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Abstract

This paper deals with a hierarchical control problem for the Kuramoto—Sivashinsky equation following
a Stackelberg—Nash strategy. We assume that there is a main control, called the leader, and two secondary
controls, called the followers. The leader tries to drive the solution to a prescribed target and the followers
intend to be a Nash equilibrium for given functionals. It is known that this problem is equivalent to a null
controllability result for an optimality system consisting of three non-linear equations. One of the novelties
is a new Carleman estimate for a fourth-order equation with right-hand sides in Sobolev spaces of negative
order, which allows to relax some geometric conditions for the observation sets for the followers.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

The Kuramoto—Sivashinsky (KS) equation is a fourth-order parabolic equation that serves as
a model for phase turbulence in reaction-diffusion systems (see [17,18]) and for plane flame
propagation (see [24]). The controllability properties of this one-dimensional partial differential
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equation has gained the attention of several researchers the last few years. We can mention, for
instance, the works [6,4,7,5,14].

In this paper, we propose to study a multi-objective control problem for the KS equation fol-
lowing a hierarchical strategy. Let us be more precise: we consider a distributed system governed
by the KS equation with a control v distributed over a sub domain O. We assume that there are
two (or more) goals we would like to achieve. The main one being of “controllability” type and
the others expressing that the state of the system does not move too far from a given state. We
divide the control v into two (or more) parts, say f, vl, v2, ... where f is the main control, usu-
ally called the “Leader” and the controls v’ are the secondary controls, called “Followers”. We
will see that the leader is mainly responsible for the “controllability” property while the follow-
ers for some secondary objectives to be described later. This concept was mainly introduced by
J.-L. Lions (see [19,20]) where some techniques are presented. These works motivated the study
of this subject and a lot of other results appeared, see for instance [8,9,15,22,23]. We remark that
all these previous works combine the concepts of multi-criteria optimization and approximate
controllability. In the context of null controllability, few results are known and there are a lot
of open questions related to this subject. Recently, for the heat equation, the authors in [2] im-
proved the results known so far and proved a null controllability result, instead of an approximate
controllability under some suitable geometric conditions. Later, in [3], the authors improved the
result of [2] for, in some sense, less restrictive geometric conditions.

Consider the KS equation

Vi + Yexxx +VYxx ¥y = flo + UIILO] + Uz]l(’)z (x,1)€(0,L) x (0, T),

y(0,t)=y(L,t)=0 te(0,7), (1)
YX(OJ)Z)’x(L’t)ZO tG(O’T)a ’
y(x,0) =) x€(0,L),

where y = y(x, t) is the state and y? is a prescribed initial condition. In (1.1), the set O C (0, L)
is the main control domain and O, O, C (0, L) are the secondary control domains (all them are
supposed to be small). We will assume that these sets are bounded intervals of the form O =
(a,b) and O; = (a;, b;) (i =1,2), moreover 1, 1o, and 1, are the characteristic functions
of O, O and O, respectively; the controls are f, v! and vZ, where f is the leader and v! and
v? are the followers.

Let O1.4, 02,4 C (0, L) be open sets of the form O; 4 = (a4, bi.4), representing observation
domains for the followers. We will consider the (secondary) functionals

T T
J,»(f;vl,zﬂ)::%//|y—y,~,d|2dxdt+%f/mzdxdt, i=1,2 (1.2)
0 Opg 0 O
and the main functional
T
J(f) :=%/f|f|2dxdt, (1.3)
0 O

where the o; > 0, p; > 0 are constants and the y; 4 = y; 4(x, t) are given functions. The structure
of the control process can be described as follows:
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1. The followers v! and v? assume that the leader f has made a choice and intend to be a Nash
eguilibrium for the costs J; (i =1,2), that is, once f has been fixed, we look for controls
vl e L2(O; x (0, T)) that satisfy

B0t o)) = min (f: 0007, D (f; ol v2) = min h(f;vh, ). (14)
v v

2. Let us fix an uncontrolled trajectory of (1.1), that is, a sufficiently regular solution to the
system

Vi + Yoxxx T VYxx + ¥y =0 (,x)€[0,T] x [0, L],
y(,0) =y, L)=0 tel0,T],
(@, 0)=y:(t,L)=0 tel0,T],
¥(x,0) = 3(x) xe[0,L].

(1.5)

Once the Nash equilibrium has been identified and fixed for each f, we look for an optimal
control f € L2(O x (0, T)) such that

J(f)=min J(f), (1.6)
subject to the restriction of exact controllability
y(x, T)=y(x,T)in (0, L). (1.7)

Note that, if the functionals J; (i = 1, 2) are convex, then (vl, v2) is a Nash equilibrium if and
only if

J(fio, 0@, 0=0, VvileL?>(O; x(0,T)), v'eL?*(O;x(0,T)) (1.8)
and
B v)(0,0%) =0, Vi2eL?(Oyx (0,T)), v*eL?>(O;x(0,T)). (1.9)

We will prove that if 1 and u, are sufficiently large, then the functionals (1.2) are indeed
convex for small data. More precisely, we have the following result.

Proposition 1.1. There exists r > 0 (independent of 11 and ») such that if

0 =0
I l2cox0,m) 1Y =¥ 2o =7

then, if !, vz) is a pair such that conditions (1.8)—(1.9) hold, there exists C > 0, independent
of w1 and o, such that

T
<D?J,-(f;v1,v2),<w",w">>zC/f|wf|2dxdr, vw' € L*(0; x (0, 7)), i =1,2,
0 O;

i

for wy and j sufficiently large. In particular, the functionals Jy and J» are convex in (v', v?).
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Therefore, for now on we will use (1.8) and (1.9) as an existence criterion for the Nash equi-
librium.
We now state the main result of this paper.
Theorem 1.2. Suppose
0;iaNO#£Y (i=1,2) (1.10)

and p; > 0 (i =1, 2) are sufficiently large. Assume that one of the following two conditions
holds:

O1,4=024 (1.11)

or
014NO#04NO. (1.12)
Let y € L*°(0, T, W1’°°((O, L))) a given trajectory of the uncontrolled equation (1.5). Then

there exist 8 > 0 and positive functions p; = p;(t) blowing up at t = T such that if y° and y

satisfy
T
Y0 = 317200 1) + Z//ﬁ?li—yi,dﬁdxdma, (1.13)
i=1,20 Oia

there exist controls f € L%2(O x (0, T)) and associated Nash equilibria (v, v3) such that the
corresponding solution to equation (1.1) satisfy the control condition (1.7).

Let z := y — y. It is clear that property (1.7) is equivalent to a null controllability property
for z, that is,

z(x,T)=01n (0, L), (1.14)
where z is the solution of the equation

2t + Zyxxx +VZx 220 + D = flo + vl]lol + 02]1(92 (x,1)€(0,L) x (0, 1),

z(0,t) =z(L,t)=0 te(0,7),
ZX(Ovt):Zx(Lst):O te(oa T)s
2(x,0) = y°(x) — 7°(x) x€(0,L).

(1.15)

On the other hand, the functionals J; can be rewritten as

T

T
hmww%z%f/k—mﬁwm+%//wmei:Lz (1.16)
0 Oig 0 O
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where z; 4 := yi 4 — y. Following the arguments in [2], we can prove that a pair (v, v?) satisfying
(1.8)—(1.9) is characterized by

1 .
vi=——¢'lo, i=1,2, (1.17)

i
where (z, ¢!, $?) is the solution of the optimality system

- 1 1
Zt + Zxxxx T VZxx 220 + Y2 = flo — E¢1]101 - Z(ﬁz]l(?z (x,1) €(0,L) x (0, 7),

—@ + Pl VO — NP =iz —zi)lo, i=1,2  (x,1)€(0,L)x(0,T),

20,0) =z(L,t) =¢'(0,1) =¢' (L, 1) =0 i=1,2 te(0,T),
22(0,8) =z, (L, 1) =L (0,1) = ¢/ (L,1) =0 i=1,2 te(0,T),
2(x,00=2%), ¢'(x,T)=0 i=1,2 x€(0,L).

(1.18)
Indeed, if (v, v2) is a pair of followers satisfying conditions (1.8)—(1.9), then we have
T T
ai/ / (z —zl-,d)pidxdt—i—,u,,'// Ddxdt=0 Vo' eL?>(©; x(0,T)) i=1,2,
0 04 0 O
(1.19)

where p' is the derivative of z with respect to v’ in the direction . In fact, p' is the solution of

Py Proxx F P4 + @) + P =010, (x,1) € (0,L) x (0,T),

pi(0,1)=pi(L,1)=0 t€(0,7),
pi(0,1)=pi(L,1)=0 te,7),
pi(x,0)=0 x€(0,L).

Now, let ¢', i = 1, 2, be the solution of the (adjoint) system

— @1+ Py T V0 — @O =iz —zi) o, (1,1 €(0,L) x (0, T),

¢’ (0,1)=¢'(L,1)=0 1€,T),
¢.(0,0) = (L,1)=0 1e€(0,T),
¢ (x,T)=0 xe(0,L).

Then, using the expression for &; (z — zi.¢) 10, , in (1.19), after integration by parts we obtain

T
// ¢ +uiv')ddxdt =0 V' € L*(0; x (0,T)) i=1,2,
0 O;

from where (1.17)—(1.18) follows.
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Notice that the existence of solution for (1.18) implies the existence of a Nash equilibria in
the sense of (1.4). The well-posedness of (1.18) is given by Theorem 2.1, and the proof can be
found in Appendix A. Therefore, the result given by Theorem 1.2 is equivalent to the (local) null
controllability of (1.18), provided that condition (1.11) or (1.12) holds. Actually, since we only
need to control the state z, we can talk about partial null controllability of system (1.18). Let us
give some guidelines of the proof. First, we prove the null controllability of the linearized system
around zero

_ 1 1
2+ Zoxex FV2ex + G = O+ flo — Ecﬁlnol - E‘b%z (x,1) € (0, L) x (0, T),

—pl + Pl iy VO — IOl = [+ iz, i=1,2 (x,1) € (0,L) x (0, T),
2(0,t) =z(L, 1) =¢'(0,1) =¢'(L, 1) =0 i=1,2 te(0,7),
2:(0,1) = 2: (L, 1) =L (0,1) = ¢pi(L, 1) =0 i=1,2 te(0,7),
2(x,00=2x), ¢'(x,T)=0 x€(0,L),

(1.20)

where f0 and f? are (arbitrary) L?-functions decaying exponentially to zero at r = T'. It is well
known by now that, with the help of a classical duality argument, the null controllability of
system (1.20) can be deduced from an observability inequality for the solutions of the so called
adjoint system, which in this case is given by

Y1 4 Yarxx +0¥0x — Y =g° + a1y, , +2y’lo,, (x.1)€(0,L) x (0,T),

S . . 1
Vit Voo TV H OV =8" — M—i/f]lo i=1,2 (x,1) €(0,L) x (0, 7),
¥(0,1) =v(L, t)—y(Ot)—V(L Hn=0 i=1,2 t€(0,7),
¥« (0, t)—lﬁx(L t)—Vx(O t)—Vx(L Hn=0 i=1,2 t€(0,7),
v, T)=vT(x), y(x,00=0 i=1,2 xe(,L),
(1.21)

where g° and g are (arbitrary) L2-functions. Being more precise, the observability inequality
that we prove in this case looks like

—

2 T L T
§CZ// Plg |dxdt+C// 21y P dxdr (1.22)
00 00

where p; (i =0,1,2) and p; (i =0,...,3) are suitable positive functions and C is a positive
constant independent of v, ! and y2. The presence of weights in an observability inequality is
not always needed to deduce controllability results. However, they will provide useful decaying
properties of the solution of system (1.21) to deal with the non-linearties.

2 T L
/W(x 0)|2dx+//p0|w| dxdt+2//5,?|y"|2dxdt
0 0
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The proof of (1.22) relies on Carleman estimates for the KS equation. They have the form

T

T L T L
/fp1|w|2dxdtsc//pm+<pm|2dxdr+Cffp3|ga|2dxdr
00 00 O

0

where ¢ is a smooth function such that ¢ (0, ) = @(L,t) = ¢ (0,1) = ¢, (L,t) =0int € [0, T].
Inequalities of this kind have proven to be powerful tools to deduce observability of parabolic
equations. They were introduced in [13] and have been extensively used ever since. Notice that
it does not suffice to combine Carleman estimates for the solutions of the equations in system
(1.21) to obtain inequality (1.22). The idea is to use the couplings of the equations to estimate
the unwanted local terms. Of course, the location of the observation sets O; 4 (see assumptions
(1.10)—(1.12)) will play a fundamental role in our analysis. In particular, the weight functions
will strongly depend on them.

The work is divided as follows: In Section 2 we prove that, if u; are sufficiently large, then
the J; are convex and then the criteria (1.8) and (1.9) are equivalent to (1.4). In Section 3 we will
be concerned with Carleman estimates, the most technical part of the paper. We introduce the
weight functions, recall known results and prove a new Carleman inequality for the KS equation
needed to treat the case of assumption (1.12). Then, we deduce a Carleman estimate for the
adjoint system. Section 4 establishes the observability inequality (1.22) and deals with the null
controllability of the linear system (1.20). Finally, in Section 5, it is shown that the optimality
system is locally null controllable using a local inversion argument and thus completing the
proof of Theorem 1.2. In Appendix A, we give a proof of the well-posedness of the optimality
system (1.18).

2. On the convexity of J; and J>

In this section we prove Proposition 1.1. Before that, let us state a result that will be useful in
the following. The proof can be found in Appendix A.

Theorem 2.1. There exists r > 0 such that if || f | .20« 0.1y) + 120/l 12(0,1.) = 7, then there exists
wo > 0 (depending on ai, v, r, || yxlco, Izi.allL20; 4x0.1)) such that if 11, ua > o the system
(1.18) possesses a unique solution (z, ¢1, ¢2) € (LOO(O, T:L%0,L)) N L*0,T: HOZ(O, L)))3.
Furthermore, the solution is such that

IE@. 6" 1), $* D)l 120,15 +1C D' D) 120 75 m20,103 < C 2.1)
with C depending on a;, v, r, | Vxlloo, il 12(0,1)x 0, 1)) but independent of ju1 and ;.

Proof of Proposition 1.1. Let f € L2(O x (0,T)) be given and let (v!, v?) be such that con-
ditions (1.8) and (1.9) hold. Note that, for any s € R and (w', w?) € L2(O; x (0,T)) x
L*(Oy x (0,T))
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T
<D1J1(f;v1+sw1,v2),w2>—(D1J1(f;v1,v2),w2>=su1//w1w2dxdt

00
, , ! 2.2)

+a1/ /(ZS—Zl,d)PSdth—aI/ /(Z—Zl,d)dedt,

0 O14 0 O1.4
where

G H D TV +2828 + ()

=flo+ @' +swhlp, +v*1p, (x,1) € (0,L) x (0, T),
220,)=2"(L,t)=230,t) =z3(L,t) =0 te(0,7T),
28 (x,0) = yo(x) — yo(x) x€(0,L),

2

p* is the derivative of z* with respect to v! in the direction w?, i.e. the solution to

S Plr F VP + @ P+ I =w?le, (x,1)€(0,L) x (0,T),
P, 1) =p*(L,t)=p30,1)=pi(L,t)=0 1€(0,7), (2.3)
p'(x,00=0 x€(0,L)

and we have used the notation z = z*|;—¢ and p = p*|,—-
Let us introduce the adjoint of (2.3):

—¢; + Prpxx TV — @+ PPy =1 —z1.0)lo,, (x,1)€(0,L) x(0,T)Q,
¢*(0,1) =¢*(L,1) = $2(0,1) = pS(L,1) =0 1e(0,7), (2.4)
¢*(x, T)=0 x€(0,L)

and let us also set ¢ = ¢*|;—¢.
Replacing (2.4) into (2.2) and using integration by parts, we obtain the following identity:

T
(D1]1(f;v1+sw1,v2),w2)—(Dlll(f;vl,vz),wz):s,ul//wlwzdxdt
0 O

T
+/ (¢° — p)w?dxdr.
00

1

Notice that

—(@" =)+ (@' — Plaxxx TV’ — Pl — (& =)y — @+ (@' — P =12 —2)1o,,

and

(ZS -2+ (Zs — xxxx T U(ZS —Zxx + (ZS - Z)Zi + Z(Z‘Y —2x + (y(Zs —2))x = Swl]lol .
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Consequently, the limits
3 1 \y : 1 \y
n=Ilim — (¢’ —¢) and h=lim —(z° — 2)
s—08 s—>0 8
exist and satisfy

=Nt + Maxxx + VNxx — oy — (2 + Y)x Zalh]l(’)lyd (x,1)€(0,L) x (0, T),

Ry + hyxxx + Vi + (hz +h3) =w'1p, (x,1)€(0,L) x (0, T),
h(0,1) =h(L,1) =h,(0,1) =h(L,t) =0 1€(0,T),
n¢,T)y=h(,0=0 x€(0,L).

Thus, from (2.5), we deduce that

T T
(Df]](f;vl,vz),(wl,wz))=M1//wlw2dxdt+//nw2dxdt.
0 O 0 O

In particular, for all w' € L2(O; x (0, T)), one has

T
(Dle(f;vl,vz),(wl,wl))=M1//|w1|2dxdt+
0 O

~

/ nw' dx dt. (2.6)
(@

o

Let us show that, for some C only depending on L, O, T, O;, O; 4, @i, ||¥xllec and
Ivoll L2(0,1.)> We have

[ [t axar] <ca+islzowomn' B, om, Vo' €L x 0.1, @7
0 O

In fact, from standard energy estimates,

L L L L
d
E/lmzdx—}—/|hxx|2dx:—v/hxxhdx+/(z+)7)hhxdx+/hw1dx
0 0 0 0 Oy

N =

and, using Young’s inequality,

2dt_/|h| dx + = /Ihxx| dx
/|w | dx+

oo, L) /Ihl dx.
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By Gronwall’s inequality we get that

L T L
[wwrar+ [ [ iharas
0 0 0
T
= Cyexp / (20,2, + 15 O 0.0)) @) 10 B2 0, 0.1
0

Now, notice that since (v!, v?) satisfy conditions (1.8)-(1.9), z is, together with (¢!, $?), the
solution of the optimality system (1.18) and (v!, v?) are given by (1.17), provided that 1| and
o are sufficiently large. Therefore, from (2.1), the previous inequality becomes

T L

L
[morax [ [l ar =i, o, 8)
0 0 0

where C is independent of ;1 and j». Furthermore, notice that ¢ = ¢'.
Using the PDEs in (2.5), we also get the following:

T T L
//nw]dth = //(ht+hxxxx+thx+(hz+h)_/)x)nd)(:dt
0 O 00
T L
- / / Bl + Txxs + Vilax — @+ 7)) dx dr
0 0
T L
= //(hqs;Jralh]loLd)hdxdz
00
T L
= //(|h|2¢j+a1|h|2]1@l,d)dxdt.
0 0
Then,
T T L T L
/ nw' dx dt 5/(||¢;||Loo(o,L)/|h|2dx)dt+a1//|h|2dxdz
0 O 0 0 00 (2.9)

1 2 2
S ||¢x ”LZ(O,T;LOO(O,L)) ”h ”L4(O,T;L2(0,L)) + 23} ”h ”LZ((O,L)X(O,T))'
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Using (2.1) and (2.8) in (2.9), we obtain

T
ldxdt| < Cllw'|?
nw" dx <Cllw ”LZ(O]x(O,T))’
0 O

where C does not depend on (£1 nor (.
We can use (2.7) in (2.6) and we get

T
(D} (500 0%, (wh wh)) > (ug — C)// lw!* dx dt, (2.10)
0 O

for all w' € L2(O; x (0, T)).
Of course, the same can be done for D%Jz( f; vl v?) to obtain

T
(D20 (f: 0", 02, (P, w)) = (2 — c>//|w2|2dxdr, @.11)
0 O,

for all w2 € L2(O, x (0, T)). The proof is complete taking @ and pg large enough in (2.10)
and (2.11). O

3. Carleman estimates

This section is devoted to Carleman estimates. In a first step we prove a Carleman estimate
for the linear fourth-order parabolic equation

U+t = F + Y0 0LFT (x,1) €0, L) x (0, T),

i=1"%x
uO,t)=u(L,t)=0 te0,7), 3.0
uy(0,1) =uy(L,1)=0 te(0,T), '
u(x,0) =u(x) x€(0,L),

where u® € L2(0, L) and, F and F! (i =1, ...,4) are functions belonging to L2((0, L) x (0, T))
and, in a second step, for the adjoint system (1.21). We will see how this result depends on the
position of the observation sets O; 4.

3.1. Preliminaries

Let us begin by introducing the weight functions. Let w and wy be non-empty open subsets of
(0, L) such that wg CC w. Let ng be a C*([0, L])-function such that

no > 01in (0, L), no(0) =no(L) =0,
[Vnol > 01in [0, L]\ wyp.
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The existence of such a function in dimension higher than one is proved in [13, Lemma 1.1].
Next, we introduce the (positive) weight functions

exp (A(Imolloo + 10(x)))

_ &xp (42l1molloo) — exp (A(lImolloo + 10 (x)))

o t13(T —1)1/3 S VT S R
(3.2)
where A > 1. Consider the following notations:
(1) = ,1), 6()= mi 1),
o’ (1) xg%&ﬁ]o(x ), o) xg[léflL]a(x )
*(t)= mi 1, En)= 1),
§5(1) xg{l(;}}}é(x ), &) XLT&’ZF(X )
Notice that we have
iy = SR l) —exp (imlloe) ) exp(Rlmoll)
o= (BT — /3 ’ T ORI — /3 a3
50y = S (@Hlmollx) —exp (2hlmol) g 1 exp (2hmolo) '
- (13(T —1)1/3 ’ T AT — BT
A simple computation shows that, for any m, n € N we have
1<T?Bg, |amate| <CT™M g3 |gma| < CT™ A g3 (3.4)

for every A > 1. These properties will be used several times in this paper.
Finally, before stating the first Carleman estimate, let us keep in mind the following notation
for the weighted energy:

T L
I(w) = / / e (s ET P A+ ltann ) + SAE nr| ) dx di
00
3.5
. (3.5)
+//e—2§0(s3)\‘4é3|uxx|2 +SS)\.6§5|MX|2 +S7)\.8§7|1/l|2) dxdt
00
For the simpler case where the right-hand side of (3.1) belongs to Lz((O, L) x (0,T)), we
have the following result.

Proposition 3.1. Let of F € L%((0,L) x (0,T)), F' = Oforalli=1,...,4and w C (0, L).
Then, there exists C (L, w) > 0 such that for every s > C(Tz/3 + T1/3) and every A > C we have

T T L
Iw)y<C s7x8/fe*%‘”g7|u|2dxdz+//e*2”|F|2dxdr : (3.6)
0 o 00

where u is the solution of (3.1).
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The proof of Proposition 3.1 can be found in [7, Theorem 3.3]. In the case where the obser-
vation set are identical (see assumption (1.11)), we will see that, following the arguments in [2],
Carleman estimate (3.6) suffices to prove the wanted observability for system (1.21). However,
when this is not the case (see assumption (1.12)), we need a Carleman estimate with a right-hand
side in weaker spaces.

3.2. A new Carleman estimate

Before stating our Carleman estimate, let us recall the notion of solution by transposition of
equation (3.1). To this end, let G € L2((O, L) x (0, T)) and consider the (adjoint) equation

—@r + Qxxxx =G (x,1)e(0,L) x (0, T7),
00,t)=p(L,t)=0 te(0,7),
ox(0, ) =y (L,1)=0 1€(0,7),
ox,T)=0 x € (0,L).

(3.7)

The following lemma, corresponding to [6, Proposition 2.1], establishes the well-posedness
of this equation.

Lemma 3.2.For every G € L*>((0,L) x (0,T)), there exist a unique solution ¢ €
L2(0,T; H*(0, L)) N C([0, T1; HOZ) and a positive constant such that

el 220, 7: 14 0.Lyynco0.11:2) = CIG 20,y x 0.1

Now, let H = H*(0,L) N Hg(O, L) and assume that the right-hand side of equation (3.1)
satisfies

F,Fl e L>((0,L) x (0, T)(i=1,....,4) and F> ., F* eL*0,T;H), (3.8)

XXX T XXXXx

where H' denotes de dual space of H. Notice that under (3.8), we can consider the dual product

of the distribution F . with an element of L?(0, T; H) in the sense that there exist some

functions g1, g2, 71 and hy belonging to LZ(O, T) such that

T
Fhutguex dx di + / (92(0itx (L 1) — g1 (D (0.1)) d
0

(ha(txxx (L, 1) — b1 (Ditxex (0,0)) dt,  Vu € L*(0, T; H).

Notice that if F* were regular enough, we would have
() =F}0,1), g(t)=FHL,t), hi(t)=F*0,r) and ha(t) = F*(L,1).

Therefore, in the following we will use this notation. Of course, the same argument can be
adapted for the distribution F

XXx*
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With the previous considerations, we establish the notion of solution of equation (3.1).

Definition 3.3. Given u° € L?(0, L), F, Fi € L*>((0,L) x (0,T)) (i =1,...,4), we say that
ue L2((0, L) x (0, T)) is a solution by transposition of (3.1) if

T L
//quxdt—/ 0(x)(p(x,0)dx
0 0

L
+ f(F(p - Fl(px + FZ(Pxx - F3§0xxx + F4(Pxxxx)dth
0

+

Ct~— o\m

T T
= =L =L
(F3ux) [\ dt + / (Flow)|: / (Flouex)[i—ydt (3.9)
0 0

for every G € L2((0, L) x (0, T)), where ¢ is the unique solution of equation (3.7).
Notice that the existence and uniqueness of a solution of equation (3.1) is a direct consequence
of Lemma 3.2 and Riesz’s representation theorem.

We have the following theorem, which is one of the main results of the paper.

Theorem 3.4. Let F, FI (i=1,...,4) satisfy (3.8). Then, there exists C(L, w) > 0 such that for
every s > C(T2/3 + T1/3) and every X > C we have

T L T T L
s7x8//e—2”g7|u|2dxdt 5C<s7A8//e_2‘Y”$7|u|2dxdt—i—//e_zmlﬂzdxdt
0 0 0 o 00

T L
+//e*2” (s2A2E2 P + s A% F2 12 4 500060 P32 + s8a%68 | F4?) dx di
0 0

T
+s5x5/e*ZM*(g*)5(|F3(L,t)|2+ |F30, 07+ |FXL, 0 + | FX0,0[*) di
0
T
+s7)»7/e_2m*(§*)7(|F4(L,t)|2+ |F4(0,t)|2)dt>, (3.10)
0

where u is the solution of (3.1).

Remark 3.5. Carleman estimate (3.10) will be a key step for the purposes of this paper. Never-
theless, it has an interest on its own: it allows to obtain a null controllability result for equations
like
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Up + Uyyxx + a0 + ajuy + arityy + azixey =vl,  (x,1) €(0,L) x (0, 7),

u,t)=u(L,t)=0 te(0,T),
ue(0,1) =uy(L, 1) =0 te(0,7),
u(x,0) =u(x) x € (0, L),

where a; € L*°((0, L) x (0, T)) fori =0, ..., 3. Indeed, the corresponding adjoint equation is
given by

—@r + Qxxxx = —a0@ + (@19)x — (@2@)xx + (@30)xxx  (x,1) € (0, L) x (0, 7),

¢0,t) =¢p(L,t)=0 te(0,7),
(/’x(o’t)zwx(l‘yt):o IE(O,T),
o, T) =0 (x) x €(0,L).

Using estimate (3.10) with F = —agp, F! =aj¢, F?> = —ax, F? = azp and F* =0, and taking
s sufficiently large with respectto 7 and a; (i =0, ..., 3), we get

T L T
//e*%"gmoﬁdxdtgc//e*b”(gmwzdxdt.
00 0 w

Proof. To prove inequality (3.10) we follow a duality argument introduced in [16] for the heat
equation with right-hand side in L2(0, T:H™! (0, L)). Since then, this method have been used
in different contexts (see [10,11,4,14]). In particular, several arguments remain unchanged with
respect to the ones used in [4, Theorem 3.5], so we will use some estimates from there. We start
with the null controllability problem of finding (¢, &) such that

—@1 + Qraxx =5 AT Bu 4+ 1, (x,1) € (0,L) x (0, T),
00,1) =px(0,1) =0, @(L,t)=¢(L,t)=0 t€(0,T), (3.11)
9(x,00=0, o¢x,T)=0 xe€(,L),

where u is the solution (by transposition) of equation (3.1). From the proof of Theorem 3.5 in [4],
there exists a pair (¢, k) that solves this control problem. Furthermore, they satisfy

T L
//e2sa(|(p|2+S—2)L—2$—2|(px|2+S_4A_4§'_4|§0xx|2+S_6)»_6$_6|§0xxx|2
00

4

Siskiggigl(pxxxx |2) dxdt

T T L
+s—7r8//e2”g—7|h|2dxdr §CS7A8/fe_2S°€7|u|2dxdt (3.12)
0 o 00

and
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T

57575 [ 7€) (1pun 0.0F + oL P)
0
T T L
4577 [ 7@ T (00 0.0P + 0Pt €58 [ [0 P avar,
0 0 0

(3.13)

We now take G = s728£7¢ 729y + h1,, in equality (3.9). We obtain
T L
/fs7,\8e—2ws7|u|2dxdt
0 0
T L
/ uhdx dt + / / (Fo — Floy + F2gun — Fgun + Frogny) dxdr
w 0 0

T T
+ (F Soxx x_ dt+/ F4§0” o dt /(F4¢xxx)|izédt'
0 0

St~ o\ﬂ

From this identity, we conclude using estimates (3.12), (3.13) and Young’s inequality. O
3.3. Carleman estimates for the adjoint system

Here we prove some Carleman estimates for the adjoint system (1.21), provided that assump-
tions of Theorem 1.2 hold. In particular, we will deal with conditions (1.11) and (1.12) separately.

3.3.1. Case O1,4 =024
We start assuming that condition (1.11) is satisfied. It is convenient then to denote Oy =

01,4 = Oy 4. Notice that system (1.21) now reads

—Vi + Vrex +0¥xx — 3V = g% + (1! +a2y?)lo, (x,1) €(0,L) x (0,T),
y;'+y;xxx+vy;x+(w">x=g"—;vfﬂo,. i=1,2 (x,0)e(0,L) x(0,T),

Iﬂ(O,t)zl//(L,t)zyi(O,t)=yi(L,tl)=O i=1,2 te(,7),
v, )=vTx), y'(x,0=0 i=1,2 x €0, L).

Following the arguments in [2], let & := a1y ! + a2y, Of course, by linearity, the pair (¥, &)
is solution to
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=Vt + Yaxxx + V¥xx — Y¥x = 80 + hll(j)d (x,t) € (0,L) x (0, T),
i+ s v+ (s = aig! +aog’ = Lylo, — ylo, (60 €O.L)x O, 7),
1 2
v(0,t)=y(L,t)=h(0,t)=h(L,t)=0 te(0,7),
Yx(0,0) =Yx(L, 1) =hy(0,1) =he(L,1) =0 1€(0,7),
Yy, )=y (x), h(x,00=0 x€(0,L).
(3.14)

For the solutions of this system, we have the following result.

Proposition 3.6. Assume that conditions (1.10) and (1.11) hold, and y € L*°(0,T;
WL2°((0, L))). Then, there exists C = C(L, O, Oy, ai, i, | ¥lloo, |7xlloc) > O such that for
every s > C(Tz/3 + T1/3) and every ) > C we have

T L
1<w)+1<h>sc<//e—2“’ (s"ABE718%1% + 18" 1> + Ig%1%) dx dt
0 0

T
+s15k6/f 20 £15)y 2 dxdt) (3.15)
0

where (W, h) is the solution of (3.14).

Proof. Since we are assuming condition (1.10), there exists a non-empty open set @ such that
w C Oy N O. From Proposition 3.1 applied to the first equation in (3.14), we have (recall the
definition of I (-) from (3.5))

T L
W) sc(//ez“’(|¢”|2+ 17121 2+ 1801 + [h[2) dx dt
0 0

T
+s7k8//e_2‘mé7|1/f|2dxdt>
0

for every s > C(T%/? 4 T'/3) and every A > C. From the properties of the weight functions (3.4),
we obtain

T L T
1Y) <c<//e2“’ (18°12 + 1) dxdt+s7A8//e2SJ$7|W|2dxdt) (3.16)
00 0 w

for every s > C(Tz/3 + T1/3) and every A > C.
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Similarly, applying Proposition 3.1 to the second equation in (3.14), we get

T L
1) sc(//e%‘“(mm% 151201 2 4 15 12 4 18" 2+ 162 + 19 ?) doc it
0 0

T
+s7A8//e—2”§7|h|2dxdt)
0 w

for every s > C(T?/3 + T'/3) and every A > C. Again, properties (3.4) yield

T L
1(h) < C(//ezm lg' 1 +1g%1* + v |*) dxdt +s7x8// e 27T dxdt) (3.17)
0 0 0 o
for every s > C(T?/3 + T'/3) and every A > C.
Now, we combine inequalities (3.16) and (3.17). Notice that the global terms of ¥ and 4 in

the right-hand side, can be absorbed by the left-hand side taking s and A sufficiently large as
before. Therefore, we end up with

T L
I +1(h) < c(//e2”(|g°|2 +1g'1*+1g*1*) dx dt
00

T
+S7A8//e2S”$7(|w|2+|h|2)dxdt) (3.18)
0 w

for every s > C(Tz/3 + T1/3) and every A > C.

To finish the proof, we only need to eliminate the local term of / in the previous inequality.
Let 6 € Cg(Od N O) such that 6 =1 in w. From the equation satisfied by 4 in (3.14), we have
that

h= =Y+ Yrxex +V¥ax — 39 — g0 in (04N O) x (0, 7).

Then,
T T
Cs7A8//e_zsg§7|h|2dxdt§Cs7A8/ f e 2670\ h|* dx dt
0 o 0 O;nO

T
- cﬂ)ﬁ/ / e BETOR( = Yy + Yexrx +Vax — Y — g°)dxdt. (3.19)
0 O;nO
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Let us treat each one of the terms in the last integral, which will be denoted by Ay, ..., As.
Integration by parts in time for the first term gives

T T
A :Cs7,\8/ / (e*ZS“§7)tehwdxdt+cS7A8/ / e 2 T0h, dx dr.
0 O;nO 0 O;nO

Using weight properties (3.4) and Young’s inequality, we obtain

T
1
A< EI(h)+Cs]5kl6/ / e 7By dx dt
0 O,NO

for every s > C(Tz/3 + T1/3) and every A > C.

Similarly for A,, we integrate by parts in space. Again from properties (3.4) and Young’s
inequality we get

T
1 .
Ay < EI(h)+Cs]5kl6/ / e 7By dx dt
0 O,NO

for every s > C(Tz/3 + T1/3) and every A > C.
Terms Az and A4 are treated analogously. Keeping in mind the regularity of y, we have

T
1 .
Az < EI(h)+Cs]1k12/ / e 27Ny 2 dx dt
0 ONO

and

T
1
Ag < ml(h)+cs9ﬂ°f / e 2P dx dt
0 O,NO

for every s > C(T*3 + T3y and every A > C. Notice that the constant in A4 depends on the

norms of y.
For the last term, we obtain directly

T
1
As < E1(h)+cs7A8/ / e 271802 dx dt
0 ONO

for every s > C(Tz/3 + T1/3) and every A > C.
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Finally, adding the integrals A1, ..., As in (3.19) we get
T
Cs')\8 f f e 27N> dx dt
0 w

T T
1
< E1r(h)+cs15A16/ / e—2S“515|¢|2dxdz+cs7A8/ / e 771802 dx dr.
0 O,NnO 0 O;,nO
(3.20)

Plugging this inequality in (3.18) and using properties (3.4), we deduce estimate (3.15). O

3.3.2. Case O1 4% Or4

Now we turn to assumption (1.12). Notice that the argument presented to prove Carleman
estimate (3.15) is no longer viable in this case. Therefore, a new approach is needed. Let @ and
w> be two disjoint non-empty open subsets of (0, L) such that

01 CO1,gNO and wr COryNO, (3.21)
and let Oy be a non-empty subset of O such that Oy € O and
w1 COp and w2 C Op (3.22)
Fori =1,2,let n; be C4([0, L1)-functions such that

ni>0 in(0,L), ni(0)=n;(L)=0,
[Vni| >0 in[0, L]\ o;, (3.23)
n=mn in[0, L]\ Oyp.

Conditions in (3.23) say that these functions have their critical points in disjoint sets, but
coincide outside a set containing these sets. This property will be very useful in our argument.
The existence of such functions in this case (one dimension in space) does not require much
discussion. However, a proof in dimension higher than one can be found in [3].

Analogously as in (3.2), for i = 1, 2, we define the weight functions

exp (4rlimilloc) — exp (A(Imilloo + 1 (x)))

exp (A7 lloo + 1i (x)))
oi(x,t):= (T 1)1/ , _

(3.24)

where A > 1, and 6;, al.*, éi and Si* as in (3.3). We denote by [;(-) the corresponding weighted
energy as in (3.5).

Remark 3.7. Notice that properties (3.4) are still valid for these new functions. Therefore, Propo-
sition 3.1 and Theorem 3.4 are still valid for weight functions (3.24) instead of (3.2).
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Before introducing the Carleman estimate, we distinguish two cases for O; 4 and O, 4 under
assumption (1.12). If

(014N O02)NO =0, (3.25)
then we can choose w; and w» satisfying (3.21) and
01N (O24NO)=0 and wrN(O1,4NO)=0. (3.26)

On the other hand, if (3.25) does not hold, it means that (O; 4 N O) N (O2,4 N O) # @. Further-
more, since we are assuming (1.12), the symmetric difference between O; 4 N O and Oy 4 N O
is not the empty set. Therefore, there are i, j € {1, 2}, i # j, such that w; and w; can be chosen
to satisfy (3.21) and

w; N (Oj,d NO)=@ and w; C (Oi.aNO). (3.27)

Remark 3.8. Without loss of generality, we will fix i = 1 and j =2 in (3.27) for the rest of the
paper, that is,

01 N(O24NO0)=0 and wr C(O14N0O).
The other case is completely analogous.

These two cases yield to slightly different Carleman estimates, which are presented in the
following proposition.

Proposition 3.9. Assume that conditions (1.10) and (1.12) hold, and y € L*(0,T;
W12°((0, L))). Furthermore, let w; and w, be non-empty disjoint open set such that (3.21)
and (3.22). Then,

(1) if (3.25) holds, there exists C = C(L, O, O; 4, i, (i, | lloos [ Yx lloc) > O such that for every
s> C(Tz/3 + T1/3) and every . > C we have

T L
§Ta f / B Pdxdi + L) + hoA)
00
T
< C<S15k16//(e—2sm$115 e 0Ly P dx di
0O
T L
+5738 f / (e72E] +e7278]) g0 P dxdt
0 0

T L
+ / f (e—2”1|g1|2+e—25"2|g2|2)dxdt> (3.28)
0 0

or
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(i) if (3.27) holds for (i, j) = (1, 2), there exists C = C(L, O, O, 4, ai, ti, |¥lloos 1 Yxlloc) >0
such that for every s > C(T?*/3 + T'/3) and every » > C we have

T L
Nf/e‘””lshwzdxdwzmyl)+12<a1y1 +azy?)
00

T
< C<S15)»16/\\/(6_23015115+€_2S02$215)|1ﬂ|2dxdl
0 O

T L
+S7)\8[/(€_2m“§17 +e—2s02%-27)|g0|2dx dt
0 0

T L
+[/(672S01 +e2502)(|g1|2+|g2|2)dxdt> (329)
0 0

for every solution (W, y', y?) of system (1.21).
Proof. We start by considering a function A € C 4([0, L]) such that

A(x) =0 for x € Oy,

A(x)=1 forx €[0,L]\ O. (3.30)
It is straightforward to check that
—(AY); + (AP)xrr = A+ a1 Ay Lo, , + a2 AY? 1o, , + R(Y) (3.31)

where

R(I//):_sz//lh_)_)A/l/f_)_’xAl/f_A/lef‘f‘(ZVA/l//+yA1ﬂ+4AW1/f)x
— (WAY +6A"Y) ix +4(A YY) -
Notice that the function Ay, together with equation (3.31), fulfills the conditions of Theo-

rem 3.4 for weight functions (3.24) with i = 1 (see Remark 3.7). Thus, we obtain from inequality
(3.10) for every s > C(T*3 4+ T1/3) and every A > C

s7A8

St~

L
/ e Bgl Ay 2 dx dt
0

T L T L
C(//e_zml|g0|2dxdt+// B0 (| Ay 2+ |AY??) dx dt
0 0 0 0
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T
+S7A8//e_z‘ml§17|A1/f|2dxdt

0 w1

T L
(U 112 + 15212628 / f PO ES Y P dx dz), (3.32)
0 0

where we have used properties (3.4). To estimate the last term in (3.32), notice that from the
properties (3.30) of A, we have

T L T
s7x8//e—2”lgl7|1/f|2dxdt—s7,\8//e—2ml§17|1/f|2dxdz
00 00
T L
5s7,\8//e—2ml§17|1\1p|2dxdr
0 0

and, since the weight functions are equal outside Oy (see (3.23)),

T L T
f/ 20 (|AY P+ [AY? ) dxdt = f / e 2N Ay Pdx dt
00 0 (0,L)\O9
T
+/ / e 22| Ay? | dx dt.
0 (0,L)\Op

Going back to (3.32), we get using (3.4) the estimate

T L T L T
s7)»8//e_2‘mlél7|1/f|2dxdt§C<//e_2m‘|g0|2dxdt+/ / e >y Pdxdt
00 00 0 (0.L)\Oo
/ / e~ 220y dxdt+s718// e gl |y dxdt) (3.33)

0 (0,L)\Og

for every s > C(Tz/3 + T1/3) and every A > C.
Now, we first prove Carleman estimate (3.28) which is somewhat simpler and then we turn
to (3.29).

e Proof of (i). For i = 1,2, we apply Proposition (3.1) for the equations satisfied by y' in
system (1.21). We have
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T L
w")sc(f/e—z“’i(|y;x|z+ D120+ 152y 12+ 1 + 912 dx dt
00

T
+s7A8//e2”"51-7|)/i|2dxdt), i=1,2
0 w;

for every s > C(T?*/3 + T'/3) and every A > C. From properties (3.4), we get

T L
1(y)<c<//e—2“" lg'1* + |y| )dxdt+s7A8/f e BoEl |yl dxdt) i=1,2
00

0 w;
(3.34)
for every s > C(T?*3 4+ T1'3) and every A > C. From (3.23), we have
T L T
//e 2501 |y 2 dix dt = // e 2|y 2 dxdt+/ / e By Pdxdr, i=1,2.
0 0 0 0 (0,L)\O

Thus, summing inequalities (3.33) and (3.34) we obtain
T L T
s7x8//e*zé'"1517|¢|2dxdt+11(y1)+12(y2) gc(//(ﬂ,\ge2S“l§17+e2“’2)|1/f|2dxdt
0 0 00

T L
+// (27 ("R + Ig' Py + e 27 (g2 P) dxdi + 5728 3 /f I dxdt)
0 0

k=127 o
(3.35)

for every s > C(T*3 4+ 113y and every A > C, where we have used again (3.4).

It remains to estimate the local terms corresponding to y! and 2. For this, we will take
advantage of the fact that we can choose w; and w» to satisfy (3.26) since we are assuming that
(3.25) holds. Similarly to what we did in the proof of Proposition 3.6 (see (3.17) and (3.18)), we
use the equations satisfied by ! and 32 in system (1.21).

Fori=1,2,1et6; € Cé(@i,d N O) such that = 1 in w;. Since (3.25) holds, observe that

i 1
vyl = ;(_WZ + Yrxxx + V¥x — Y¥x — go) in(O0iaNO)x0,T), i=1,2,
i

and thus we have
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T T
CS7)»8//e_zsa"fl~7|)/i|2dxdl‘ E CS7)\.8/ / e_zsai€l70|yi|2dxdt

0 w 0 0;4nNO

T
C 250 i - )
=;s718/ f e PUE 0y (= i+ Vwwr + V¥ — Yk — %) dxdt, i=1,2.
' 0 O;4nO

Here we find the same (up to the constant C) expression as (3.19), therefore we obtain for free
the estimate (compare with (3.20))

T T

i 1 i o

CS7A8//672sai§l_7|yz|2dxdt S Eli(yl)+CSIS}\’IG//efzuflsilslw'zdxdt
0 w; 0O

T
+Cs7A8f/e_z“”’$l7|g0|2dxdt, i=1,2 (3.36)
00

for every s > C(T*3 +T1/3) and every A > C. Using this last inequality in (3.35) and properties
(3.4), we find estimate (3.28).

o Proof of (ii). We now assume that (3.27) holds with i = 1 and j = 2 (see Remark 3.8). From
(3.21) and (3.27), we choose w; and w; such that

01 CO1aNO)\NO2y and @ CO14NO4NO.
Notice that from the first equation in system (1.21) we have
1 _ .
y'= oy (Vi Ve Ve — e %) in((01aNO)\ Oz4) x (0, T),
thus we can combine estimates (3.33), (3.34) and (3.36) with i = 1 to get

T L T
s7x8//e2S”lgl7|¢|2dxdt+ll(y‘)5c<s‘5x‘6//e2”151‘5|¢|2dxdt
00 0O

T L T L T
+S7A8//e—2s01€17|g0|2 d.xdt + //6—2501|gl|2dx dt +/ / 6—25‘0‘2']/2'2 d.xdt)
0 0 0 0

0 (0.L)\Op
(3.37)

for every s > C(Tz/3 + T1/3) and every A > C.
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To estimate the last term in (3.37), we borrow the idea from the proof of Proposition 3.6. Let
h:=0a1y! 4+ azy?. From Proposition 3.1, we obtain an estimate similar to (3.17). Namely,

T L
Iz(h)<c(//e—2“’2 18" + 18217 + v )dxdt+s7A8f/ —20g ]|y dxdt) (3.38)
0 0

0 o

for every s > C(T%/3 + T''/3) and every A > C. Since we have

h=—Y; + Yaxax + V¥ — 3y —g° in (O1,4NO24NO) x (0,T),

we repeat the computations to obtain (3.20) (with 6 € Cé (01,4 N O24 N O) such that 6 =1
in w7). This time we get

T T
. 1
Cs7k8//e’2“’2$;|h|2dxdt§ Elz(h)+Cs15x‘6/fe*”“zgz‘ﬂmzdxdt
0O

0 w2

T

+Cs"8 f / e 2] 18 dxdr  (3.39)

for every s > C(T2/3 + T1/3) and every A > C.
From (3.23) and (3.4), we have

T
C/ / e 252|212 dx dt
0 (0,L)\Op
T T
gc(f / e—2S°l|y1|2dxdz+f f e—2“’2|h|2dxdr>
0 (0,L)\Op 0 (0,L)\Ogp
< ThON+ b (3.40)

for every s > C(T2/3 + T1/3) and every A > C.
Putting together estimates (3.37)—(3.40) we finally get (3.29). O

4. Analysis of the linear system

This section is dedicated to prove an observability inequality from Carleman estimates in
Propositions 3.6 and 3.9. Then, we will be able to establish the null controllability of linear
system (1.20).

Before going into the details, let us make some remarks about the Carleman inequalities from
Propositions 3.6 and 3.9.
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In the following, we will ask the functions defined in (3.23) to satisfy also that

M1 lloe = lM2lcc- 4.1

As it is stated in Remark 7 in [3], this can be possible even in higher dimension.
Let us unify Propositions 3.6 and 3.9.

Lemma 4.1. Assume that condition (1.10) holds and y € L°(0, T; WH%°((0, L))). If the func-
tions defined by (3.23) satisfy (4.1), then

(1) if (1.11) holds, there exists C > O such that for every s > C(T*3? + 13y and every A > C
we have

T L T L
57)\,8/\/672SU*(%‘*)7|1//'|2dx dt +S7K8/‘/672‘m*(“§*)7|0{1y1 +a2)/2|2d.x dt
00 0 0

T L T
§c<ff 20 (sTA%E7180 + 18" 1 + 1821%) dx dr + 519216 /f GELS |2 dxdt)
0 0 0

“4.2)
or
(i) if (1.12) holds, there exists Cy > 0 such that for every s > Cx(T*3 +T1/3) and every 1 > Cy
we have
T L T L
57)\'8/f 250?(&?)7|I//|2dxd[ +s7)¥8v/‘/€_2sar('§1*)7(|yl|2 + |y2|2) dxdt
0 0 00
T L T
§Ck(//e_2”1 (s"2%&]18°P + 18" 1> +1g° )dxdt—l—slsklﬁff e BNES |y dxdt)
0 0 0
4.3)

where Ci may be different constants C1 and C, depending if condition (3.25) holds or not,
respectively, for every solution (W, y', y?) of system (1.21).

Proof. The only case that is not direct from Propositions 3.6 and 3.9 is the one coming from

inequality (3.29). However, it is enough to notice that ly?| < omxz_l Iyl + oc2_1 loery ! + o y?|
and that under (4.1) the weights coincide when we take the minimum. O

4.1. Observability inequality

Let us now prove the observability inequality for the solutions of the adjoint system (1.21).
We start by proving an energy estimate.
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Lemma 4.2. Assume that y € L*°((0, L) x (0, T)). Then, there exist g > 0 such that for every
W1, h2 = (o and every go, gl, g2 e L?((0,L) x (0, T)) and every xpT € L?(0, L), the solution
W, yl, y?) of system (1.21) satisfies
Il +y'03
L>®(0,T;L2(0,L))NL2(0,T; H2(0,L)) 4 L (0,T;L2(0,L))NL2(0,T; H%(0,L))
202 1 22
1Y Moo 0, 75200, L0220, 73120,y T N1V 2V o 0 72120, L0020, 7: 200, 1)
02 12 202 T2
S C(”g ||L2((0,L)><(0,T)) + ”g ||L2((0,L)><(O,T)) + ”g ||L2((0,L)><(O,T)) + ||K” ||L2((0,L))>’ (44)

where C > 0 is a constant independent of |11 and 3.

Proof. Let us multiply the first equations of system (1.21) by ¥ and integrate in space. Integra-
tion by parts yields

L L
57 | I [ WP dx
0 0

L

L L
=—v/wxxwdwfmwwfgowdx+a1 / ylwdx+az/y2wdx.
0

0 0 O14 Oz,d

Using Poincaré’s and Young’s inequalities, we have

L

___f|1/f| dx + = /waxl dx<C/|¢f| dx+/|g | dx+/(lyxx| +1yel?) dx,

0

where C is a constant depending on ||y, v, @1 and oy, but independent of 1 and ;. Then,
by Gronwall’s inequality, we obtain for all ¢ € (0, T)

L T L
/|w(t)|2dx+//|wxx|2dxdt
0 0 0
L T L T L
sc(/WPdw//|g°|2dxdr+/f(|y;x|2+|y3x|2)dxdr). (4.5)
0 0 0 0 0

Similar computations for the equations satisfied by ! and y2 show that, fori = 1, 2,

L L L
/Iyl dx+/|y Pdx=—v fyxxy der/w J/de+/gy dx+—fw dx
0 0

Oi
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and then

1 d L | L L L | L
55/|y"|2dx+5/|y;'x|2dxscf|yf|2dx+f|g"|2dx+—2f|w|2dx,
0 0 0 0 Hig

where C is a constant depending on |y||cc and v, but independent of w; and ;. Since
y'(x,0)=0,i=1,2, we get from Gronwall’s inequality

L T L T L L
P2 i 2 i2 1 2 .
v () dx + ly! |*dxdt <C rd dxdt+E lw@)2dx ), i=1,2.
0 0 0 00 Lo

(4.6)

Now, let  := a1y ! + a?y2. Since h satisfies the second equation in system (3.14), we can
obtain similarly as before the estimate

L T L
/wmﬂw+//w”ﬁum
0 00
T L
<//|gP+MI)MJr+ l/WONJO @47
0 0

Adding estimates (4.5)—(4.7) (with a rescaling of the constants if necessary), we obtain (4.4)
by taking w1 and w, sufficiently large. O

We are ready to prove the observability inequality (1.22). To do this, we need to introduce
some new weight functions similar to the ones in (3.2) and (3.24) that do not degenerate at t = 0.
Let t(t) € C'([0, T]) be defined by

)= (T/2)%3 tel0,T/2),
W=1083a@ —n'B rer)/2, 1],

and
exp (4A1nilloo) — exp (A(Imilloe + i (x)))
T(t)

exp (A([Imilloo + 1i (x)))
(1)

Bi(x, 1) :=

’

Gi(x,1):=

. i=1,2, (4.8)

where A > 1. Similarly, we define (8, ¢) corresponding to (o, &) in (3.2).

Notice that properties (3.4) are valid for these new functions and we keep the notation intro-
duced at the beginning of the section.

The observability inequality is given by the following proposition.
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Proposition 4.3. Assume that condition (1.10) holds and y € L>(0, T; W°((0, L))). Also,
let the functions defined by (3.23) satisfy (4.1) and, s and A be constants such that Lemma 4.1 is
verified. If either (1.11) or (1.12) hold, then there exists a constant C > 0 such that every solution
W, y', y?) to system (1.21) satisfies

L T L T L
/|w(x,0>|2dx+//e*28ﬁ?‘<cr>7|w|2dxdt+//e*23ﬂ1 (9P + y?1?) dx di
0 0 0 0

T

T L
C(// 281 (5718%1% + 1" 2 + Ig2) )dxdr+ff e 2PIEIS |2 dxdr) (4.9)
0 0

0
Remark 4.4. In the spirit of unify both cases (1.11) and (1.12) is that we have considered only the

weight functions (81, ¢1). Of course, when (1.11) holds, it suffices to replace (8, ¢) by (B1, ¢1)
and take w1 to only satisfy w1 C O1 4N O.

Proof. It is classical to prove (4.9) from (4.2), (4.3), (4.4), and the fact that

47/3
7
(fl*) > m

For details, please see [12, Lemma 1] or [4, Proposition 4.1], for instance. On the other hand, if
(1.11) holds, we can get from (4.2) and (4.4) the estimate

L T L T L
/|zp(x,0)|2dx+//e*2sﬂ*(;*)7|¢|2dxdt+//e*255 lery! + a2y?|?) dx dt
0 0 0 0 0

T L
sc(f/e (E718°P + 1g' P + 1) )dxdr+// ~2BEIS |y 2 dxdr)
0 0

(@]

To add the weighted integrals of y! and y2, we do the following. Let p(t) = e—*F". Notice
that p(¢) is a positive non-increasing function in (0, 7). If we denote y"' := p(¢)y’, we obtain
from system (1.21) that

o o 1 ‘
Vi Vixx T V700 F OV =p(0)g" — ;p(t)t/flto,- + 0 )y,
1
(x,)€(0,L)x (0,T), i=1,2.

As in the proof of Lemma 4.2, we multiply this equation by 7’ and integrate in (0, L). We
have fori =1,2
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L L
1d
s [ PP /lm ar=c [ 77 dx+f|p<r>g| dx+—/|p<r>w| dx
0 0
L
+ f p'Op)y' P dx.
0

Since the last term is negative and J7i (x,0) =0, we obtain

T L T L | T L
ffe—ZSﬁ*|yf|2dxdt§c<//e—2sf‘ lg'|? dx dt + —2//e—2sf‘*|w|2dxd;>, i=1,2.
0 0 0 0 Hi 0 0

From here, it is easy to obtain (4.9) from properties (3.4) and the fact that e 1P <e ™% /§. O
4.2. Null controllability of the linear system

Let us denote by L the linear operator

Lu:= U+ Uyxxxx + VUxx + ()_)l/t)x

and by £* its formal adjoint
LXu = —t + Uyypx + Viyy — Yy

Also, consider the functional space

={@d1.d2. 1)1 PET7P2 e L2((0. L) x (0.7)). P19 € L2((0, L) x (0. T))).i =1,2,
ePE B2 F e 120 x (0, 7)),
Pl (; )Lz — flo+uy e, + 1y ¢ 0,)
€ L2((0, L) x (0, 7)),
P (L ¢ —aizlo,,) € L2(((0, L) x (0,T)),i = 1,2,
P e € 1290, T L2(0, L)) N L2(0. T: H(0, L)),
P TPy 1200, T; L2(0, L)) N L20, T; HX(0, L)), i = 1,2},

which is a Banach space endowed with its natural norm.
We have the following result.

Proposition 4.5. Let the assumptions of Proposition 4.3 be satisfied. Then, for any z° € L*(0, L),
and any triplet (f°, f', £?) such that

T L T L
//ezfﬁl*(;;")—7|f0|2dxdt<+oo, //eZSﬂi‘|ff|2dxdt<+oo, i=1,2, (4.10)
00
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there exists a control f € L?((0, L) x (0, T)) such that the solution (z, ¢1, ¢2) of system (1.20)
satisfies (z, ¢1, P2, ) € S. In particular, z(x, T) =0in (0, L).

Proof. We follow a classical strategy (see [12,4], for instance). Consider the space

Po={(p.q".q») € C*(10. L1 x [0.T]) :
p(0.1)=¢"(0,1)=p(L,1)=¢g"(L,t)=0 Vte(0,T),i=1,2,
px(0,1) =g (0,1) = py(L,t) =g (L, t) =0 Vte(0,T),i=1,2,
q'(x,00=0 Vxe(0,L),i=1,2}.

Now, let b : Py x Pg — R be the bilinear functional
b((p.q".q%). (rnw' w?)

T L
= //e’zs’él Z‘f([l*p —alqlllolyd —azqzllozvd)(/l*r —alw]]lol_d —azu)z]l@z,d)dx dt
0 0

T

T L
A ) 1 . 1 PN
//e_zsﬁ‘ (Eq’ +—p]l@i)<£wl +—rﬂ@i)dxdt+/fe_2sﬂ1§115 prdxdt
Wi i
0 0 o

2
— i
- 0

+

i=1

and £ : Py — R the linear functional

L

T L
Z(r,wl,wz)://(for—{—f]wl +f2w2)dxdt+/z0(x)r(x,0)dx.
0 0

0

Observability inequality (4.9) allows to show that b(-, )1/2 defines a norm in Py. We denote
by P the closure of Py with respect to this norm. Furthermore, P is a Hilbert space with the inner
product coming from b and, again from (4.9), £ is bounded in P. Therefore, by Lax—Milgram’s
Lemma, we deduce that the problem: find (p, ql, q2) € P such that

b((p.q' q», (rnw', wh) =, w', w?) VY, w' w)eP (4.11)

possesses a unique solution that we call (p, 4!, §2).
Define

2 = 6_23/31217 (L"*ﬁ - Ollﬂ?l]l(?l,d - O{262]l(921d),

N s

b = =25 (cc}' + —13]1@,.), i=1,2, (4.12)
i

Fe—e@PES 51,

_We will show now thAat (2, ¢A31 L %) is actually the solution of the linear system (1.20) associated
f and that (2, ¢', 2, f) belongs to S, therefore solving the null controllability problem.
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Since b((%, P!, ¢A52)) < 400, we have that

T L » T L T
f/ezsﬁ‘$f7|2|2dxdt~|—Z//ezsﬂl |¢3"|2dxdz+//e2“312;15|f|2dxdz < +o0.
00 0 0 00

i=1
4.13)

Now, let (Z~ 5 1452) be the weak solution of system (1.20) with f = f defined in (4.12). It is
clear that (Z, ¢!, $?) is also the unique solution by transposition of (1.20) (see Definition 3.3).
This means that

T L T L L
//(Zg°+$1g1 +¢%g%) dxdt = //(f0r+f‘w‘ +f2w2)dxdt—i—/zo(x)r(x,O)dx
0 0 0 0 0

(4.14)

for all (g%, ¢!, g2) € L2((0, T) x (0, L))?, where (r, w!, w?) is the solution of the system

£rr=g"+aw'lp, , + mw?lp,, (x,1) € (0,L) x (0, T),
|
Lw' =g ——rlp, i=1,2 (x,1)€(0,L) x (0, T),
Hi , _
r0,)=r(L,t)=w'(0,t)=w'(L,t) =0 i=1,2 te(0,7),

re(0,0) =ro(L, ) =w' (0, 1) =wi (L, t)=0 i=1,2 te(0,T),
r(x,T)=0, w'(x,00=0 i=1,2 xe€(0,L).

From (4.11) (with (p,q',¢%) = (p,§",§?)) and (4.12), we find that the triplet (, ¢!, $?)
also satisfies (4.14). Thus, (Z, qASI, (]32) coincides with (Z, 51, 52) and must be the weak solution
of (1.20) associated to f

Finally, let z, := evﬂ'g 15/2% and ¢’ = e‘ﬁ‘ 15/2(1)’ i =1,2. Then, (z4, ¢*, qﬁ) solves

1
Lzo=f2+ filo — —¢i1 —~ M—m@z + @ P (x) e (0, L) x (0.7),

LrpL = fl +aiz*]1@,.d @i PP =12 (x,1) € (0,L) x (0, T),
2x(0,1) =z4(L, 1) = ¢*(Q 1) = qb*(L., )=0 i=1,2 te(0,7),
Zix (0,1) = 2 (L, 1) = 3, (0, 1) = ¢4, (L, 1) =0 i=1,2 1€(0,7),
2.(x,0) = eI OFT20)0x), ¢l(x, T) =0 x €, L),
where we have denoted as well (f* f*, fe) = Sﬁ' 15/2(f() fi, f) i =1, 2. From the fact that
-15/2 —7/2

|(e“31 yl<C 6“31 , (4.10), (4.13), the deﬁmtlon of the weight functions and proper-
ties (3. 4) we see that the terms in the right-hand side of the equations of this system belong to
L2((0,L) x (0, T)).

Therefore, using a regularity result similar to Lemma 4.2 (eventually for u; large enough)
we deduce that (zy, ¢!, ¢2) belongs to (LOO(O, T L2(0, L)) N L2(0, T; H2(0, L)))3. This com-
pletes the proof of Proposition 4.5. O
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5. Null controllability of the non-linear system

In this section we complete the proof of Theorem 1.2. As mentioned in the introduction, it is
equivalent to a local null controllability result for the optimality system (1.18). More precisely,
we prove the following result.

Theorem 5.1. Let the assumptions of Theorem 1.2 be satisfied. Then there exist § > 0 and positive
functions p; = p; (t) blowing up at t = T such that if z° and z; 4 satisfy

T
||ZO||22(0,L)+ Z//,éizlz,',dlzdxdt<6,
t:1,20 Oi,d

there exist a control f € L*(O x (0, T)) and a associated solution (z, ", ¢p*) of the optimality
system (1.18) such that z(x, T) =0 in (0, L).

The proof is based on a local inversion argument, for which we use the following theorem

((see [1])).

Theorem 5.2. Let B1 and B> be two Banach spaces and let F : By — Ba satisfy F € C'(By; By).
Assume that by € By, F(by) = by and that F'(by) : By — By is surjective. Then, there exists
8 > 0 such that, for every b' € By satisfying ||b' — b2, < 8, there exists a solution of the
equation

Fb)="b, beb.
Proof. Let us define the spaces

B =S8,
By:=XxL*0,L)x Y x Y,

where
X i={u: e ()7 Pu e L2((0, L) x (0, 7))}
and
Y i={u:ePiue L2((0,L) x (0, 7))}
For every (z, ¢1, ¢2, f) € 8, let the operator F : By — B3> be defined by

Lz+4z2z: — flo+upy ¢ o, + 1y 9?10,
z(x,0)
Ll —z¢' —aizlo,,
Lr¢? — z¢? —arzllo, ,

F(z.¢'.¢% f) =

To check the hypothesis of Theorem 5.2, the following lemma will be useful.
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Lemma 5.3. Let Z := {u : ePE=1512 € 1290, T L2(0, L)) N L2(0, T; H2(0, L))}. The map

1 .2 1.2
(U ,u”) > u uy

is continuous from Z to X and from Z to'Y .

Proof. It suffices to check that |[u'u?|x < Cllu'|z|lu?|z and |lu'u?|ly < Cllu'|z|u?|z. We
only do the first, since the other is analogous. Notice that the function

o 2P1+sB* 5115 (51*)_7/2
is bounded (eventually for a large ). Then for any u', u> € X we have

1.2 x ~7/2.1.2
lu'u?lx = 1€t () *u uyll22(0.0)%(0,7))
2sB1p—15 1.2
< Clle®Pre; Pu uyll22(0.0)% 0,7y
5, ~—15/2 1 sh2—15/2 2
=< C||6’sﬁ1 Cl u ||L00((0,L);L2(0,T))||€Yﬂlfl ux||L2((O,L);L°°(O,T))
<Clu'lizlullz. ©

From the definition of By, B, and Lemma 5.3, it is fairly simple to check that F is well defined
and of class C1(By; B,). Furthermore,

Lz— flo+u;'¢' o, + 1y 9?10,
z(x,0)
£*¢l —Ollz]lol,d
L5p? — azlo,,

F'(0,0,0,0)(z, ', 9%, f) =

is surjective from B; to B, thanks to Proposition 4.5. From Theorem 5.2 with b1 = (0, 0, 0, 0),
by =(0,0,0,0) and b’ = (0, 2%, —a121,410, ;. —@222.410, ) We obtain the existence of a pos-
itive number § such that if

T
||ZO||22(0’L) + Z / / e*P|z; g dx dt <38,

i=1,27 Oia

there exists (z, ¢!, ¢2, f) solution to system (1.18) belonging to S. In particular, z(x, T) =0 in
(0, L) and the proof is done. O
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Appendix A. Well-possedness of the optimality system (1.18)
Consider the following linear KS equation

yt+yxxxx+vyxx=f (x, 1) €(0,L) x (0, T),
y(0,t) =y(L,t)=0 te(0,7),
(0, 0) =y (L, 1) =0 1€(0,7),
y(x,0) =y"(x) x€(0,L).

(A.1)

In order to prove the existence of solution for (1.18) we will first study the existence of solution
for (A.1). We have the following

Lemma A.1. Let A : D(A) C L*(0, L) — L?(0, L) the operator defined by:

{ D(A) =[H*N H1(0, L),
Ay = —Yxxxx — Vrx-

Then A is the generator of a strongly continuous semigroup {T (t)};>0 : L%(0,L) — L%(0, L).
Moreover; if yo € L*(0, L), u(t) = T(t)yo is the unique solution of (A.1) in the space

ue C(0,T; L*0, L)) N L*(0, T; H3 (0, L)).

Proof. The first thing to do is to prove that ("—2, o0) C p(A), more precisely we will show that
for each f € L?©0,L)and o € (ﬁ, 00) problem

ou—Au=f (A2)

has a unique solution u € D(A).
Define the bilinear form B : [HO2 O, L)]2 — R given by

B(u,v) =0 (u,v) + (txx, Vxx) + V(lxx, V).
It is clear that B is continuous in HO2 (0, L) and it is easy to see that

_ 2 2 _"_2 2
B(u,u) = o lul” + luxx|” + v(ugx, u) > (1 4O_)|”xx|-

Then, for o > % the bilinear functional B is coercive. We also have that L : HOZ(O, L) — R

given by L(v) = (f, U>H-2((),L),Hg(0,L) is continuous and
IL(v)| < ”f”H—Z(O,L)”v”HOZ(()’Ly
Using the Lax Milgram theorem, there exists a unique u* € HO2 (0, L) solution of

B(u*,v)=L(v), VveH3O,L).
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We conclude that, if f € H ~2(0,L) and o > "Tz, problem (A.2) has a unique solution u* €

HZ(0,L).If f € L?(0, L) then, using (A.2), we see that u*,,, = f —ou* — vu?, and then we
obtain that u™ € D(A). Let us define the resolvent operator R (o, A) : LZ(O, L)— L2(0, L) by
2
R(o,A)=(cld—A)"", o> T

‘We observe that

(R(o, AV f, f) = (u, 0u — Au) = (i, 0 + Uyyry + Vitry) = 0 [ul* + |sx |* + v(ttyy, u)

. U2 2 V2 R A 2
_(U_Z)M _(G_ZN (0, A) fl

This proves that

|R(o, A)" f| = |f1-

(0 =)

By [21, Theorem 5.3] we see that A is the generator of a strongly continuous semigroup {7'(¢)};>0
and

v2
ITO<e'. O
As a consequence we have the following:

Corollary A.2. Letr y° € L%(0,L) and f € L'([0, T1; L?(0, L)), then problem (A.l) has a
unique mild solution y € C([0, T]; L?(0, L)) given by

t

y(t):T(t)y0+/T(t—s)f(s)ds. (A3)

0

If. moreover, yo € D(A) and f € C'([0, T1; L%(0, L)) then the mild solution given by (A.3)
is the unique solution for the inhomogeneous boundary value problem (A.l) in the class
C(10, T1; D(A) N C'([0, T1; L*(0, L)).

Proof. The proof comes from the fact that the 7'(¢) is strongly continuous. See Pazy ([21],
p-107). O

Remark A.3. For yy € LZ(O, L) and f € L', T; LZ(O, L)) the mild solution (A.3) has the
regularity y € L2(O, T; Hg (0, L)), moreover the following estimate holds:

”y(t)HLz(()‘L) + ||y||L2(0,T;H02(0,L)) <G, (”yO”LZ(O,L) + ||f||L1(0,T;L2((),L))) ,Vte[0,T]. (A4)

If ag, a1y € L°(Q) and g € L(0, T; L?(0, L)), taking f = g —agy — a1y, in (A.1), then we
can prove that the equation
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Yt + Yxxxx +VYxx a0y +aiyx =g,
y(0,1) =y(L,1) =0,

yx(0,8) =y (L, T) =0,

y(x,0) =),

(AS)

has a unique solution y € C ([0, T']; L%(0, L)) N L0, T; H02(0, L)) and there exists a constant
Co := Co(v, llaolloos lary lloo) such that

||}’(f)||L2(o,L) + ||y||L2(0,T;H02(0,L)) =Co (HYO”LZ(O,L) + ||g||L'(O,T;L2(0,L))) . (A.6)

The next step is the study of the nonlinear problem

Ve + Yxxxx + YYx +Vyax a0y +aiyy = f,
y0,1)=y(L,1) =0,

yx(0,8) =yx (L, T)=0,

y(x,0) =y ().

(A7)

Theorem A4. Let B= C([0,T1; L*(0, L)) N L*(0, T; HZ(0, L)). There exist r > 0 such that
for each y° € L*>(0, L) and f € L' (0, T; L*(0, L)) satisfying

0
Iy N2,y + 1 o 720,00 =7

problem (A.7) has a unique solution in B.

Proof. Let 7 = ||y0||Lz(0,L) + 1 flL10.7:22(0.1y)- By Corollary A.2 and Remark A.3 we can
define A : L2(0, T; WH4(0, L)) — L?(0, T; WH4(0, L)) such that A(¥) = y where y € B is the
unique solution of (A.5) with g = f — yy,. Notice that

1
T 2

L
/ f |59, dx
0

T
dti/‘”y”%)vl,ét(o’l‘) dl
0 0

and then, using (A.6) and the fact that L2(0, T; H3(0, L)) <> L?(0, T; W4(0, L)) we have

T
Iyl 20.rwia.n < Co | 1901 20z, + / (I Olz20p) + 15O, ) dr |- AS)
0

From the equation (A.5) we have that y, € L?(0,T; H2(0, L)). Also, the immersion
HO2 (0,L) — W40, L) is compact. Hence by Aubin-Lions compactness Lemma we conclude
that A is compact.

Let Bx = {u € L2(0, T; W40, L)); lull 20,7 w14(0.y) < K}. Then if § € B we have by
(A.8) that

Iyl 2200, 7:w140.1y) < CoGF + K2). (A9)
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If K < CLO and r < %{;’[(2 we have that A(Bgx) C Bx. By Schauder’s fixed point theorem,

2
A has fixed point and the existence of solution is proved by taking r = % It is easy to see
that the solutions of (A.7) satisfies the same inequality (A.6) with the constant Co, this can be
used to prove the uniqueness of solution for (A.7). O
We will now study the existence of solution for (1.18).
Theorem A.5. Let r given by Theorem A.4 and assume that || f || 1 0.7 12(0.)) T 120l 120.) = 5-
If i are sufficiently large (depending on o, v, 1, || yx oo, l12i,d |l 2(0; ;% 0, 1)) then system (1.18)

possesses a unique solution (z, qbl , ¢2) e B3,

Proof. We will use again the Schauder’s fixed point theorem. Indeed, let K be a constant to be
determined later and fix (¢!, $2) € BllE where

B ={(u,v) € L'(0, T: L*(0, L) . v) | 10,7120,y < K-
Notice that
llzol +1f1 lélﬂ 1<Z>211 [ BN TR
20112 O— — O, — — Ol .12 == — T —).
L%(0,L) 1 1 1 2 1LY, T5L2(0,L)) = » wi ws

If we take K = %(% + t)’] then, by Theorem A.4, there exists Z € BN Bg the unique solution
of

S+ Zrvnx + Vi + 220+ GDx = flo — iéﬂﬂol - iéznoz (x,1)€(0,L) x (0, T)
with 2(0) = z° and satisfying
12O 20,y + 12l 220, 7: 520,12y = COT- (A.10)
Consider now ¢’ € C([0, T]; L2(0, L)) N L2([0, T1; HZ(0, L)) with ¢ (-, T) = 0 solution of
G+ Py VB — G P =i C—zi)lo,, =12 (x,0)e(0,L)x(0,T).

Multiplying by ¢' and integrating on (0, L) we have

1d

=5 718" Ol 720.1) H 100 Ol 720 1) =4 (¢ = 20100, B 120.0) = VS $)120.1)

+(E+ P ) 120.1)- (A.11)

Notice that
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L
~ s 1 -
(G + 9P )20 == / G, %)+ 5u (6, )1 (1, 0) P dx
0

< (I1Z: Ol 0.1y + 13 Ol L2 0.1)) / 16" (¢, %) dx.

Replacing the last inequality in (A.11) we obtain for i = 1, 2 the inequality

ld - 02 [T 2
- EE”(p (t)”Lz(O,L) + _||¢xx(t)||L2(0’L)
L
1 a? VP
Ef 2P+ lzial?) dx + | = +7+||yx<t)||oo+||zx<r)||oo /P dx. (A12)
0
By Gronwall’s inequality
T
16" (1720, f 16 ()220 1, d5 < C(@i. v, 7. 1 Fellco Izi.all 120,1) (A.13)
0

where
T
Clai v.r. I3xloos 72l 20.1) /exp (c? +v% + 205 oo + Cor ) )
0

x (C3r? + 2@ a 1, ) ds)

for i =1, 2. In this way, if w1 and u, are sufficiently large, such that

) 1 1!
Clai, v, 1, [[¥xlloos l1zindll L2¢0,2)) < 3 (— + —) =

>

2\ 1 u2

then A : L! (o T: L*(0, L))2 — L0, T; L*(0, L))* given by A((¢>1 $2) = (¢, $2) is com-
pact and A(B (K)) c B! (K) By Schauder’s fixed point theorem A has a fixed point (d)l ¢2)
which is, together with z, a solution of (1.18). Notice that, thanks to (A.10) and (A.13), the
solution (3, ¢!, $?) satisfies

1E@. 6" 1), $* Dl 20.03 +1C D' D) 120 7512 0,103 < C@ia v 7 I3x oo 2 20,1
(A.14)

provided that ©1 and p, are large enough.
The uniqueness part can be obtained using (A.14) and standard energy estimates. 0O
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