, we see that we can add

g2’ // 6_28’853|QOI|2 dz dt
Q

to the left-hand side of (A.13) (recall (A.1)). Similarly, from (A.1) and

81/26_Sﬁ61/2§0mm — 81/2/61/2¢ww +283/2ﬂ1/26w’¢)w +e_3ﬁ61/2(53/261/251$ +85/2ﬁ§)§0, (A15)

we can add

e2s // e 2P Blpye|? da dt
Q

to the left-hand side of (A.13) if s > C'T. Taking the value at x = L in (A.14) and (A.15), we obtain from
(A.13)

5255ﬂe’25555|¢|2 dxdt+5253ﬂe’255ﬂ3|¢£\2dxdt+625//e*255,8|g0m|2 dz dt
Q Q Q

T T
+525/67256|m:0/8\w:0|90mm|m:0|2dt S 7355/ﬂz\z:Lwr|x:L¢t|m:L dt
0 0

T
+ 052 / 672SB|1:L (5ﬂ|z:L|(P9cx|x:L|2 + 536|31:L|<px|3::[/|2 + 555‘5:EZL|S0‘$:L|2) dt
0

for every s > C(T + e~ Y/2TY2 4 |M|'/2¢=1/2T). Since Prejper, = Me " Qlp—r, we get
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6255//6728555|Qp|2 dl‘dt+€253//6728ﬁﬂ3‘¢£|2dxdt+€25//67256ﬂ|@x$‘2dxdt
Q Q Q

T
+ 528/6_25ﬂ‘z:°5\z:0|%z|z:o|2dt < —355/5z\z:L¢m|m:L1/ft|m:L dt
0 0

T

+ 052/6_236‘”=L (835|P;ZL|<PI|$:L|2 + 555\51:[,‘90\:6:L|2> de (A.16)
0

for every s > C(T 4 e~ Y/2TY/2 4 |M|*/2=1/2T).
Step 4. Estimation of the remaining boundary term and conclusion.

Finally, we are in position to estimate the boundary term
B = 358//8$|w:Lw$|a::Lwt\a::L dt.
0

The idea is to write B in terms of ¢ and use the equation in (3.1). The same idea was used in [14], but
here we do not need to change the power of t(T —t) in (5.2).
As before, it is easy to see from 1) = e~ %% that

T T
B = 3883/ <6_23ﬁ5t53>| _L|<P\z:L\2 dt — 3582/ _QS’BBUBI L‘P\z:L¢z|a::L dt
0

0
T
3 9 ( —2s8 2) 2 / —2
—€ 5P B, s=r|°dt + 3¢ ( sB w) S _ dt.
+ 5 S O/ e Ié) t|w:L|Lp| =] + 50 e B ‘w:LSO |z=L¥t|z=L

From (A.1)-(A.2) and Young’s inequality, we see that

T T
B < 052 / e_QSB‘I:L (S3ﬂ\3:v:L|SDIL’\x:L|2 + 855|59::L|QP|I:L|2) dt + 388/6_2SB‘I:LBm\x:L(pCHz:LsDt\z:L dt
0 0
(A.17)

for every s > C(T 4 e~ '/2T"/?). Now, the last term in this inequality can be estimated as follows:

T
B := /‘6_2%"JC Lﬁ1|x L(p$|w L‘pt|a: Ldt
0

T T
< Cest [ A Bl Pt esT [ 52 e g P
0 0

T T
< 05235/6725(25'”*7@”:0)/5{;:1;|€0x|x:L|2dt +es7? /Bl;ioedsﬁ'mzowt‘xzﬂzdt (A.18)
0 0

for every s > Ce=1/2T1/2. To estimate the last term in this inequality, we multiply the equation on (3.1)
by 465‘1@;:20 exp(—250),—0)p: and integrate in Q. Integration by parts in both space and time yield
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T T
255_1/6_285|z=0ﬁ\;2:0‘90t|x:L|2dt: _4525_1/6_28B|m=0ﬁ\;2:0@m:1:|w:L(PztI:v:L de
0

0
7252371//(67256‘m:05‘;2:0)t|<,0m|2dwdtfQSS*IM//(e*QSﬂlmzoﬁ‘;iO)Jaszdxdt. (A.19)
Q Q

Since Quz)p—r = MeYp|,—p, the first term in the right-hand side of (A.19) satisfies

T
*452571/ef2sﬁ‘”:°ﬁ|;2:090zm\z:L@It\z:Ldt
0

T
:—458_1M/6_2Sﬁ‘1:05|;2:090|x=L90ﬂ\z:L dt
0
T T
:455‘1M/(e_QSB'IZOﬂ[Eio)t%x:L@w|z:L dt+455—1M/6_286"”10@;2:0%\z:LWuz:L dt.
O O

Using (A.1)—(A.2) and Young’s inequality, we can obtain

T T
— 42571 /67286‘1:06@2:090:%\sz@xt\;E:L dt < es 1 /67255@:0/8‘;2:0“0”36:[1‘2 dt
0 0

T T
+C€571M2/eizsﬂ‘m:Lﬂ\;iLhﬁf\z:LF dtJr05253/67256‘$:Lﬂﬁx=L|@zlx:L|2dt
0 0
T
+Cs2s5/e—%ﬂ‘zzLBf;ZLlsOu:ledt, (A.20)
0

for every s > C(T +|M|*/2=/2T). Notice that we also have used that exp(—2s3(t, -)) reaches its minimum
at z = 0. Using again (A.1)—(A.2) for the two last terms of (A.19), they are estimated by

C’EQ(sfsz—i-T)//efzsﬁﬁ\cpmﬁdxdt—!—05(371|M\T4+ |M\T3)//67255B3|<px|2dxdt.
Q Q

Therefore, taking into account (A.20) and coming back to (A.19), we obtain

T

T
/ e 2Pt B2 iy, P dt < Ces™ M2 / e e M LT
0 0

T T
+ Ce’s® / 67255‘m:Lﬁ\31:L|<P$\z=L|2 dt 4 Ce?s” /67255‘m:Lﬂ\5w:L|90|w:L|2 di
0 0

+ O3 (s T? +T) // e 2Bl pya|? du dt + Ce (s HM|T* + |M|T?) // e 25083, |2 da dt
Q Q
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for every s > C(T+|M|*/2e=1/2T). Since this is the last term in (A.18), we plug the estimate of B in (A.17)
and get

T T
B < 06283/6_2SQ'Z=LB|%;:L|<P9;|$:L|2 dt + 06255/e—zsmz:Lﬁfszwlz:le dt
0 0
T T
+Ces / e 20 Chemr=Pe=0) 5 oy, [P dt + Ces™ M / e 2Pt B2 | ayay ]’ dt
0 0

+C€2(s_1T2+T)//e‘2356|<pm|2 dzdt + Ce(s™'|M|T* + |M|TS)//€_28653|¢I|2 dx dt

for every s > C(T + e~ Y/2T"2 4 |M|"/2¢=1/2T). Notice that since 2B)5=1 — Blz=0 < Plz=r (recall that 3 is
decreasing), we have the more compact form

B <C2(s7'T? + 1) // e 2P By, |? da dt

T
+C€(S_IMT4+MT3)//6_25663|90w‘2dxdt+05235/e_QsﬂlzzLﬁFz:L|<p|z:L|2 dt
0

T
+ Ce2s°(1 + | M|T) /6*25(25\z:L*ﬁ\z:0)ﬁ|5$:L|(px‘sz|2 dt
0

for every s > C(T + e~ Y/2TY2 4 |M|'/2e~1/2T).
Finally, we can use this estimate of B in (A.16). The global terms of ¢, and ¢,, are absorbed by the
left-hand side of (A.16) by taking s > C(T + |M|/?¢='/2T) and we deduce

235//6_235ﬁ5|gp|2 dwdt—i—szs?’//6_25553|g0z|2dxdt+52s//6_2555|g0m|2 dzdt
Q Q Q

T

T
+ 523/6_236‘x=05\z:0|@m|m:0|2 dt < 05255/e—2smw=Lﬁ‘51:L|‘P\r:L|2 dt
0 0

T
+ Ce*s®(1+|M|T) /6_25(2ﬁ‘m=L_ﬁ‘”=0)5|5z:L|<Pac\z:L|2 dt
0

for every s > C(T + e~ Y/2T"/2 4 |M|'/2¢=1/2T). The proof of Proposition 5.1 is complete.
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