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Abstract

This paper deals with a hierarchical control problem for the Kuramoto–Sivashinsky equation following 
a Stackelberg–Nash strategy. We assume that there is a main control, called the leader, and two secondary 
controls, called the followers. The leader tries to drive the solution to a prescribed target and the followers 
intend to be a Nash equilibrium for given functionals. It is known that this problem is equivalent to a null 
controllability result for an optimality system consisting of three non-linear equations. One of the novelties 
is a new Carleman estimate for a fourth-order equation with right-hand sides in Sobolev spaces of negative 
order, which allows to relax some geometric conditions for the observation sets for the followers.
© 2018 Elsevier Inc. All rights reserved.
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1. Introduction

The Kuramoto–Sivashinsky (KS) equation is a fourth-order parabolic equation that serves as 
a model for phase turbulence in reaction-diffusion systems (see [17,18]) and for plane flame 
propagation (see [24]). The controllability properties of this one-dimensional partial differential 
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equation has gained the attention of several researchers the last few years. We can mention, for 
instance, the works [6,4,7,5,14].

In this paper, we propose to study a multi-objective control problem for the KS equation fol-
lowing a hierarchical strategy. Let us be more precise: we consider a distributed system governed 
by the KS equation with a control v distributed over a sub domain O. We assume that there are 
two (or more) goals we would like to achieve. The main one being of “controllability” type and 
the others expressing that the state of the system does not move too far from a given state. We 
divide the control v into two (or more) parts, say f, v1, v2, . . . where f is the main control, usu-
ally called the “Leader” and the controls vi are the secondary controls, called “Followers”. We 
will see that the leader is mainly responsible for the “controllability” property while the follow-
ers for some secondary objectives to be described later. This concept was mainly introduced by 
J.-L. Lions (see [19,20]) where some techniques are presented. These works motivated the study 
of this subject and a lot of other results appeared, see for instance [8,9,15,22,23]. We remark that 
all these previous works combine the concepts of multi-criteria optimization and approximate 
controllability. In the context of null controllability, few results are known and there are a lot 
of open questions related to this subject. Recently, for the heat equation, the authors in [2] im-
proved the results known so far and proved a null controllability result, instead of an approximate 
controllability under some suitable geometric conditions. Later, in [3], the authors improved the 
result of [2] for, in some sense, less restrictive geometric conditions.

Consider the KS equation⎧⎪⎪⎨⎪⎪⎩
yt + yxxxx + νyxx + yyx = f1O + v11O1 + v21O2 (x, t) ∈ (0,L) × (0, T ),

y(0, t) = y(L, t) = 0 t ∈ (0, T ),

yx(0, t) = yx(L, t) = 0 t ∈ (0, T ),

y(x,0) = y0(x) x ∈ (0,L),

(1.1)

where y = y(x, t) is the state and y0 is a prescribed initial condition. In (1.1), the set O ⊂ (0, L)

is the main control domain and O1, O2 ⊂ (0, L) are the secondary control domains (all them are 
supposed to be small). We will assume that these sets are bounded intervals of the form O =
(a, b) and Oi = (ai, bi) (i = 1, 2), moreover 1O , 1O1 and 1O2 are the characteristic functions 
of O, O1 and O2, respectively; the controls are f , v1 and v2, where f is the leader and v1 and 
v2 are the followers.

Let O1,d , O2,d ⊂ (0, L) be open sets of the form Oi,d = (ai,d , bi,d), representing observation 
domains for the followers. We will consider the (secondary) functionals

Ji(f ;v1, v2) := αi

2

T∫
0

∫
Oi,d

∣∣y − yi,d

∣∣2
dx dt + μi

2

T∫
0

∫
Oi

|vi |2 dx dt, i = 1,2 (1.2)

and the main functional

J (f ) := 1

2

T∫
0

∫
O

|f |2 dx dt, (1.3)

where the αi > 0, μi > 0 are constants and the yi,d = yi,d(x, t) are given functions. The structure 
of the control process can be described as follows:
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1. The followers v1 and v2 assume that the leader f has made a choice and intend to be a Nash 
equilibrium for the costs Ji (i = 1, 2), that is, once f has been fixed, we look for controls 
vi ∈ L2(Oi × (0, T )) that satisfy

J1(f ;v1, v2) = min
v̂1

J1(f ; v̂1, v2), J2

(
f ;v1, v2

)
= min

v̂2
J2(f ;v1, v̂2). (1.4)

2. Let us fix an uncontrolled trajectory of (1.1), that is, a sufficiently regular solution to the 
system ⎧⎪⎪⎨⎪⎪⎩

ȳt + ȳxxxx + νȳxx + ȳȳx = 0 (t, x) ∈ [0, T ] × [0,L],
ȳ(t,0) = ȳ(t,L) = 0 t ∈ [0, T ],
ȳx(t,0) = ȳx(t,L) = 0 t ∈ [0, T ],
ȳ(x,0) = ȳ0(x) x ∈ [0,L].

(1.5)

Once the Nash equilibrium has been identified and fixed for each f , we look for an optimal 
control f̂ ∈ L2(O × (0, T )) such that

J (f̂ ) = min
f

J (f ), (1.6)

subject to the restriction of exact controllability

y(x,T ) = y(x,T ) in (0,L). (1.7)

Note that, if the functionals Ji (i = 1,2) are convex, then (v1, v2) is a Nash equilibrium if and 
only if

J ′
1(f ;v1, v2)(v̂1,0) = 0, ∀v̂1 ∈ L2 (O1 × (0, T )) , v1 ∈ L2(O1 × (0, T )) (1.8)

and

J ′
2(f ;v1, v2)(0, v̂2) = 0, ∀v̂2 ∈ L2 (O2 × (0, T )) , v2 ∈ L2(O2 × (0, T )). (1.9)

We will prove that if μ1 and μ2 are sufficiently large, then the functionals (1.2) are indeed 
convex for small data. More precisely, we have the following result.

Proposition 1.1. There exists r > 0 (independent of μ1 and μ2) such that if

‖f ‖L2(O×(0,T )) + ‖y0 − ȳ0‖L2(0,L) ≤ r,

then, if (v1, v2) is a pair such that conditions (1.8)–(1.9) hold, there exists C > 0, independent 
of μ1 and μ2, such that

〈D2
i Ji(f ;v1, v2), (wi,wi)〉 ≥ C

T∫
0

∫
Oi

|wi |2 dx dt, ∀wi ∈ L2(Oi × (0, T )), i = 1,2,

for μ1 and μ2 sufficiently large. In particular, the functionals J1 and J2 are convex in (v1, v2).
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Therefore, for now on we will use (1.8) and (1.9) as an existence criterion for the Nash equi-
librium.

We now state the main result of this paper.

Theorem 1.2. Suppose

Oi,d ∩O 
= ∅ (i = 1,2) (1.10)

and μi > 0 (i = 1, 2) are sufficiently large. Assume that one of the following two conditions 
holds:

O1,d =O2,d (1.11)

or

O1,d ∩O 
=O2,d ∩O. (1.12)

Let ȳ ∈ L∞(0, T ; W 1,∞((0, L))) a given trajectory of the uncontrolled equation (1.5). Then 
there exist δ > 0 and positive functions ρ̂i = ρ̂i (t) blowing up at t = T such that if y0 and ȳ
satisfy

‖y0 − ȳ0‖2
L2(0,L)

+
∑
i=1,2

T∫
0

∫
Oi,d

ρ̂2
i |y − yi,d |2 dx dt < δ, (1.13)

there exist controls f ∈ L2(O × (0, T )) and associated Nash equilibria (v1, v2) such that the 
corresponding solution to equation (1.1) satisfy the control condition (1.7).

Let z := y − ȳ. It is clear that property (1.7) is equivalent to a null controllability property 
for z, that is,

z(x,T ) = 0 in (0,L), (1.14)

where z is the solution of the equation⎧⎪⎪⎨⎪⎪⎩
zt + zxxxx + νzxx + zzx + (ȳz)x = f1O + v11O1 + v21O2 (x, t) ∈ (0,L) × (0, T ),

z(0, t) = z(L, t) = 0 t ∈ (0, T ),

zx(0, t) = zx(L, t) = 0 t ∈ (0, T ),

z(x,0) = y0(x) − ȳ0(x) x ∈ (0,L).

(1.15)

On the other hand, the functionals Ji can be rewritten as

Ji(f ;v1, v2) := αi

2

T∫
0

∫ ∣∣z − zi,d

∣∣2
dx dt + μi

2

T∫
0

∫
|vi |2 dx dt i = 1,2, (1.16)
Oi,d Oi
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where zi,d := yi,d − ȳ. Following the arguments in [2], we can prove that a pair (v1, v2) satisfying 
(1.8)–(1.9) is characterized by

vi = − 1

μi

φi1Oi
i = 1,2, (1.17)

where (z, φ1, φ2) is the solution of the optimality system⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

zt + zxxxx + νzxx + zzx + (ȳz)x = f 1O − 1

μ1
φ11O1 − 1

μ2
φ21O2 (x, t) ∈ (0,L) × (0, T ),

−φi
t + φi

xxxx + νφi
xx − (z + ȳ)φi

x = αi(z − zi,d )1Oi,d
i = 1,2 (x, t) ∈ (0,L) × (0, T ),

z(0, t) = z(L, t) = φi(0, t) = φi(L, t) = 0 i = 1,2 t ∈ (0, T ),

zx(0, t) = zx(L, t) = φi
x(0, t) = φi

x(L, t) = 0 i = 1,2 t ∈ (0, T ),

z(x,0) = z0(x), φi(x, T ) = 0 i = 1,2 x ∈ (0,L).

(1.18)

Indeed, if (v1, v2) is a pair of followers satisfying conditions (1.8)–(1.9), then we have

αi

T∫
0

∫
Oi,d

(z − zi,d )pi dx dt + μi

T∫
0

∫
Oi

vi v̂i dx dt = 0 ∀v̂i ∈ L2 (Oi × (0, T )) i = 1,2,

(1.19)

where pi is the derivative of z with respect to vi in the direction v̂i . In fact, pi is the solution of

⎧⎪⎪⎨⎪⎪⎩
pi

t + pi
xxxx + νpi

xx + (zpi)x + (ȳpi)x = v̂i1Oi
(x, t) ∈ (0,L) × (0, T ),

pi(0, t) = pi(L, t) = 0 t ∈ (0, T ),

pi
x(0, t) = pi

x(L, t) = 0 t ∈ (0, T ),

pi(x,0) = 0 x ∈ (0,L).

Now, let φi , i = 1, 2, be the solution of the (adjoint) system⎧⎪⎪⎨⎪⎪⎩
−φi

t + φi
xxxx + νφi

xx − (z + ȳ)φi
x = αi(z − zi,d )1Oi,d

(x, t) ∈ (0,L) × (0, T ),

φi(0, t) = φi(L, t) = 0 t ∈ (0, T ),

φi
x(0, t) = φi

x(L, t) = 0 t ∈ (0, T ),

φi(x, T ) = 0 x ∈ (0,L).

Then, using the expression for αi(z − zi,d )1Oi,d
in (1.19), after integration by parts we obtain

T∫
0

∫
Oi

(
φi + μiv

i
)
v̂i dx dt = 0 ∀v̂i ∈ L2 (Oi × (0, T )) i = 1,2,

from where (1.17)–(1.18) follows.
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Notice that the existence of solution for (1.18) implies the existence of a Nash equilibria in 
the sense of (1.4). The well-posedness of (1.18) is given by Theorem 2.1, and the proof can be 
found in Appendix A. Therefore, the result given by Theorem 1.2 is equivalent to the (local) null 
controllability of (1.18), provided that condition (1.11) or (1.12) holds. Actually, since we only 
need to control the state z, we can talk about partial null controllability of system (1.18). Let us 
give some guidelines of the proof. First, we prove the null controllability of the linearized system 
around zero⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

zt + zxxxx + νzxx + (ȳz)x = f 0 + f 1O − 1

μ1
φ11O1 − 1

μ2
φ21O2 (x, t) ∈ (0,L) × (0, T ),

−φi
t + φi

xxxx + νφi
xx − ȳφi

x = f i + αiz1Oi,d
i = 1,2 (x, t) ∈ (0,L) × (0, T ),

z(0, t) = z(L, t) = φi(0, t) = φi(L, t) = 0 i = 1,2 t ∈ (0, T ),

zx(0, t) = zx(L, t) = φi
x(0, t) = φi

x(L, t) = 0 i = 1,2 t ∈ (0, T ),

z(x,0) = z0(x), φi(x, T ) = 0 x ∈ (0,L),

(1.20)

where f 0 and f i are (arbitrary) L2-functions decaying exponentially to zero at t = T . It is well 
known by now that, with the help of a classical duality argument, the null controllability of 
system (1.20) can be deduced from an observability inequality for the solutions of the so called 
adjoint system, which in this case is given by

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−ψt + ψxxxx + νψxx − ȳψx = g0 + α1γ
11O1,d

+ α2γ
21O2,d

(x, t) ∈ (0,L) × (0, T ),

γ i
t + γ i

xxxx + νγ i
xx + (ȳγ i)x = gi − 1

μi

ψ1Oi
i = 1,2 (x, t) ∈ (0,L) × (0, T ),

ψ(0, t) = ψ(L, t) = γ i(0, t) = γ i(L, t) = 0 i = 1,2 t ∈ (0, T ),

ψx(0, t) = ψx(L, t) = γ i
x(0, t) = γ i

x(L, t) = 0 i = 1,2 t ∈ (0, T ),

ψ(x,T ) = ψT (x), γ i(x,0) = 0 i = 1,2 x ∈ (0,L),

(1.21)

where g0 and gi are (arbitrary) L2-functions. Being more precise, the observability inequality 
that we prove in this case looks like

L∫
0

|ψ(x,0)|2dx +
T∫

0

L∫
0

ρ̄2
0 |ψ |2 dx dt +

2∑
i=1

T∫
0

L∫
0

ρ̄2
i |γ i |2 dx dt

≤ C

2∑
i=0

T∫
0

L∫
0

ρ̃2
i |gi |2 dx dt + C

T∫
0

∫
O

ρ̃2
3 |ψ |2 dx dt (1.22)

where ρ̄i (i = 0, 1, 2) and ρ̃i (i = 0, . . . , 3) are suitable positive functions and C is a positive 
constant independent of ψ , γ 1 and γ 2. The presence of weights in an observability inequality is 
not always needed to deduce controllability results. However, they will provide useful decaying 
properties of the solution of system (1.21) to deal with the non-linearties.
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The proof of (1.22) relies on Carleman estimates for the KS equation. They have the form

T∫
0

L∫
0

ρ1|ϕ|2 dx dt ≤ C

T∫
0

L∫
0

ρ2|ϕt + ϕxxxx |2 dx dt + C

T∫
0

∫
O

ρ3|ϕ|2 dx dt

where ϕ is a smooth function such that ϕ(0, t) = ϕ(L, t) = ϕx(0, t) = ϕx(L, t) = 0 in t ∈ [0, T ]. 
Inequalities of this kind have proven to be powerful tools to deduce observability of parabolic 
equations. They were introduced in [13] and have been extensively used ever since. Notice that 
it does not suffice to combine Carleman estimates for the solutions of the equations in system 
(1.21) to obtain inequality (1.22). The idea is to use the couplings of the equations to estimate 
the unwanted local terms. Of course, the location of the observation sets Oi,d (see assumptions 
(1.10)–(1.12)) will play a fundamental role in our analysis. In particular, the weight functions 
will strongly depend on them.

The work is divided as follows: In Section 2 we prove that, if μi are sufficiently large, then 
the Ji are convex and then the criteria (1.8) and (1.9) are equivalent to (1.4). In Section 3 we will 
be concerned with Carleman estimates, the most technical part of the paper. We introduce the 
weight functions, recall known results and prove a new Carleman inequality for the KS equation 
needed to treat the case of assumption (1.12). Then, we deduce a Carleman estimate for the 
adjoint system. Section 4 establishes the observability inequality (1.22) and deals with the null 
controllability of the linear system (1.20). Finally, in Section 5, it is shown that the optimality 
system is locally null controllable using a local inversion argument and thus completing the 
proof of Theorem 1.2. In Appendix A, we give a proof of the well-posedness of the optimality 
system (1.18).

2. On the convexity of J1 and J2

In this section we prove Proposition 1.1. Before that, let us state a result that will be useful in 
the following. The proof can be found in Appendix A.

Theorem 2.1. There exists r > 0 such that if ‖f ‖L2(O×(0,T )) + ‖z0‖L2(0,L) ≤ r , then there exists 
μ0 > 0 (depending on αi , ν, r , ‖ȳx‖∞, ‖zi,d‖L2(Oi,d×(0,T ))) such that if μ1, μ2 ≥ μ0 the system 

(1.18) possesses a unique solution (z, φ1, φ2) ∈ (
L∞(0, T ; L2(0, L)) ∩ L2(0, T ; H 2

0 (0, L))
)3

. 
Furthermore, the solution is such that

‖(ẑ(t), φ̂1(t), φ̂2(t))‖L2(0,L)3 + ‖(ẑ, φ̂1, φ̂2)‖L2(0,T ;H 2
0 (0,L))3 ≤ C (2.1)

with C depending on αi , ν, r , ‖ȳx‖∞, ‖zi,d‖L2((0,L)×(0,T )), but independent of μ1 and μ2.

Proof of Proposition 1.1. Let f ∈ L2(O × (0, T )) be given and let (v1, v2) be such that con-
ditions (1.8) and (1.9) hold. Note that, for any s ∈ R and (w1, w2) ∈ L2(O1 × (0, T )) ×
L2(O2 × (0, T ))
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〈D1J1(f ;v1 + sw1, v2),w2〉 − 〈D1J1(f ;v1, v2),w2〉 = sμ1

T∫
0

∫
O1

w1w2 dx dt

+ α1

T∫
0

∫
O1,d

(zs − z1,d )ps dx dt − α1

T∫
0

∫
O1,d

(z − z1,d )p dx dt,

(2.2)

where ⎧⎪⎪⎨⎪⎪⎩
zs
t + zs

xxxx + νzs
xx + zszs

x + (ȳzs)x
= f1O + (v1 + sw1)1O1 + v21O2 (x, t) ∈ (0,L) × (0, T ),

zs(0, t) = zs(L, t) = zs
x(0, t) = zs

x(L, t) = 0 t ∈ (0, T ),

zs(x,0) = y0(x) − ȳ0(x) x ∈ (0,L),

ps is the derivative of zs with respect to v1 in the direction w2, i.e. the solution to⎧⎨⎩ ps
t + ps

xxxx + νps
xx + (zsps + ȳps)x = w21O1 (x, t) ∈ (0,L) × (0, T ),

ps(0, t) = ps(L, t) = ps
x(0, t) = ps

x(L, t) = 0 t ∈ (0, T ),

ps(x,0) = 0 x ∈ (0,L)

(2.3)

and we have used the notation z = zs |s=0 and p = ps |s=0.
Let us introduce the adjoint of (2.3):⎧⎨⎩
−φs

t + φs
xxxx + νφs

xx − (zs + ȳ)φs
x = α1(z

s − z1,d )1O1,d
(x, t) ∈ (0,L) × (0, T )Q,

φs(0, t) = φs(L, t) = φs
x(0, t) = ps

x(L, t) = 0 t ∈ (0, T ),

φs(x, T ) = 0 x ∈ (0,L)

(2.4)

and let us also set φ = φs |s=0.
Replacing (2.4) into (2.2) and using integration by parts, we obtain the following identity:

〈D1J1(f ;v1 + sw1, v2),w2〉 − 〈D1J1(f ;v1, v2),w2〉 = sμ1

T∫
0

∫
O1

w1w2 dx dt

+
T∫

0

∫
O1

(φs − φ)w2 dx dt.

Notice that

−(φs − φ)t + (φs − φ)xxxx + ν(φs − φ)xx − (zs − z)φs
x − (z + ȳ)(φs − φ)x = α1(z

s − z)1O1,d

and

(zs − z)t + (zs − z)xxxx + ν(zs − z)xx + (zs − z)zs + z(zs − z)x + (ȳ(zs − z))x = sw11O .
x 1
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Consequently, the limits

η = lim
s→0

1

s
(φs − φ) and h = lim

s→0

1

s
(zs − z)

exist and satisfy⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
−ηt + ηxxxx + νηxx − hφx − (z + ȳ)ηx = α1h1O1,d

(x, t) ∈ (0,L) × (0, T ),

ht + hxxxx + νhxx + (hz + hȳ)x = w11O1 (x, t) ∈ (0,L) × (0, T ),

η(0, t) = η(L, t) = ηx(0, t) = ηx(L, t) = 0 t ∈ (0, T ),

h(0, t) = h(L, t) = hx(0, t) = hx(L, t) = 0 t ∈ (0, T ),

η(·, T ) = h(·,0) = 0 x ∈ (0,L).

(2.5)

Thus, from (2.5), we deduce that

〈D2
1J1(f ;v1, v2), (w1,w2)〉 = μ1

T∫
0

∫
O1

w1w2 dx dt +
T∫

0

∫
O1

ηw2 dx dt.

In particular, for all w1 ∈ L2(O1 × (0, T )), one has

〈D2
1J1(f ;v1, v2), (w1,w1)〉 = μ1

T∫
0

∫
O1

|w1|2 dx dt +
T∫

0

∫
O1

ηw1 dx dt. (2.6)

Let us show that, for some C only depending on L, O, T , Oi , Oi,d , αi , ‖ȳx‖∞ and 
‖y0‖L2(0,L), we have∣∣∣∣∣∣∣

T∫
0

∫
O1

ηw1 dx dt

∣∣∣∣∣∣∣ ≤ C(1 + ‖f ‖L2(O×(0,T )))‖w1‖2
L2(O1×(0,T ))

∀w1 ∈ L2(O1 × (0, T )). (2.7)

In fact, from standard energy estimates,

1

2

d

dt

L∫
0

|h|2 dx +
L∫

0

|hxx |2 dx = −ν

L∫
0

hxxhdx +
L∫

0

(z + ȳ)hhx dx +
∫
O1

hw1 dx

and, using Young’s inequality,

1

2

d

dt

L∫
0

|h|2 dx + 1

2

L∫
0

|hxx |2 dx

≤ 1

2

∫
|w1|2 dx +

(1 + ν2

2
+ ‖(z(t) + ȳ(t))x‖L∞(0,L)

) L∫
|h|2 dx.
O1 0
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By Gronwall’s inequality we get that

L∫
0

|h(t)|2 dx +
T∫

0

L∫
0

|hxx |2 dx

≤ Cν exp
( T∫

0

(‖zx(t)‖2
L∞(0,L) + ‖ȳx(t)‖2

L∞(0,L)

)
dt

)
‖w1‖2

L2(O1×(0,T ))

Now, notice that since (v1, v2) satisfy conditions (1.8)–(1.9), z is, together with (φ1, φ2), the 
solution of the optimality system (1.18) and (v1, v2) are given by (1.17), provided that μ1 and 
μ2 are sufficiently large. Therefore, from (2.1), the previous inequality becomes

L∫
0

|h(t)|2 dx +
T∫

0

L∫
0

|hxx |2 dx ≤ C‖w1‖2
L2(O1×(0,T ))

(2.8)

where C is independent of μ1 and μ2. Furthermore, notice that φ = φ1.
Using the PDEs in (2.5), we also get the following:

T∫
0

∫
O1

ηw1 dx dt =
T∫

0

L∫
0

(ht + hxxxx + νhxx + (hz + hȳ)x)η dx dt

=
T∫

0

L∫
0

h(−ηt + ηxxxx + νηxx − (z + ȳ)ηx) dx dt

=
T∫

0

L∫
0

(hφ1
x + α1h1O1,d

)hdx dt

=
T∫

0

L∫
0

(|h|2φ1
x + α1|h|21O1,d

) dx dt.

Then,

∣∣∣∣∣∣∣
T∫

0

∫
O1

ηw1 dx dt

∣∣∣∣∣∣∣ ≤
T∫

0

(
‖φ1

x‖L∞(0,L)

L∫
0

|h|2 dx
)
dt + α1

T∫
0

L∫
0

|h|2 dx dt

≤ ‖φ1‖ 2 ∞ ‖h‖2
4 2 + α1‖h‖2

2 .

(2.9)
x L (0,T ;L (0,L)) L (0,T ;L (0,L)) L ((0,L)×(0,T ))
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Using (2.1) and (2.8) in (2.9), we obtain∣∣∣∣∣∣∣
T∫

0

∫
O1

ηw1 dx dt

∣∣∣∣∣∣∣ ≤ C‖w1‖2
L2(O1×(0,T ))

,

where C does not depend on μ1 nor μ2.
We can use (2.7) in (2.6) and we get

〈D2
1J1(f ;v1, v2), (w1,w1)〉 ≥ (μ1 − C)

T∫
0

∫
O1

|w1|2 dx dt, (2.10)

for all w1 ∈ L2(O1 × (0, T )).
Of course, the same can be done for D2

2J2(f ; v1, v2) to obtain

〈D2
2J2(f ;v1, v2), (w2,w2)〉 ≥ (μ2 − C)

T∫
0

∫
O2

|w2|2 dx dt, (2.11)

for all w2 ∈ L2(O2 × (0, T )). The proof is complete taking μ1 and μ2 large enough in (2.10)
and (2.11). �
3. Carleman estimates

This section is devoted to Carleman estimates. In a first step we prove a Carleman estimate 
for the linear fourth-order parabolic equation⎧⎪⎪⎨⎪⎪⎩

ut + uxxxx = F + ∑4
i=1 ∂i

xF
i (x, t) ∈ (0,L) × (0, T ),

u(0, t) = u(L, t) = 0 t ∈ (0, T ),

ux(0, t) = ux(L, t) = 0 t ∈ (0, T ),

u(x,0) = u0(x) x ∈ (0,L),

(3.1)

where u0 ∈ L2(0, L) and, F and F i (i = 1, . . . , 4) are functions belonging to L2((0, L) × (0, T ))

and, in a second step, for the adjoint system (1.21). We will see how this result depends on the 
position of the observation sets Oi,d .

3.1. Preliminaries

Let us begin by introducing the weight functions. Let ω and ω0 be non-empty open subsets of 
(0, L) such that ω0 ⊂⊂ ω. Let η0 be a C4([0, L])-function such that⎧⎨⎩

η0 > 0 in (0,L), η0(0) = η0(L) = 0,

|∇η0| > 0 in [0,L] \ ω0.
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The existence of such a function in dimension higher than one is proved in [13, Lemma 1.1].
Next, we introduce the (positive) weight functions

σ(x, t) := exp
(
4λ‖η0‖∞

) − exp
(
λ(‖η0‖∞ + η0(x))

)
t1/3(T − t)1/3 , ξ(x, t) := exp

(
λ(‖η0‖∞ + η0(x))

)
t1/3(T − t)1/3 ,

(3.2)

where λ > 1. Consider the following notations:

σ ∗(t) = max
x∈[0,L]σ(x, t), σ̂ (t) = min

x∈[0,L]σ(x, t),

ξ∗(t) = min
x∈[0,L] ξ(x, t), ξ̂ (t) = max

x∈[0,L] ξ(x, t),

Notice that we have

σ ∗(t) = exp
(
4λ‖η0‖∞

) − exp
(
λ‖η0‖∞

)
t1/3(T − t)1/3 , ξ∗(t) = exp

(
λ‖η0‖∞

)
t1/3(T − t)1/3 ,

σ̂ (t) = exp
(
4λ‖η0‖∞

) − exp
(
2λ‖η0‖∞

)
t1/3(T − t)1/3 , ξ̂ (t) = exp

(
2λ‖η0‖∞

)
t1/3(T − t)1/3 .

(3.3)

A simple computation shows that, for any m, n ∈N we have

1 ≤ T 2/3ξ, |∂m
t ∂n

x ξ | ≤ CT mλnξ1+3m, |∂m
t ∂n

x σ | ≤ CT mλnξ1+3m (3.4)

for every λ > 1. These properties will be used several times in this paper.
Finally, before stating the first Carleman estimate, let us keep in mind the following notation 

for the weighted energy:

I (u) :=
T∫

0

L∫
0

e−2sσ
(
s−1ξ−1(|ut |2 + |uxxxx |2) + sλ2ξ |uxxx |2

)
dx dt

+
T∫

0

L∫
0

e−2sσ
(
s3λ4ξ3|uxx |2 + s5λ6ξ5|ux |2 + s7λ8ξ7|u|2)dx dt.

(3.5)

For the simpler case where the right-hand side of (3.1) belongs to L2((0, L) × (0, T )), we 
have the following result.

Proposition 3.1. Let of F ∈ L2((0, L) × (0, T )), F i = 0 for all i = 1, . . . , 4 and ω ⊂ (0, L). 
Then, there exists C(L, ω) > 0 such that for every s ≥ C(T 2/3 +T 1/3) and every λ ≥ C we have

I (u) ≤ C

⎛⎝s7λ8

T∫
0

∫
ω

e−2sσ ξ7|u|2 dx dt +
T∫

0

L∫
0

e−2sσ |F |2 dx dt

⎞⎠ , (3.6)

where u is the solution of (3.1).
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The proof of Proposition 3.1 can be found in [7, Theorem 3.3]. In the case where the obser-
vation set are identical (see assumption (1.11)), we will see that, following the arguments in [2], 
Carleman estimate (3.6) suffices to prove the wanted observability for system (1.21). However, 
when this is not the case (see assumption (1.12)), we need a Carleman estimate with a right-hand 
side in weaker spaces.

3.2. A new Carleman estimate

Before stating our Carleman estimate, let us recall the notion of solution by transposition of 
equation (3.1). To this end, let G ∈ L2((0, L) × (0, T )) and consider the (adjoint) equation⎧⎪⎪⎨⎪⎪⎩

−ϕt + ϕxxxx = G (x, t) ∈ (0,L) × (0, T ),

ϕ(0, t) = ϕ(L, t) = 0 t ∈ (0, T ),

ϕx(0, t) = ϕx(L, t) = 0 t ∈ (0, T ),

ϕ(x,T ) = 0 x ∈ (0,L).

(3.7)

The following lemma, corresponding to [6, Proposition 2.1], establishes the well-posedness 
of this equation.

Lemma 3.2. For every G ∈ L2((0, L) × (0, T )), there exist a unique solution ϕ ∈
L2(0, T ; H 4(0, L)) ∩ C([0, T ]; H 2

0 ) and a positive constant such that

‖ϕ‖L2(0,T ;H 4(0,L))∩C([0,T ];H 2
0 ) ≤ C‖G‖L2((0,L)×(0,T )).

Now, let H = H 4(0, L) ∩ H 2
0 (0, L) and assume that the right-hand side of equation (3.1)

satisfies

F,F i ∈ L2((0,L) × (0, T ))(i = 1, . . . ,4) and F 3
xxx,F

4
xxxx ∈ L2(0, T ;H ′), (3.8)

where H ′ denotes de dual space of H . Notice that under (3.8), we can consider the dual product 
of the distribution F 4

xxxx with an element of L2(0, T ; H) in the sense that there exist some 
functions g1, g2, h1 and h2 belonging to L2(0, T ) such that

〈
F 4

xxxx, u
〉 = T∫

0

L∫
0

F 4uxxxx dx dt +
T∫

0

(
g2(t)uxx(L, t) − g1(t)uxx(0, t)

)
dt

−
T∫

0

(
h2(t)uxxx(L, t) − h1(t)uxxx(0, t)

)
dt, ∀u ∈ L2(0, T ;H).

Notice that if F 4 were regular enough, we would have

g1(t) = F 4
x (0, t), g2(t) = F 4

x (L, t), h1(t) = F 4(0, t) and h2(t) = F 4(L, t).

Therefore, in the following we will use this notation. Of course, the same argument can be 
adapted for the distribution F 3

xxx .
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With the previous considerations, we establish the notion of solution of equation (3.1).

Definition 3.3. Given u0 ∈ L2(0, L), F, F i ∈ L2((0, L) × (0, T )) (i = 1, . . . , 4), we say that 
u ∈ L2((0, L) × (0, T )) is a solution by transposition of (3.1) if

T∫
0

L∫
0

uGdx dt =
L∫

0

u0(x)ϕ(x,0) dx

+
T∫

0

L∫
0

(
Fϕ − F 1ϕx + F 2ϕxx − F 3ϕxxx + F 4ϕxxxx

)
dx dt

+
T∫

0

(
F 3ϕxx

)∣∣x=L

x=0 dt +
T∫

0

(
F 4

x ϕxx

)∣∣x=L

x=0 dt −
T∫

0

(
F 4ϕxxx

)∣∣x=L

x=0 dt (3.9)

for every G ∈ L2((0, L) × (0, T )), where ϕ is the unique solution of equation (3.7).

Notice that the existence and uniqueness of a solution of equation (3.1) is a direct consequence 
of Lemma 3.2 and Riesz’s representation theorem.

We have the following theorem, which is one of the main results of the paper.

Theorem 3.4. Let F, F i (i = 1, . . . , 4) satisfy (3.8). Then, there exists C(L, ω) > 0 such that for 
every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C we have

s7λ8

T∫
0

L∫
0

e−2sσ ξ7|u|2 dx dt ≤ C

(
s7λ8

T∫
0

∫
ω

e−2sσ ξ7|u|2 dx dt +
T∫

0

L∫
0

e−2sσ |F |2 dx dt

+
T∫

0

L∫
0

e−2sσ
(
s2λ2ξ2|F 1|2 + s4λ4ξ4|F 2|2 + s6λ6ξ6|F 3|2 + s8λ8ξ8|F 4|2)dx dt

+ s5λ5

T∫
0

e−2sσ ∗
(ξ∗)5(∣∣F 3(L, t)

∣∣2 + ∣∣F 3(0, t)
∣∣2 + ∣∣F 4

x (L, t)
∣∣2 + ∣∣F 4

x (0, t)
∣∣2)

dt

+ s7λ7

T∫
0

e−2sσ ∗
(ξ∗)7(∣∣F 4(L, t)

∣∣2 + ∣∣F 4(0, t)
∣∣2)

dt

)
, (3.10)

where u is the solution of (3.1).

Remark 3.5. Carleman estimate (3.10) will be a key step for the purposes of this paper. Never-
theless, it has an interest on its own: it allows to obtain a null controllability result for equations 
like
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⎧⎪⎪⎨⎪⎪⎩
ut + uxxxx + a0u + a1ux + a2uxx + a3uxxx = v1ω (x, t) ∈ (0,L) × (0, T ),

u(0, t) = u(L, t) = 0 t ∈ (0, T ),

ux(0, t) = ux(L, t) = 0 t ∈ (0, T ),

u(x,0) = u0(x) x ∈ (0,L),

where ai ∈ L∞((0, L) × (0, T )) for i = 0, . . . , 3. Indeed, the corresponding adjoint equation is 
given by

⎧⎪⎪⎨⎪⎪⎩
−ϕt + ϕxxxx = −a0ϕ + (a1ϕ)x − (a2ϕ)xx + (a3ϕ)xxx (x, t) ∈ (0,L) × (0, T ),

ϕ(0, t) = ϕ(L, t) = 0 t ∈ (0, T ),

ϕx(0, t) = ϕx(L, t) = 0 t ∈ (0, T ),

ϕ(x,T ) = ϕT (x) x ∈ (0,L).

Using estimate (3.10) with F = −a0ϕ, F 1 = a1ϕ, F 2 = −a2ϕ, F 3 = a3ϕ and F 4 = 0, and taking 
s sufficiently large with respect to T and ai (i = 0, . . . , 3), we get

T∫
0

L∫
0

e−2sσ ξ7|ϕ|2 dx dt ≤ C

T∫
0

∫
ω

e−2sσ (ξ)7|ϕ|2 dx dt.

Proof. To prove inequality (3.10) we follow a duality argument introduced in [16] for the heat 
equation with right-hand side in L2(0, T ; H−1(0, L)). Since then, this method have been used 
in different contexts (see [10,11,4,14]). In particular, several arguments remain unchanged with 
respect to the ones used in [4, Theorem 3.5], so we will use some estimates from there. We start 
with the null controllability problem of finding (ϕ, h) such that

⎧⎨⎩ −ϕt + ϕxxxx = s7λ8ξ7e−2sσ u + h1ω (x, t) ∈ (0,L) × (0, T ),

ϕ(0, t) = ϕx(0, t) = 0, ϕ(L, t) = ϕx(L, t) = 0 t ∈ (0, T ),

ϕ(x,0) = 0, ϕ(x,T ) = 0 x ∈ (0,L),

(3.11)

where u is the solution (by transposition) of equation (3.1). From the proof of Theorem 3.5 in [4], 
there exists a pair (ϕ, h) that solves this control problem. Furthermore, they satisfy

T∫
0

L∫
0

e2sσ
(|ϕ|2 + s−2λ−2ξ−2|ϕx |2 + s−4λ−4ξ−4|ϕxx |2 + s−6λ−6ξ−6|ϕxxx |2

+ s−8λ−8ξ−8|ϕxxxx |2
)
dx dt

+ s−7λ−8

T∫
0

∫
ω

e2sσ ξ−7|h|2 dx dt ≤ Cs7λ8

T∫
0

L∫
0

e−2sσ ξ7|u|2 dx dt (3.12)

and
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s−5λ−5

T∫
0

e2sσ ∗
(ξ∗)−5(|ϕxx(0, t)|2 + |ϕxx(L, t)|2)dt

+ s−7λ−7

T∫
0

e2sσ ∗
(ξ∗)−7(|ϕxxx(0, t)|2 + |ϕxxx(L, t)|2)dt ≤ Cs7λ8

T∫
0

L∫
0

e−2sσ ξ7|u|2 dx dt.

(3.13)

We now take G = s7λ8ξ7e−2sσ u + h1ω in equality (3.9). We obtain

T∫
0

L∫
0

s7λ8e−2sσ ξ7|u|2 dx dt

= −
T∫

0

∫
ω

uhdx dt +
T∫

0

L∫
0

(
Fϕ − F 1ϕx + F 2ϕxx − F 3ϕxxx + F 4ϕxxxx

)
dx dt

+
T∫

0

(
F 3ϕxx

)∣∣x=L

x=0 dt +
T∫

0

(
F 4

x ϕxx

)∣∣x=L

x=0 dt −
T∫

0

(
F 4ϕxxx

)∣∣x=L

x=0 dt.

From this identity, we conclude using estimates (3.12), (3.13) and Young’s inequality. �
3.3. Carleman estimates for the adjoint system

Here we prove some Carleman estimates for the adjoint system (1.21), provided that assump-
tions of Theorem 1.2 hold. In particular, we will deal with conditions (1.11) and (1.12) separately.

3.3.1. Case O1,d =O2,d

We start assuming that condition (1.11) is satisfied. It is convenient then to denote Od =
O1,d =O2,d . Notice that system (1.21) now reads

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

−ψt + ψxxxx + νψxx − ȳψx = g0 + (
α1γ

1 + α2γ
2)1Od

(x, t) ∈ (0,L) × (0, T ),

γ i
t + γ i

xxxx + νγ i
xx + (ȳγ i)x = gi − 1

μi

ψ1Oi
i = 1,2 (x, t) ∈ (0,L) × (0, T ),

ψ(0, t) = ψ(L, t) = γ i(0, t) = γ i(L, t) = 0 i = 1,2 t ∈ (0, T ),

ψx(0, t) = ψx(L, t) = γ i
x(0, t) = γ i

x(L, t) = 0 i = 1,2 t ∈ (0, T ),

ψ(x,T ) = ψT (x), γ i(x,0) = 0 i = 1,2 x ∈ (0,L).

Following the arguments in [2], let h := α1γ
1 + α2γ

2. Of course, by linearity, the pair (ψ, h)

is solution to
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⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

−ψt + ψxxxx + νψxx − ȳψx = g0 + h1Od
(x, t) ∈ (0,L) × (0, T ),

ht + hxxxx + νhxx + (ȳh)x = α1g
1 + α2g

2 − α1

μ1
ψ1O1 − α2

μ2
ψ1O2 (x, t) ∈ (0,L) × (0, T ),

ψ(0, t) = ψ(L, t) = h(0, t) = h(L, t) = 0 t ∈ (0, T ),

ψx(0, t) = ψx(L, t) = hx(0, t) = hx(L, t) = 0 t ∈ (0, T ),

ψ(x,T ) = ψT (x), h(x,0) = 0 x ∈ (0,L).

(3.14)

For the solutions of this system, we have the following result.

Proposition 3.6. Assume that conditions (1.10) and (1.11) hold, and ȳ ∈ L∞(0, T ;
W 1,∞((0, L))). Then, there exists C = C(L, O, Od , αi, μi, ‖ȳ‖∞, ‖ȳx‖∞) > 0 such that for 
every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C we have

I (ψ) + I (h) ≤C

( T∫
0

L∫
0

e−2sσ
(
s7λ8ξ7|g0|2 + |g1|2 + |g2|2)dx dt

+ s15λ16

T∫
0

∫
O

e−2sσ ξ15|ψ |2 dx dt

)
, (3.15)

where (ψ, h) is the solution of (3.14).

Proof. Since we are assuming condition (1.10), there exists a non-empty open set ω such that 
ω ⊂ Od ∩ O. From Proposition 3.1 applied to the first equation in (3.14), we have (recall the 
definition of I (·) from (3.5))

I (ψ) ≤ C

( T∫
0

L∫
0

e−2sσ
(|ψxx |2 + ‖ȳ‖2∞|ψx |2 + |g0|2 + |h|2)dx dt

+ s7λ8

T∫
0

∫
ω

e−2sσ ξ7|ψ |2 dx dt

)

for every s ≥ C(T 2/3 +T 1/3) and every λ ≥ C. From the properties of the weight functions (3.4), 
we obtain

I (ψ) ≤ C

( T∫
0

L∫
0

e−2sσ
(|g0|2 + |h|2)dx dt + s7λ8

T∫
0

∫
ω

e−2sσ ξ7|ψ |2 dx dt

)
(3.16)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C.
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Similarly, applying Proposition 3.1 to the second equation in (3.14), we get

I (h) ≤ C

( T∫
0

L∫
0

e−2sσ
(|hxx |2 + ‖ȳ‖2∞|hx |2 + ‖ȳx‖2∞|h|2 + |g1|2 + |g2|2 + |ψ |2)dx dt

+ s7λ8

T∫
0

∫
ω

e−2sσ ξ7|h|2 dx dt

)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C. Again, properties (3.4) yield

I (h) ≤ C

( T∫
0

L∫
0

e−2sσ
(|g1|2 + |g2|2 + |ψ |2)dx dt + s7λ8

T∫
0

∫
ω

e−2sσ ξ7|h|2 dx dt

)
(3.17)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C.
Now, we combine inequalities (3.16) and (3.17). Notice that the global terms of ψ and h in 

the right-hand side, can be absorbed by the left-hand side taking s and λ sufficiently large as 
before. Therefore, we end up with

I (ψ) + I (h) ≤ C

( T∫
0

L∫
0

e−2sσ
(|g0|2 + |g1|2 + |g2|2)dx dt

+ s7λ8

T∫
0

∫
ω

e−2sσ ξ7(|ψ |2 + |h|2)dx dt

)
(3.18)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C.
To finish the proof, we only need to eliminate the local term of h in the previous inequality. 

Let θ ∈ C4
0(Od ∩ O) such that θ ≡ 1 in ω. From the equation satisfied by h in (3.14), we have 

that

h = −ψt + ψxxxx + νψxx − ȳψx − g0 in (Od ∩O) × (0, T ).

Then,

Cs7λ8

T∫
0

∫
ω

e−2sσ ξ7|h|2 dx dt ≤ Cs7λ8

T∫
0

∫
Od∩O

e−2sσ ξ7θ |h|2 dx dt

= Cs7λ8

T∫
0

∫
Od∩O

e−2sσ ξ7θh
( − ψt + ψxxxx + νψxx − ȳψx − g0)dx dt. (3.19)
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Let us treat each one of the terms in the last integral, which will be denoted by A1, . . . , A5. 
Integration by parts in time for the first term gives

A1 = Cs7λ8

T∫
0

∫
Od∩O

(
e−2sσ ξ7)

t
θhψ dx dt + Cs7λ8

T∫
0

∫
Od∩O

e−2sσ ξ7θhtψ dx dt.

Using weight properties (3.4) and Young’s inequality, we obtain

A1 ≤ 1

10
I (h) + Cs15λ16

T∫
0

∫
Od∩O

e−2sσ ξ15|ψ |2 dx dt

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C.
Similarly for A2, we integrate by parts in space. Again from properties (3.4) and Young’s 

inequality we get

A2 ≤ 1

10
I (h) + Cs15λ16

T∫
0

∫
Od∩O

e−2sσ ξ15|ψ |2 dx dt

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C.
Terms A3 and A4 are treated analogously. Keeping in mind the regularity of ȳ, we have

A3 ≤ 1

10
I (h) + Cs11λ12

T∫
0

∫
Od∩O

e−2sσ ξ11|ψ |2 dx dt

and

A4 ≤ 1

10
I (h) + Cs9λ10

T∫
0

∫
Od∩O

e−2sσ ξ9|ψ |2 dx dt

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C. Notice that the constant in A4 depends on the 
norms of ȳ.

For the last term, we obtain directly

A5 ≤ 1

10
I (h) + Cs7λ8

T∫
0

∫
Od∩O

e−2sσ ξ7|g0|2 dx dt

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C.
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Finally, adding the integrals A1, . . . , A5 in (3.19) we get

Cs7λ8

T∫
0

∫
ω

e−2sσ ξ7|h|2 dx dt

≤ 1

2
I (h) + Cs15λ16

T∫
0

∫
Od∩O

e−2sσ ξ15|ψ |2 dx dt + Cs7λ8

T∫
0

∫
Od∩O

e−2sσ ξ7|g0|2 dx dt.

(3.20)

Plugging this inequality in (3.18) and using properties (3.4), we deduce estimate (3.15). �
3.3.2. Case O1,d 
=O2,d

Now we turn to assumption (1.12). Notice that the argument presented to prove Carleman 
estimate (3.15) is no longer viable in this case. Therefore, a new approach is needed. Let ω1 and 
ω2 be two disjoint non-empty open subsets of (0, L) such that

ω1 ⊂O1,d ∩O and ω2 ⊂O2,d ∩O, (3.21)

and let O0 be a non-empty subset of O such that O0 ⊂O and

ω1 ⊂O0 and ω2 ⊂O0 (3.22)

For i = 1, 2, let ηi be C4([0, L])-functions such that⎧⎪⎪⎪⎨⎪⎪⎪⎩
ηi > 0 in (0,L), ηi(0) = ηi(L) = 0,

|∇ηi | > 0 in [0,L] \ ωi,

η1 ≡ η2 in [0,L] \O0.

(3.23)

Conditions in (3.23) say that these functions have their critical points in disjoint sets, but 
coincide outside a set containing these sets. This property will be very useful in our argument. 
The existence of such functions in this case (one dimension in space) does not require much 
discussion. However, a proof in dimension higher than one can be found in [3].

Analogously as in (3.2), for i = 1, 2, we define the weight functions

σi(x, t) := exp
(
4λ‖ηi‖∞

) − exp
(
λ(‖ηi‖∞ + ηi(x))

)
t1/3(T − t)1/3 , ξi(x, t) := exp

(
λ(‖ηi‖∞ + ηi(x))

)
t1/3(T − t)1/3 ,

(3.24)

where λ > 1, and σ̂i , σ ∗
i , ξ̂i and ξ∗

i as in (3.3). We denote by Ii(·) the corresponding weighted 
energy as in (3.5).

Remark 3.7. Notice that properties (3.4) are still valid for these new functions. Therefore, Propo-
sition 3.1 and Theorem 3.4 are still valid for weight functions (3.24) instead of (3.2).
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Before introducing the Carleman estimate, we distinguish two cases for O1,d and O2,d under 
assumption (1.12). If

(O1,d ∩O2,d ) ∩O = ∅, (3.25)

then we can choose ω1 and ω2 satisfying (3.21) and

ω1 ∩ (O2,d ∩O) = ∅ and ω2 ∩ (O1,d ∩O) = ∅. (3.26)

On the other hand, if (3.25) does not hold, it means that (O1,d ∩O) ∩ (O2,d ∩O) 
= ∅. Further-
more, since we are assuming (1.12), the symmetric difference between O1,d ∩O and O2,d ∩O
is not the empty set. Therefore, there are i, j ∈ {1, 2}, i 
= j , such that ω1 and ω2 can be chosen 
to satisfy (3.21) and

ωi ∩ (Oj,d ∩O) = ∅ and ωj ⊂ (Oi,d ∩O). (3.27)

Remark 3.8. Without loss of generality, we will fix i = 1 and j = 2 in (3.27) for the rest of the 
paper, that is,

ω1 ∩ (O2,d ∩O) = ∅ and ω2 ⊂ (O1,d ∩O).

The other case is completely analogous.

These two cases yield to slightly different Carleman estimates, which are presented in the 
following proposition.

Proposition 3.9. Assume that conditions (1.10) and (1.12) hold, and ȳ ∈ L∞(0, T ;
W 1,∞((0, L))). Furthermore, let ω1 and ω2 be non-empty disjoint open set such that (3.21)
and (3.22). Then,

(i) if (3.25) holds, there exists C = C(L, O, Oi,d , αi, μi, ‖ȳ‖∞, ‖ȳx‖∞) > 0 such that for every 
s ≥ C(T 2/3 + T 1/3) and every λ ≥ C we have

s7λ8

T∫
0

L∫
0

e−2sσ1ξ7
1 |ψ |2 dx dt + I1(γ

1) + I2(γ
2)

≤ C

(
s15λ16

T∫
0

∫
O

(
e−2sσ1ξ15

1 + e−2sσ2ξ15
2

)|ψ |2 dx dt

+ s7λ8

T∫
0

L∫
0

(
e−2sσ1ξ7

1 + e−2sσ2ξ7
2

)|g0|2 dx dt

+
T∫

0

L∫
0

(
e−2sσ1 |g1|2 + e−2sσ2 |g2|2)dx dt

)
(3.28)

or
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(ii) if (3.27) holds for (i, j) = (1, 2), there exists C = C(L, O, Oi,d , αi, μi, ‖ȳ‖∞, ‖ȳx‖∞) > 0
such that for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C we have

s7λ8

T∫
0

L∫
0

e−2sσ1ξ7
1 |ψ |2 dx dt + I1(γ

1) + I2(α1γ
1 + α2γ

2)

≤ C

(
s15λ16

T∫
0

∫
O

(
e−2sσ1ξ15

1 + e−2sσ2ξ15
2

)|ψ |2 dx dt

+ s7λ8

T∫
0

L∫
0

(
e−2sσ1ξ7

1 + e−2sσ2ξ7
2

)|g0|2 dx dt

+
T∫

0

L∫
0

(
e−2sσ1 + e−2sσ2

)(|g1|2 + |g2|2)dx dt

)
(3.29)

for every solution (ψ, γ 1, γ 2) of system (1.21).

Proof. We start by considering a function � ∈ C4([0, L]) such that⎧⎨⎩
�(x) = 0 for x ∈O0,

�(x) = 1 for x ∈ [0,L] \O.
(3.30)

It is straightforward to check that

−(�ψ)t + (�ψ)xxxx = �g0 + α1�γ 11O1,d
+ α2�γ 21O2,d

+ R(ψ) (3.31)

where

R(ψ) = −2ν�′′ψ − ȳ�′ψ − ȳx�ψ − �′′′′ψ + (2ν�′ψ + ȳ�ψ + 4�′′′ψ)x

− (ν�ψ + 6�′′ψ)xx + 4(�′ψ)xxx.

Notice that the function �ψ , together with equation (3.31), fulfills the conditions of Theo-
rem 3.4 for weight functions (3.24) with i = 1 (see Remark 3.7). Thus, we obtain from inequality 
(3.10) for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C

s7λ8

T∫
0

L∫
0

e−2sσ1ξ7
1 |�ψ |2 dx dt

≤ C

( T∫ L∫
e−2sσ1 |g0|2 dx dt +

T∫ L∫
e−2sσ1

(|�γ 1|2 + |�γ 2|2)dx dt
0 0 0 0
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+ s7λ8

T∫
0

∫
ω1

e−2sσ1ξ7
1 |�ψ |2 dx dt

+ (
1 + ‖ȳ‖2∞ + ‖ȳx‖2∞

)
s6λ6

T∫
0

L∫
0

e−2sσ1ξ6
1 |ψ |2 dx dt

)
, (3.32)

where we have used properties (3.4). To estimate the last term in (3.32), notice that from the 
properties (3.30) of �, we have

s7λ8

T∫
0

L∫
0

e−2sσ1ξ7
1 |ψ |2 dx dt − s7λ8

T∫
0

∫
O

e−2sσ1ξ7
1 |ψ |2 dx dt

≤ s7λ8

T∫
0

L∫
0

e−2sσ1ξ7
1 |�ψ |2 dx dt

and, since the weight functions are equal outside O0 (see (3.23)),

T∫
0

L∫
0

e−2sσ1
(|�γ 1|2 + |�γ 2|2)dx dt =

T∫
0

∫
(0,L)\O0

e−2sσ1 |�γ 1|2 dx dt

+
T∫

0

∫
(0,L)\O0

e−2sσ2 |�γ 2|2 dx dt.

Going back to (3.32), we get using (3.4) the estimate

s7λ8

T∫
0

L∫
0

e−2sσ1ξ7
1 |ψ |2 dx dt ≤ C

( T∫
0

L∫
0

e−2sσ1 |g0|2 dx dt +
T∫

0

∫
(0,L)\O0

e−2sσ1 |γ 1|2 dx dt

+
T∫

0

∫
(0,L)\O0

e−2sσ2 |γ 2|2 dx dt + s7λ8

T∫
0

∫
O

e−2sσ1ξ7
1 |ψ |2 dx dt

)
(3.33)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C.
Now, we first prove Carleman estimate (3.28) which is somewhat simpler and then we turn 

to (3.29).

• Proof of (i). For i = 1, 2, we apply Proposition (3.1) for the equations satisfied by γ i in 
system (1.21). We have
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Ii(γ
i) ≤ C

( T∫
0

L∫
0

e−2sσi
(|γ i

xx |2 + ‖ȳ‖2∞|γ i
x |2 + ‖ȳx‖2∞|γ i |2 + |gi |2 + |ψ |2)dx dt

+ s7λ8

T∫
0

∫
ωi

e−2sσi ξ7
i |γ i |2 dx dt

)
, i = 1,2

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C. From properties (3.4), we get

Ii(γ
i) ≤ C

( T∫
0

L∫
0

e−2sσi
(|gi |2 + |ψ |2)dx dt + s7λ8

T∫
0

∫
ωi

e−2sσi ξ7
i |γ i |2 dx dt

)
, i = 1,2

(3.34)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C. From (3.23), we have

T∫
0

L∫
0

e−2sσi |ψ |2 dx dt =
T∫

0

∫
O

e−2sσi |ψ |2 dx dt +
T∫

0

∫
(0,L)\O

e−2sσ1 |ψ |2 dx dt, i = 1,2.

Thus, summing inequalities (3.33) and (3.34) we obtain

s7λ8

T∫
0

L∫
0

e−2sσ1ξ7
1 |ψ |2 dx dt + I1(γ

1)+ I2(γ
2) ≤ C

( T∫
0

∫
O

(
s7λ8e−2sσ1ξ7

1 + e−2sσ2
)|ψ |2 dx dt

+
T∫

0

L∫
0

(
e−2sσ1(|g0|2 + |g1|2) + e−2sσ2 |g2|2)dx dt + s7λ8

∑
k=1,2

T∫
0

∫
ωk

e−2sσk ξ7
k |γ k|2 dx dt

)
(3.35)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C, where we have used again (3.4).
It remains to estimate the local terms corresponding to γ 1 and γ 2. For this, we will take 

advantage of the fact that we can choose ω1 and ω2 to satisfy (3.26) since we are assuming that 
(3.25) holds. Similarly to what we did in the proof of Proposition 3.6 (see (3.17) and (3.18)), we 
use the equations satisfied by γ 1 and γ 2 in system (1.21).

For i = 1, 2, let θi ∈ C4
0(Oi,d ∩O) such that θ ≡ 1 in ωi . Since (3.25) holds, observe that

γ i = 1

αi

(−ψt + ψxxxx + νψxx − ȳψx − g0) in (Oi,d ∩O) × (0, T ), i = 1,2,

and thus we have



6092 N. Carreño, M.C. Santos / J. Differential Equations 266 (2019) 6068–6108
Cs7λ8

T∫
0

∫
ωi

e−2sσi ξ7
i |γ i |2 dx dt ≤ Cs7λ8

T∫
0

∫
Oi,d∩O

e−2sσi ξ7
i θ |γ i |2 dx dt

= C

αi

s7λ8

T∫
0

∫
Oi,d∩O

e−2sσi ξ7
i θiγ

i
( − ψt + ψxxxx + νψxx − ȳψx − g0)dx dt, i = 1,2.

Here we find the same (up to the constant C) expression as (3.19), therefore we obtain for free 
the estimate (compare with (3.20))

Cs7λ8

T∫
0

∫
ωi

e−2sσi ξ7
i |γ i |2 dx dt ≤ 1

2
Ii(γ

i) + Cs15λ16

T∫
0

∫
O

e−2sσi ξ15
i |ψ |2 dx dt

+ Cs7λ8

T∫
0

∫
O

e−2sσi ξ7
i |g0|2 dx dt, i = 1,2 (3.36)

for every s ≥ C(T 2/3 +T 1/3) and every λ ≥ C. Using this last inequality in (3.35) and properties 
(3.4), we find estimate (3.28).

• Proof of (ii). We now assume that (3.27) holds with i = 1 and j = 2 (see Remark 3.8). From 
(3.21) and (3.27), we choose ω1 and ω2 such that

ω1 ⊂ (O1,d ∩O) \O2,d and ω2 ⊂O1,d ∩O2,d ∩O.

Notice that from the first equation in system (1.21) we have

γ 1 = 1

α1
(−ψt + ψxxxx + νψxx − ȳψx − g0) in

(
(O1,d ∩O) \O2,d

) × (0, T ),

thus we can combine estimates (3.33), (3.34) and (3.36) with i = 1 to get

s7λ8

T∫
0

L∫
0

e−2sσ1ξ7
1 |ψ |2 dx dt + I1(γ

1) ≤ C

(
s15λ16

T∫
0

∫
O

e−2sσ1ξ15
1 |ψ |2 dx dt

+ s7λ8

T∫
0

L∫
0

e−2sσ1ξ7
1 |g0|2 dx dt +

T∫
0

L∫
0

e−2sσ1 |g1|2 dx dt +
T∫

0

∫
(0,L)\O0

e−2sσ2 |γ 2|2 dx dt

)
(3.37)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C.
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To estimate the last term in (3.37), we borrow the idea from the proof of Proposition 3.6. Let 
h := α1γ

1 + α2γ
2. From Proposition 3.1, we obtain an estimate similar to (3.17). Namely,

I2(h) ≤ C

( T∫
0

L∫
0

e−2sσ2
(|g1|2 + |g2|2 + |ψ |2)dx dt + s7λ8

T∫
0

∫
ω2

e−2sσ2ξ7
2 |h|2 dx dt

)
(3.38)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C. Since we have

h = −ψt + ψxxxx + νψxx − ȳψx − g0 in (O1,d ∩O2,d ∩O) × (0, T ),

we repeat the computations to obtain (3.20) (with θ ∈ C4
0(O1,d ∩ O2,d ∩ O) such that θ ≡ 1

in ω2). This time we get

Cs7λ8

T∫
0

∫
ω2

e−2sσ2ξ7
2 |h|2 dx dt ≤ 1

2
I2(h) + Cs15λ16

T∫
0

∫
O

e−2sσ2ξ15
2 |ψ |2 dx dt

+ Cs7λ8

T∫
0

∫
O

e−2sσ2ξ7
2 |g0|2 dx dt (3.39)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C.
From (3.23) and (3.4), we have

C

T∫
0

∫
(0,L)\O0

e−2sσ2 |γ 2|2 dx dt

≤ C

( T∫
0

∫
(0,L)\O0

e−2sσ1 |γ 1|2 dx dt +
T∫

0

∫
(0,L)\O0

e−2sσ2 |h|2 dx dt

)

≤ 1

2
I1(γ

1) + 1

4
I2(h) (3.40)

for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C.
Putting together estimates (3.37)–(3.40) we finally get (3.29). �

4. Analysis of the linear system

This section is dedicated to prove an observability inequality from Carleman estimates in 
Propositions 3.6 and 3.9. Then, we will be able to establish the null controllability of linear 
system (1.20).

Before going into the details, let us make some remarks about the Carleman inequalities from 
Propositions 3.6 and 3.9.
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In the following, we will ask the functions defined in (3.23) to satisfy also that

‖η1‖∞ = ‖η2‖∞. (4.1)

As it is stated in Remark 7 in [3], this can be possible even in higher dimension.
Let us unify Propositions 3.6 and 3.9.

Lemma 4.1. Assume that condition (1.10) holds and ȳ ∈ L∞(0, T ; W 1,∞((0, L))). If the func-
tions defined by (3.23) satisfy (4.1), then

(i) if (1.11) holds, there exists C > 0 such that for every s ≥ C(T 2/3 + T 1/3) and every λ ≥ C

we have

s7λ8

T∫
0

L∫
0

e−2sσ ∗
(ξ∗)7|ψ |2 dx dt + s7λ8

T∫
0

L∫
0

e−2sσ ∗
(ξ∗)7|α1γ

1 + α2γ
2|2 dx dt

≤ C

( T∫
0

L∫
0

e−2sσ̂
(
s7λ8ξ̂7|g0|2 + |g1|2 + |g2|2)dx dt + s15λ16

T∫
0

∫
O

e−2sσ̂ ξ̂15|ψ |2 dx dt

)
,

(4.2)

or
(ii) if (1.12) holds, there exists Ck > 0 such that for every s ≥ Ck(T

2/3 +T 1/3) and every λ ≥ Ck

we have

s7λ8

T∫
0

L∫
0

e−2sσ ∗
1 (ξ∗

1 )7|ψ |2 dx dt + s7λ8

T∫
0

L∫
0

e−2sσ ∗
1 (ξ∗

1 )7(|γ 1|2 + |γ 2|2)dx dt

≤ Ck

( T∫
0

L∫
0

e−2sσ̂1
(
s7λ8ξ̂7

1 |g0|2 +|g1|2 +|g2|2)dx dt +s15λ16

T∫
0

∫
O

e−2sσ̂1 ξ̂15
1 |ψ |2 dx dt

)
,

(4.3)

where Ck may be different constants C1 and C2 depending if condition (3.25) holds or not, 
respectively, for every solution (ψ, γ 1, γ 2) of system (1.21).

Proof. The only case that is not direct from Propositions 3.6 and 3.9 is the one coming from 
inequality (3.29). However, it is enough to notice that |γ 2| ≤ α1α

−1
2 |γ 1| + α−1

2 |α1γ
1 + α2γ

2|
and that under (4.1) the weights coincide when we take the minimum. �
4.1. Observability inequality

Let us now prove the observability inequality for the solutions of the adjoint system (1.21). 
We start by proving an energy estimate.
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Lemma 4.2. Assume that ȳ ∈ L∞((0, L) × (0, T )). Then, there exist μ0 > 0 such that for every 
μ1, μ2 ≥ μ0 and every g0, g1, g2 ∈ L2((0, L) × (0, T )) and every ψT ∈ L2(0, L), the solution 
(ψ, γ 1, γ 2) of system (1.21) satisfies

‖ψ‖2
L∞(0,T ;L2(0,L))∩L2(0,T ;H 2(0,L))

+ ‖γ 1‖2
L∞(0,T ;L2(0,L))∩L2(0,T ;H 2(0,L))

+ ‖γ 2‖2
L∞(0,T ;L2(0,L))∩L2(0,T ;H 2(0,L))

+ ‖α1γ
1 + α2γ

2‖2
L∞(0,T ;L2(0,L))∩L2(0,T ;H 2(0,L))

≤ C
(
‖g0‖2

L2((0,L)×(0,T ))
+ ‖g1‖2

L2((0,L)×(0,T ))
+ ‖g2‖2

L2((0,L)×(0,T ))
+ ‖ψT ‖2

L2((0,L))

)
, (4.4)

where C > 0 is a constant independent of μ1 and μ2.

Proof. Let us multiply the first equations of system (1.21) by ψ and integrate in space. Integra-
tion by parts yields

− 1

2

d

dt

L∫
0

|ψ |2 dx +
L∫

0

|ψxx |2 dx

= −ν

L∫
0

ψxxψ dx +
L∫

0

ȳψxψ dx +
L∫

0

g0ψ dx + α1

∫
O1,d

γ 1ψ dx + α2

∫
O2,d

γ 2ψ dx.

Using Poincaré’s and Young’s inequalities, we have

−1

2

d

dt

L∫
0

|ψ |2 dx + 1

2

L∫
0

|ψxx |2 dx ≤ C

L∫
0

|ψ |2 dx +
L∫

0

|g0|2 dx +
L∫

0

(|γ 1
xx |2 + |γ 2

xx |2
)
dx,

where C is a constant depending on ‖ȳ‖∞, ν, α1 and α2, but independent of μ1 and μ2. Then, 
by Gronwall’s inequality, we obtain for all t ∈ (0, T )

L∫
0

|ψ(t)|2 dx +
T∫

0

L∫
0

|ψxx |2 dx dt

≤ C

( L∫
0

|ψT |2 dx +
T∫

0

L∫
0

|g0|2 dx dt +
T∫

0

L∫
0

(|γ 1
xx |2 + |γ 2

xx |2
)
dx dt

)
. (4.5)

Similar computations for the equations satisfied by γ 1 and γ 2 show that, for i = 1, 2,

1

2

d

dt

L∫
|γ i |2 dx +

L∫
|γ i

xx |2 dx = −ν

L∫
γ i
xxγ

i dx +
L∫
ȳγ iγ i

x dx +
L∫
giγ i dx + 1

μi

∫
ψγ i dx
0 0 0 0 0 Oi
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and then

1

2

d

dt

L∫
0

|γ i |2 dx + 1

2

L∫
0

|γ i
xx |2 dx ≤ C

L∫
0

|γ i |2 dx +
L∫

0

|gi |2 dx + 1

μ2
i

L∫
0

|ψ |2 dx,

where C is a constant depending on ‖ȳ‖∞ and ν, but independent of μ1 and μ2. Since 
γ i(x,0) = 0, i = 1, 2, we get from Gronwall’s inequality

L∫
0

|γ i(t)|2 dx +
T∫

0

L∫
0

|γ i
xx |2 dx dt ≤ C

( T∫
0

L∫
0

|gi |2 dx dt + 1

μ2
i

L∫
0

|ψ(t)|2 dx

)
, i = 1,2.

(4.6)

Now, let h := α1γ
1 + α2γ 2. Since h satisfies the second equation in system (3.14), we can 

obtain similarly as before the estimate

L∫
0

|h(t)|2 dx +
T∫

0

L∫
0

|hxx |2 dx dt

≤ C

( T∫
0

L∫
0

(|g1|2 + |g2|2)dx dt +
( 1

μ2
1

+ 1

μ2
2

) L∫
0

|ψ(t)|2 dx

)
. (4.7)

Adding estimates (4.5)–(4.7) (with a rescaling of the constants if necessary), we obtain (4.4)
by taking μ1 and μ2 sufficiently large. �

We are ready to prove the observability inequality (1.22). To do this, we need to introduce 
some new weight functions similar to the ones in (3.2) and (3.24) that do not degenerate at t = 0. 
Let τ(t) ∈ C1([0, T ]) be defined by

τ(t) =
{

(T /2)2/3 t ∈ [0, T /2),

t1/3(T − t)1/3 t ∈ [T/2, T ],
and

βi(x, t) := exp
(
4λ‖ηi‖∞

) − exp
(
λ(‖ηi‖∞ + ηi(x))

)
τ(t)

,

ζi(x, t) := exp
(
λ(‖ηi‖∞ + ηi(x))

)
τ(t)

, i = 1,2, (4.8)

where λ > 1. Similarly, we define (β, ζ ) corresponding to (σ, ξ) in (3.2).
Notice that properties (3.4) are valid for these new functions and we keep the notation intro-

duced at the beginning of the section.
The observability inequality is given by the following proposition.
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Proposition 4.3. Assume that condition (1.10) holds and ȳ ∈ L∞(0, T ; W 1,∞((0, L))). Also, 
let the functions defined by (3.23) satisfy (4.1) and, s and λ be constants such that Lemma 4.1 is 
verified. If either (1.11) or (1.12) hold, then there exists a constant C > 0 such that every solution 
(ψ, γ 1, γ 2) to system (1.21) satisfies

L∫
0

|ψ(x,0)|2 dx +
T∫

0

L∫
0

e−2sβ∗
1 (ζ ∗

1 )7|ψ |2 dx dt +
T∫

0

L∫
0

e−2sβ∗
1
(|γ 1|2 + |γ 2|2)dx dt

≤ C

( T∫
0

L∫
0

e−2sβ̂1
(
ζ̂ 7

1 |g0|2 + |g1|2 + |g2|2)dx dt +
T∫

0

∫
O

e−2sβ̂1 ζ̂ 15
1 |ψ |2 dx dt

)
. (4.9)

Remark 4.4. In the spirit of unify both cases (1.11) and (1.12) is that we have considered only the 
weight functions (β1, ζ1). Of course, when (1.11) holds, it suffices to replace (β, ζ ) by (β1, ζ1)

and take ω1 to only satisfy ω1 ⊂O1,d ∩O.

Proof. It is classical to prove (4.9) from (4.2), (4.3), (4.4), and the fact that

(ζ ∗
1 )7 ≥ 47/3

T 14/3 .

For details, please see [12, Lemma 1] or [4, Proposition 4.1], for instance. On the other hand, if 
(1.11) holds, we can get from (4.2) and (4.4) the estimate

L∫
0

|ψ(x,0)|2 dx +
T∫

0

L∫
0

e−2sβ∗
(ζ ∗)7|ψ |2 dx dt +

T∫
0

L∫
0

e−2sβ∗(|α1γ
1 + α2γ

2|2)dx dt

≤ C

( T∫
0

L∫
0

e−2sβ̂
(
ζ̂ 7|g0|2 + |g1|2 + |g2|2)dx dt +

T∫
0

∫
O

e−2sβ̂ ζ̂ 15|ψ |2 dx dt

)
.

To add the weighted integrals of γ 1 and γ 2, we do the following. Let ρ(t) = e−sβ∗
. Notice 

that ρ(t) is a positive non-increasing function in (0, T ). If we denote γ̃ i := ρ(t)γ i , we obtain 
from system (1.21) that

γ̃ i
t + γ̃ i

xxxx + νγ̃ i
xx + (ȳγ̃ i )x = ρ(t)gi − 1

μi

ρ(t)ψ1Oi
+ ρ′(t)γ i,

(x, t) ∈ (0,L) × (0, T ), i = 1,2.

As in the proof of Lemma 4.2, we multiply this equation by γ̃ i and integrate in (0, L). We 
have for i = 1, 2
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1

2

d

dt

L∫
0

|γ̃ i |2 dx + 1

2

L∫
0

|γ̃ i
xx |2 dx ≤ C

L∫
0

|γ̃ i |2 dx +
L∫

0

|ρ(t)gi |2 dx + 1

μ2
i

L∫
0

|ρ(t)ψ |2 dx

+
L∫

0

ρ′(t)ρ(t)|γ i |2 dx.

Since the last term is negative and γ̃ i(x, 0) = 0, we obtain

T∫
0

L∫
0

e−2sβ∗ |γ i |2 dx dt ≤ C

( T∫
0

L∫
0

e−2sβ∗ |gi |2 dx dt + 1

μ2
i

T∫
0

L∫
0

e−2sβ∗ |ψ |2 dx dt

)
, i = 1,2.

From here, it is easy to obtain (4.9) from properties (3.4) and the fact that e−2sβ∗ ≤ e−2sβ̂ . �
4.2. Null controllability of the linear system

Let us denote by L the linear operator

Lu := ut + uxxxx + νuxx + (ȳu)x

and by L∗ its formal adjoint

L∗u := −ut + uxxxx + νuxx − ȳux.

Also, consider the functional space

S = {
(z,φ1, φ2, f ) : esβ̂1 ζ̂

−7/2
1 z ∈ L2((0,L) × (0, T )), esβ̂1φi ∈ L2((0,L) × (0, T ))), i = 1,2,

esβ̂1 ζ̂
−15/2
1 f ∈ L2(O × (0, T )),

esβ∗
1 (ζ ∗

1 )−7/2(Lz − f1O + μ−1
1 φ11O1 + μ−1

2 φ21O2)

∈ L2((0,L) × (0, T )),

esβ∗
1 (L∗φi − αiz1Oi,d

) ∈ L2(((0,L) × (0, T )), i = 1,2,

esβ̂1 ζ̂
−15/2
1 z ∈ L∞(0, T ;L2(0,L)) ∩ L2(0, T ;H 2(0,L)),

esβ̂1 ζ̂
−15/2
1 φi ∈ L∞(0, T ;L2(0,L)) ∩ L2(0, T ;H 2(0,L)), i = 1,2

}
,

which is a Banach space endowed with its natural norm.
We have the following result.

Proposition 4.5. Let the assumptions of Proposition 4.3 be satisfied. Then, for any z0 ∈ L2(0, L), 
and any triplet (f 0, f 1, f 2) such that

T∫ L∫
e2sβ∗

1 (ζ ∗
1 )−7|f 0|2 dx dt < +∞,

T∫ L∫
e2sβ∗

1 |f i |2 dx dt < +∞, i = 1,2, (4.10)
0 0 0 0
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there exists a control f ∈ L2((0, L) × (0, T )) such that the solution (z, φ1, φ2) of system (1.20)
satisfies (z, φ1, φ2, f ) ∈ S . In particular, z(x, T ) = 0 in (0, L).

Proof. We follow a classical strategy (see [12,4], for instance). Consider the space

P0 = {
(p, q1, q2) ∈ C4([0,L] × [0, T ]) :

p(0, t) = qi(0, t) = p(L, t) = qi(L, t) = 0 ∀t ∈ (0, T ), i = 1,2,

px(0, t) = qi
x(0, t) = px(L, t) = qi

x(L, t) = 0 ∀t ∈ (0, T ), i = 1,2,

qi(x,0) = 0 ∀x ∈ (0,L), i = 1,2
}
.

Now, let b :P0 ×P0 →R be the bilinear functional

b
(
(p, q1, q2), (r,w1,w2)

)
=

T∫
0

L∫
0

e−2sβ̂1 ζ̂ 7
1

(
L∗p − α1q

11O1,d
− α2q

21O2,d

)(
L∗r − α1w

11O1,d
− α2w

21O2,d

)
dx dt

+
2∑

i=1

T∫
0

L∫
0

e−2sβ̂1
(
Lqi + 1

μi

p1Oi

)(
Lwi + 1

μi

r1Oi

)
dx dt +

T∫
0

∫
O

e−2sβ̂1 ζ̂ 15
1 p r dx dt

and � :P0 → R the linear functional

�(r,w1,w2) =
T∫

0

L∫
0

(
f 0r + f 1w1 + f 2w2)dx dt +

L∫
0

z0(x)r(x,0) dx.

Observability inequality (4.9) allows to show that b(·, ·)1/2 defines a norm in P0. We denote 
by P the closure of P0 with respect to this norm. Furthermore, P is a Hilbert space with the inner 
product coming from b and, again from (4.9), � is bounded in P . Therefore, by Lax–Milgram’s 
Lemma, we deduce that the problem: find (p, q1, q2) ∈ P such that

b
(
(p, q1, q2), (r,w1,w2)

) = �(r,w1,w2) ∀(r,w1,w2) ∈P (4.11)

possesses a unique solution that we call (p̂, q̂1, q̂2).
Define ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ẑ = e−2sβ̂1 ζ̂ 7
1

(
L∗p̂ − α1q̂

11O1,d
− α2q̂

21O2,d

)
,

φ̂i = e−2sβ̂1
(
Lq̂i + 1

μi

p̂1Oi

)
, i = 1,2,

f̂ = −e−2sβ̂1 ζ̂ 15
1 p̂1O.

(4.12)

We will show now that (ẑ, φ̂1, φ2) is actually the solution of the linear system (1.20) associated 
f̂ and that (ẑ, φ̂1, φ̂2, f̂ ) belongs to S , therefore solving the null controllability problem.
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Since b
(
(ẑ, φ̂1, φ̂2)

)
< +∞, we have that

T∫
0

L∫
0

e2sβ̂1 ζ̂−7
1 |ẑ|2 dx dt +

2∑
i=1

T∫
0

L∫
0

e2sβ̂1 |φ̂i |2 dx dt +
T∫

0

∫
O

e2sβ̂1 ζ̂−15
1 |f̂ |2 dx dt < +∞.

(4.13)

Now, let (̃z, ̃φ1, ̃φ2) be the weak solution of system (1.20) with f = f̂ defined in (4.12). It is 
clear that (̃z, ̃φ1, ̃φ2) is also the unique solution by transposition of (1.20) (see Definition 3.3). 
This means that

T∫
0

L∫
0

(̃
zg0 + φ̃1g1 + φ̃2g2)dx dt =

T∫
0

L∫
0

(
f 0r + f 1w1 + f 2w2)dx dt +

L∫
0

z0(x)r(x,0) dx

(4.14)

for all (g0, g1, g2) ∈ L2((0, T ) × (0, L))3, where (r, w1, w2) is the solution of the system⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

L∗r = g0 + α1w
11O1,d

+ α2w
21O2,d

(x, t) ∈ (0,L) × (0, T ),

Lwi = gi − 1

μi

r1Oi
i = 1,2 (x, t) ∈ (0,L) × (0, T ),

r(0, t) = r(L, t) = wi(0, t) = wi(L, t) = 0 i = 1,2 t ∈ (0, T ),

rx(0, t) = rx(L, t) = wi
x(0, t) = wi

x(L, t) = 0 i = 1,2 t ∈ (0, T ),

r(x, T ) = 0, wi(x,0) = 0 i = 1,2 x ∈ (0,L).

From (4.11) (with (p, q1, q2) = (p̂, q̂1, q̂2)) and (4.12), we find that the triplet (ẑ, φ̂1, φ̂2)

also satisfies (4.14). Thus, (ẑ, φ̂1, φ̂2) coincides with (̃z, ̃φ1, ̃φ2) and must be the weak solution 
of (1.20) associated to f̂ .

Finally, let z∗ := esβ̂1 ζ̂
−15/2
1 ẑ and φi∗ := esβ̂1 ζ̂

−15/2
1 φ̂i , i = 1, 2. Then, (z∗, φ1∗, φ2∗) solves

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

Lz∗ = f 0∗ + f∗ 1O − 1

μ1
φ1∗1O1 − 1

μ2
φ2∗1O2 + (esβ̂1 ζ̂

−15/2
1 )t ẑ (x, t) ∈ (0,L) × (0, T ),

L∗φi∗ = f i∗ + αiz∗1Oi,d
− (esβ̂1 ζ̂

−15/2
1 )t φ̂

i i = 1,2 (x, t) ∈ (0,L) × (0, T ),

z∗(0, t) = z∗(L, t) = φi∗(0, t) = φi∗(L, t) = 0 i = 1,2 t ∈ (0, T ),

z∗x(0, t) = z∗x(L, t) = φi∗x(0, t) = φi∗x(L, t) = 0 i = 1,2 t ∈ (0, T ),

z∗(x,0) = esβ∗
1 (0)ζ̂

−15/2
1 (0)z0(x), φi∗(x, T ) = 0 x ∈ (0,L),

where we have denoted as well (f 0∗ , f i∗ , f∗) = esβ̂1 ζ̂
−15/2
1 (f 0, f i, f̂ ), i = 1, 2. From the fact that 

|(esβ̂1 ζ̂
−15/2
1 )t | ≤ Cesβ̂1 ζ̂

−7/2
1 , (4.10), (4.13), the definition of the weight functions and proper-

ties (3.4), we see that the terms in the right-hand side of the equations of this system belong to 
L2((0, L) × (0, T )).

Therefore, using a regularity result similar to Lemma 4.2 (eventually for μi large enough) 

we deduce that (z∗, φ1∗, φ2∗) belongs to 
(
L∞(0, T ; L2(0, L)) ∩ L2(0, T ; H 2(0, L))

)3
. This com-

pletes the proof of Proposition 4.5. �
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5. Null controllability of the non-linear system

In this section we complete the proof of Theorem 1.2. As mentioned in the introduction, it is 
equivalent to a local null controllability result for the optimality system (1.18). More precisely, 
we prove the following result.

Theorem 5.1. Let the assumptions of Theorem 1.2 be satisfied. Then there exist δ > 0 and positive 
functions ρ̂i = ρ̂i (t) blowing up at t = T such that if z0 and zi,d satisfy

‖z0‖2
L2(0,L)

+
∑
i=1,2

T∫
0

∫
Oi,d

ρ̂2
i |zi,d |2 dx dt < δ,

there exist a control f ∈ L2(O × (0, T )) and a associated solution (z, φ1, φ2) of the optimality
system (1.18) such that z(x, T ) = 0 in (0, L).

The proof is based on a local inversion argument, for which we use the following theorem 
((see [1])).

Theorem 5.2. Let B1 and B2 be two Banach spaces and let F : B1 → B2 satisfy F ∈ C1(B1; B2). 
Assume that b1 ∈ B1, F(b1) = b2 and that F ′(b1) : B1 → B2 is surjective. Then, there exists 
δ > 0 such that, for every b′ ∈ B2 satisfying ‖b′ − b2‖B2 < δ, there exists a solution of the 
equation

F(b) = b′, b ∈ B1.

Proof. Let us define the spaces

B1 := S,

B2 := X × L2(0,L) × Y × Y,

where

X := {
u : esβ∗

1 (ζ ∗
1 )−7/2u ∈ L2((0,L) × (0, T ))

}
and

Y := {
u : esβ∗

1 u ∈ L2((0,L) × (0, T ))
}
.

For every (z, φ1, φ2, f ) ∈ S , let the operator F : B1 → B2 be defined by

F(z,φ1, φ2, f ) :=

⎛⎜⎜⎝
Lz + zzx − f1O + μ−1

1 φ11O1 + μ−1
2 φ21O2

z(x,0)

L∗φ1 − zφ1 − α1z1O1,d

L∗φ2 − zφ2 − α2z1O2,d

⎞⎟⎟⎠ .

To check the hypothesis of Theorem 5.2, the following lemma will be useful.
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Lemma 5.3. Let Z := {
u : esβ̂ ζ̂−15/2u ∈ L∞(0, T ; L2(0, L)) ∩ L2(0, T ; H 2(0, L))

}
. The map

(u1, u2) �→ u1u2
x

is continuous from Z to X and from Z to Y .

Proof. It suffices to check that ‖u1u2
x‖X ≤ C‖u1‖Z‖u2‖Z and ‖u1u2

x‖Y ≤ C‖u1‖Z‖u2‖Z . We 
only do the first, since the other is analogous. Notice that the function

e−2sβ̂1+sβ∗
ζ̂ 15

1 (ζ ∗
1 )−7/2

is bounded (eventually for a large λ). Then for any u1, u2 ∈ X we have

‖u1u2
x‖X = ‖esβ∗

1 (ζ ∗
1 )−7/2u1u2

x‖L2((0,L)×(0,T ))

≤ C‖e2sβ̂1 ζ̂−15
1 u1u2

x‖L2((0,L)×(0,T ))

≤ C‖esβ̂1 ζ̂
−15/2
1 u1‖L∞((0,L);L2(0,T ))‖esβ̂1 ζ̂

−15/2
1 u2

x‖L2((0,L);L∞(0,T ))

≤ C‖u1‖Z‖u2‖Z. �
From the definition of B1, B2 and Lemma 5.3, it is fairly simple to check that F is well defined 

and of class C1(B1; B2). Furthermore,

F ′(0,0,0,0)(z,φ1, φ2, f ) =

⎛⎜⎜⎝
Lz − f1O + μ−1

1 φ11O1 + μ−1
2 φ21O2

z(x,0)

L∗φ1 − α1z1O1,d

L∗φ2 − α2z1O2,d

⎞⎟⎟⎠
is surjective from B1 to B2 thanks to Proposition 4.5. From Theorem 5.2 with b1 = (0, 0, 0, 0), 
b2 = (0, 0, 0, 0) and b′ = (0, z0, −α1z1,d1O1,d

, −α2z2,d1O2,d
) we obtain the existence of a pos-

itive number δ such that if

‖z0‖2
L2(0,L)

+
∑
i=1,2

T∫
0

∫
Oi,d

e2sβ∗
1 |zi,d |2 dx dt < δ,

there exists (z, φ1, φ2, f ) solution to system (1.18) belonging to S . In particular, z(x, T ) = 0 in 
(0, L) and the proof is done. �
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Appendix A. Well-possedness of the optimality system (1.18)

Consider the following linear KS equation⎧⎪⎪⎨⎪⎪⎩
yt + yxxxx + νyxx = f (x, t) ∈ (0,L) × (0, T ),

y(0, t) = y(L, t) = 0 t ∈ (0, T ),

yx(0, t) = yx(L, t) = 0 t ∈ (0, T ),

y(x,0) = y0(x) x ∈ (0,L).

(A.1)

In order to prove the existence of solution for (1.18) we will first study the existence of solution 
for (A.1). We have the following

Lemma A.1. Let A : D(A) ⊂ L2(0, L) → L2(0, L) the operator defined by:{
D(A) = [H 4 ∩ H 2

0 ](0,L),

Ay = −yxxxx − νyxx.

Then A is the generator of a strongly continuous semigroup {T (t)}t≥0 : L2(0, L) → L2(0, L). 
Moreover, if y0 ∈ L2(0, L), u(t) = T (t)y0 is the unique solution of (A.1) in the space

u ∈ C([0, T ;L2(0,L)]) ∩ L2(0, T ;H 2
0 (0,L)).

Proof. The first thing to do is to prove that ( ν2

4 , ∞) ⊂ ρ(A), more precisely we will show that 

for each f ∈ L2(0, L) and σ ∈ ( ν2

4 , ∞) problem

σu − Au = f (A.2)

has a unique solution u ∈ D(A).
Define the bilinear form B : [H 2

0 (0, L)]2 → R given by

B(u, v) = σ(u, v) + (uxx, vxx) + ν(uxx, v).

It is clear that B is continuous in H 2
0 (0, L) and it is easy to see that

B(u,u) = σ |u|2 + |uxx |2 + ν(uxx, u) ≥ (1 − ν2

4σ
)|uxx |2.

Then, for σ > ν2

4 the bilinear functional B is coercive. We also have that L : H 2
0 (0, L) → R

given by L(v) = 〈f, v〉H−2(0,L),H 2
0 (0,L) is continuous and

|L(v)| ≤ ‖f ‖H−2(0,L)‖v‖H 2
0 (0,L).

Using the Lax Milgram theorem, there exists a unique u∗ ∈ H 2
0 (0, L) solution of

B(u∗, v) = L(v), ∀v ∈ H 2(0,L).
0
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We conclude that, if f ∈ H−2(0, L) and σ > ν2

4 , problem (A.2) has a unique solution u∗ ∈
H 2

0 (0, L). If f ∈ L2(0, L) then, using (A.2), we see that u∗
xxxx = f − σu∗ − νu∗

xx and then we 
obtain that u∗ ∈ D(A). Let us define the resolvent operator R(σ, A) : L2(0, L) → L2(0, L) by

R(σ,A) = (σ Id − A)−1, σ >
ν2

4
.

We observe that

(R(σ,A)f,f ) = (u,σu − Au) = (u,σu + uxxxx + νuxx) = σ |u|2 + |uxx |2 + ν(uxx, u)

≥ (σ − ν2

4
)|u|2 = (σ − ν2

4
)|R(σ,A)f |2

This proves that

|R(σ,A)nf | ≤ 1

(σ − ν2

4 )n
|f |.

By [21, Theorem 5.3] we see that A is the generator of a strongly continuous semigroup {T (t)}t≥0
and

‖T (t)‖ ≤ e
ν2
4 t . �

As a consequence we have the following:

Corollary A.2. Let y0 ∈ L2(0, L) and f ∈ L1([0, T ]; L2(0, L)), then problem (A.1) has a 
unique mild solution y ∈ C([0, T ]; L2(0, L)) given by

y(t) = T (t)y0 +
t∫

0

T (t − s)f (s) ds. (A.3)

If, moreover, y0 ∈ D(A) and f ∈ C1([0, T ]; L2(0, L)) then the mild solution given by (A.3)
is the unique solution for the inhomogeneous boundary value problem (A.1) in the class 
C([0, T ]; D(A)) ∩ C1([0, T ]; L2(0, L)).

Proof. The proof comes from the fact that the T (t) is strongly continuous. See Pazy ([21], 
p. 107). �
Remark A.3. For y0 ∈ L2(0, L) and f ∈ L1(0, T ; L2(0, L)) the mild solution (A.3) has the 
regularity y ∈ L2(0, T ; H 2

0 (0, L)), moreover the following estimate holds:

‖y(t)‖L2(0,L) +‖y‖L2(0,T ;H 2
0 (0,L)) ≤ Cν

(‖y0‖L2(0,L) + ‖f ‖L1(0,T ;L2(0,L))

)
, ∀t ∈ [0, T ]. (A.4)

If a0, a1x ∈ L∞(Q) and g ∈ L1(0, T ; L2(0, L)), taking f = g − a0y − a1yx in (A.1), then we 
can prove that the equation
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⎧⎪⎪⎨⎪⎪⎩
yt + yxxxx + νyxx + a0y + a1yx = g,

y(0, t) = y(L, t) = 0,

yx(0, t) = yx(L,T ) = 0,

y(x,0) = y0(x),

(A.5)

has a unique solution y ∈ C([0, T ]; L2(0, L)) ∩ L2(0, T ; H 2
0 (0, L)) and there exists a constant 

C0 := C0(ν, ‖a0‖∞, ‖a1x‖∞) such that

‖y(t)‖L2(0,L) + ‖y‖L2(0,T ;H 2
0 (0,L)) ≤ C0

(‖y0‖L2(0,L) + ‖g‖L1(0,T ;L2(0,L))

)
. (A.6)

The next step is the study of the nonlinear problem⎧⎪⎪⎨⎪⎪⎩
yt + yxxxx + yyx + νyxx + a0y + a1yx = f,

y(0, t) = y(L, t) = 0,

yx(0, t) = yx(L,T ) = 0,

y(x,0) = y0(x).

(A.7)

Theorem A.4. Let B = C([0, T ]; L2(0, L)) ∩ L2(0, T ; H 2
0 (0, L)). There exist r > 0 such that 

for each y0 ∈ L2(0, L) and f ∈ L1(0, T ; L2(0, L)) satisfying

‖y0‖L2(0,L) + ‖f ‖L1(0,T ;L2(0,L)) ≤ r

problem (A.7) has a unique solution in B.

Proof. Let r̃ = ‖y0‖L2(0,L) + ‖f ‖L1(0,T ;L2(0,L)). By Corollary A.2 and Remark A.3 we can 
define � : L2(0, T ; W 1,4(0, L)) → L2(0, T ; W 1,4(0, L)) such that �(ỹ) = y where y ∈ B is the 
unique solution of (A.5) with g = f − ỹỹx . Notice that

T∫
0

⎛⎝ L∫
0

|ỹỹx |2 dx

⎞⎠
1
2

dt ≤
T∫

0

‖ỹ‖2
W 1,4(0,L)

dt

and then, using (A.6) and the fact that L2(0, T ; H 2
0 (0, L)) ↪→ L2(0, T ; W 1,4(0, L)) we have

‖y‖L2(0,T ;W 1,4(0,L)) ≤ C0

⎛⎝‖y0‖L2(0,L) +
T∫

0

(
‖f (t)‖L2(0,L) + ‖ỹ(t)‖2

W 1,4(0,L)

)
dt

⎞⎠ . (A.8)

From the equation (A.5) we have that yt ∈ L2(0, T ; H−2(0, L)). Also, the immersion
H 2

0 (0, L) ↪→ W 1,4(0, L) is compact. Hence by Aubin–Lions compactness Lemma we conclude 
that � is compact.

Let BK = {u ∈ L2(0, T ; W 1,4(0, L)); ‖u‖L2(0,T ;W 1,4(0,L)) ≤ K}. Then if ỹ ∈ BK we have by 
(A.8) that

‖y‖L2(0,T ;W 1,4(0,L)) ≤ C0(r̃ + K2). (A.9)
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If K < 1
C0

and r̃ ≤ K−C0K
2

C0
we have that �(BK) ⊂ BK . By Schauder’s fixed point theorem, 

� has fixed point and the existence of solution is proved by taking r = K−C0K
2

C0
. It is easy to see 

that the solutions of (A.7) satisfies the same inequality (A.6) with the constant C0, this can be 
used to prove the uniqueness of solution for (A.7). �

We will now study the existence of solution for (1.18).

Theorem A.5. Let r given by Theorem A.4 and assume that ‖f ‖L1(0,T ;L2(0,L)) +‖z0‖L2(0,L) ≤ r
2 . 

If μi are sufficiently large (depending on αi , ν, r , ‖ȳx‖∞, ‖zi,d‖L2(Oi,d×(0,T ))), then system (1.18)

possesses a unique solution (z, φ1, φ2) ∈ B3.

Proof. We will use again the Schauder’s fixed point theorem. Indeed, let K̃ be a constant to be 
determined later and fix (φ̂1, φ̂2) ∈ B1

K̃
where

B1
K̃

= {(u, v) ∈ L1(0, T ;L2(0,L))2; ‖(u, v)‖L1(0,T ;L2(0,L))2 ≤ K̃}.

Notice that

‖z0‖L2(0,L) + ‖f 1O − 1

μ1
φ̂11O1 − 1

μ2
φ̂21O2‖L1(0,T ;L2(0,L)) ≤ r

2
+ K̃(

1

μ1
+ 1

μ2
).

If we take K̃ = r
2 ( 1

μ1
+ 1

μ2
)−1 then, by Theorem A.4, there exists ẑ ∈ B∩BK the unique solution 

of

ẑt + ẑxxxx + νẑxx + ẑẑx + (ȳẑ)x = f 1O − 1

μ1
φ̂11O1 − 1

μ2
φ̂21O2 (x, t) ∈ (0,L) × (0, T )

with ẑ(0) = z0 and satisfying

‖ẑ(t)‖L2(0,L) + ‖ẑ‖L2(0,T ;H 2
0 (0,L)) ≤ C0r. (A.10)

Consider now φ̃i ∈ C([0, T ]; L2(0, L)) ∩ L2([0, T ]; H 2
0 (0, L)) with φ̃i(·, T ) = 0 solution of

−φ̃i
t + φ̃i

xxxx + νφ̃i
xx − (ẑ + ȳ)φ̃i

x = αi(ẑ − zi,d )1Oi,d
i = 1,2 (x, t) ∈ (0,L) × (0, T ).

Multiplying by φ̃i and integrating on (0, L) we have

−1

2

d

dt
‖φ̃i (t)‖2

L2(0,L)
+ ‖φ̃i

xx(t)‖2
L2(0,L)

= αi((ẑ − zi,d )1Oi,d
, φ̃i)L2(0,L) − ν(φ̃i

xx, φ̃
i)L2(0,L)

+ ((ẑ + ȳ)φ̃i
x, φ̃

i)L2(0,L). (A.11)

Notice that
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((ẑ + ȳ)φ̃i
x, φ̃

i)L2(0,L) = −1

2

L∫
0

(ẑx(t, x) + ȳx(t, x))|φ̃i (t, x)|2 dx

≤ (‖ẑx(t)‖L∞(0,L) + ‖ȳx(t)‖L∞(0,L))

L∫
0

|φ̃i (t, x)|2 dx.

Replacing the last inequality in (A.11) we obtain for i = 1, 2 the inequality

− 1

2

d

dt
‖φ̃i (t)‖2

L2(0,L)
+ 1

2
‖φ̃i

xx(t)‖2
L2(0,L)

≤ 1

2

L∫
0

(
|ẑ|2 + |zi,d |2

)
dx +

(
α2

i

2
+ ν2

2
+ ‖ȳx(t)‖∞ + ‖ẑx(t)‖∞

) L∫
0

|φ̃i |2 dx. (A.12)

By Gronwall’s inequality

‖φ̃i(t)‖2
L2(0,L)

+
T∫

0

‖φ̃i
xx(s)‖2

L2(0,L)
ds ≤ C(αi, ν, r,‖ȳx‖∞,‖zi,d‖L2(0,L)) (A.13)

where

C(αi, ν, r,‖ȳx‖∞,‖zi,d‖L2(0,L)) =
T∫

0

(
exp

(
T

(
α2

i + ν2 + 2‖ȳx‖∞ + C0r
))

×
(
C2

0r2 + ‖zi,d (s)‖2
L2(0,L)

)
ds

)
,

for i = 1, 2. In this way, if μ1 and μ2 are sufficiently large, such that

C(αi, ν, r,‖ȳx‖∞,‖zi,d‖L2(0,L)) ≤ r

2

(
1

μ1
+ 1

μ2

)−1

= K̃

then �̃ : L1(0, T ; L2(0, L))2 → L1(0, T ; L2(0, L))2 given by �̃((φ̂1, φ̂2)) = (φ̃1, φ̃2) is com-
pact and �̃(B1(K̃)) ⊂ B1(K̃). By Schauder’s fixed point theorem �̃ has a fixed point (φ̂1, φ̂2)

which is, together with ẑ, a solution of (1.18). Notice that, thanks to (A.10) and (A.13), the 
solution (ẑ, φ̂1, φ̂2) satisfies

‖(ẑ(t), φ̂1(t), φ̂2(t))‖L2(0,L)3 + ‖(ẑ, φ̂1, φ̂2)‖L2(0,T ;H 2
0 (0,L))3 ≤ C(αi, ν, r,‖ȳx‖∞,‖zi,d‖L2(0,L))

(A.14)

provided that μ1 and μ2 are large enough.
The uniqueness part can be obtained using (A.14) and standard energy estimates. �
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