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Abstract

In this paper we prove the existence of controls insensitizing the L2-norm of the
solution of the Boussinesq system. The novelty here is that no control is used on
the temperature equation. Furthermore, the control acting on the fluid equation can
be chosen to have one vanishing component. It is well known that the insensitizing
control problem is equivalent to a null controllability result for a cascade system, which
is obtained thanks to a suitable Carleman estimate for the adjoint of the linearized
system and an inverse mapping theorem. The particular form of the adjoint equation
will allow us to obtain the null controllability of the linearized system.
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1 Introduction

Let © be a nonempty bounded connected open subset of RY (N = 2 or 3) of class C*.
Let T > 0 and let w C Q be a (small) nonempty open subset which is the control set and
01,05 C 2 which are called the observatories or observation sets. Throughout this paper,
we will use the notation @ = Q x (0,7) and ¥ = 9Q x (0,T).

Let us recall the definition of some usual spaces in the context of incompressible fluids:

V={yecC)" : V-y=0in Q}.

We denote by H the closure of the space V in L*(Q2) and by V its closure in H}(Q).
We consider the Boussinesq system

Yy —Ay+(y-V)y+Vp=f+ovl,+0eny, V-y=0 inQ,
0y — A0 +y - VO = fo in Q, .
y=0, =0 on X, (1.1)
y(0) = 4%+ 770, 0(0) =0°+ 70 in Q,

where

[ (0,1)  fN=2
N7 (0,0,1)  if N =3,
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stands for the gravity vector field, y = y(x, t) represents the velocity of the fluid at the point
x and time t, § = 6(x,t) their temperature. Moreover, v = v(z,t) stands for the control
which acts only over the set w, (f, fo) € L?(Q)N*! are given externally applied forces and
the initial state (y(0),6(0)) is partially unknown in the following sense:

e y' € H and §° € L?(Q) are known,

e 7o € H and A € L2(Q) are unknown with 9ol 2y = H@\O 1, and

HL2(Q) -
e 7 is a small unknown real number.

As it was introduced by J.-L. Lions in [24], we are interested in insensitizing the functional

1 1
I (y,0) ;:f// |y|2dxdt+f// 0] da dt. (1.2)
2 JJo,xw,1) 2 JJo,x(0,1)

In this context, this means to find a control v € L?(w x (0,7)) such that

0J; (ya 9)

or L

=0 ¥ (5o, 00) € LA(Q)N ! such that [|gol| (o)~ = [P0
7=0

, (1.3)

HL?(Q) =

that is, that the uncertainty of the initial condition is not perceived by the observation made
by the functional.

The first results concerning the existence of insensitizing controls were obtained for the
heat equation in [5, 28]. Later on, in the papers [0l [7, [§] the authors deal with different types
of nonlinearities in the equation and/or the boundary conditions. In [I6], the existence of
controls insensitizing the gradient of the solution is established. As long as insensitizing
controls for fluid equations are concerned, we can mention [I7] for the Stokes system and
[18, 12] for the Navier-Stokes equations. In particular, [I2] obtains insensitizing vector
controls with one component equal to zero. This result was later extended to the Boussinesq
system , where the authors proved the existence of insensitizing controls for with
v having up to two vanishing components and a control in the temperature equation.

This paper is thought to be a complement to [I1]. Here, we are interested in insensitizing
controls acting only on the fluid equation. Furthermore, we will see that this control can be
chosen to have one vanishing component.

It is well known that is equivalent to the (partial) null controllability of the cascade
system (see for instance [5]):

wy — Aw + (w - V)w + Vpg = f +vl, + rey, V-w=0 in Q,
2zt —Az+ (z-VHw — (w-V)z+q¢Vr+Vp =wlp,, V-z2=0 inQ,
= Ar+w-Vr=fo mQ gy
—q —Aq—w-Vg=zy trlo, in Q, '
w=z=0, r=q=0 on X,
w(0) =y 2(T)=0, 7(0)=6° ¢(T)=0 in Q,

that is, we look for a control v € L?(w x (0,T))", with v; = 0 for a given i € {1,..., N —1},
such that z(0) = 0 and ¢(0) = 0 in Q. Indeed, for every 7o € L?(2)" and every 6y € L%(Q)

we have 8 0
97:(y.6) = // (w-y” +r67) dzdt, (1.5)
or =0 0x(0,T)
0 00
where w := yj,—, 7 = O;=0, Y7 = Y and 07 = In fact, (y7,07) is the

0T |r=0 OT |r=0



solution of

yi — Ay + (YT Vw4 (w-V)y"+Vp" =60Tey, V-y" =0 inQ,

0 — A"+ (y" - V)r+(w-V)§" =0 in Q,
yT = 07 97‘ =0 on E,
y™(0) =0, 67(0) = by in Q.
Using (1.4)-(1.5), we find that
0, (y,0 N ~
VLB [ (=) G+ a0)) o
87' =0 Q
for all (°,80) € L2(Q)N+! such that [[Jollz2v = [1follz2@yv = 1, from where we can

conclude.
The null controllability of system ([1.4) is the main result of this paper.

Theorem 1.1. Leti € {1,...,N — 1} and m > 10 be a real number. Assume that w N
O1 # 0, 4° =0 and 0° = 0. Then, there exist 6 > 0 and C > 0, depending on
w, Q, O1, Oy and T, such that for any f € L*(Q)Y and any fo € L*(Q) satisfying
€€/ (¢, fo)llz2(@v+1 < 0, there exists a control v € L*(Q)N with v; = 0 such that the
corresponding solution (w,z,r,q,v) to satisfies z(0) = 0 and q(0) = 0 in .

Remark 1.2. A related problem to the null controllability of is the usual null con-
trollability of (with =0, f =0 and fo =0). Our method does not seem to allow to
give a positive answer to this problem when no control is acting on the heat equation, even
if we do not seek to remove one of the components of the control in the fluid equation (see
[9, Remark 3]). Therefore, it is quite surprising that for system a result of this kind
can be obtained.

In the case N = 2, the controllability result of Theorem[I.1]is optimal in the sense that we
are able to consider only one scalar control. It is natural to ask if, in the case N = 3, a result
of this type can be achieved with just one controlled equation. Unfortunately, the method
used here does not provide an answer to this question. However, one could try to adapt
the arguments used in [T4], where the authors proved the local null controllability of the 3-
dimensional Navier-Stokes system by means of a control having two vanishing components
using Coron’s return method [I3]. Of course, this is a more difficult problem since the
number of equations in is much higher than the ones in [I4].

As a corollary of Theorem [I.1] we obtain the existence of insensitizing controls for the

Boussinesq system (|L.1)):

Corollary 1.3. Under the hypothesis of Theorem[I.1} there exist insensitizing controls for
the functional (1.2) with no control in the temperature equation in (1.1). Furthermore, this
control can be chosen to have the i-th component equal to zero, as long as i # N.

Our method of proof does not allow to drop the assumption wN©O; # . However, it has
been proved in [21I] that this is not a necessary condition for e-insensitivity to hold for some
parabolic equations (see also [26]). In this subject, it has been discovered in [4] that new
phenomena arises in parabolic systems where the control and coupling sets do not meet. In
particular, there exists a minimal time of controllability depending on the location of these
sets. Therefore, condition w N O7 # () seems natural for controllability in arbitrary time
T > 0. We refer to [2, 3] for controllability results concerning this geometric condition in
the context of hyperbolic systems.

The hypothesis on the initial conditions is related to the fact that we deal with a system
that mixes forward and backward equations. Even for the simpler case of the heat equation,



it is a hard task to characterize the initial conditions that can be insensitized. In [28]
and [29], the authors analyze the initial data that can or cannot be insensitized under
different configurations of the observatory and control sets.

Thus, we concentrate in proving Theorem The strategy is classical: first, we study
the null controllability of the linearized system around zero:

wy —Aw+ Vpg= fY+vl,+rey, V-w=0 inQ,

-z — Az + Vp = fF +wle,, V-z=0 inQ,

ry — Ar = f" in Q, (1.6)
—q —Aq=f1+zy +rlo, in Q, '
w=z=0 r=q=0 on X,

w(0) =4, 2(T)=0, r(0)=¢" ¢T)=0 nQ,
where f%, f#, f" and f9 will be taken to decrease exponentially to zero at ¢ = 0, and then
we go back to the nonlinear problem by means of an inverse mapping theorem. The null
controllability of (1.6]) is to be understood in the sense of Theorem The main tool to

achieve the null controllability of ([1.6)), and the second main result of this paper (Proposition
, is an observability inequality like

_ m _ m o 2
S e ol + I 1617 + o) dad < ClJem 2 g, 0%, 0%, 7
+C// e” (N = 2)|;2 + [on[?) dedt, (1.7)
wx (0,T)

with j € {1,..., N — 1} \ {i}, for the solutions of the adjoint equation with source terms:

—por —Ap+Vm =g +¢v1lp, V-p=0 in @,

Py — A + Vg = g% + oep, V=0 in Q,
—¢t—A¢:g¢+§0N+0’]102 in Qa (1 8)
oy — Ao = g7 in Q, '
p=19v=0, ¢=0=0 on X,

o(T) =0, ¥(0)=v°, ¢(T)=0, o(0)=0" inQ.

Here ¢° € H, 0° € L?(Q), X is an appropriate Banach space and 2C; > Cj.

There are some remarks to be made about inequality . Notice that are not local
terms of ¢ present in the right-hand side, which is the main difference with the result obtained
in [II] (see inequality (1.7) in that reference). Actually, if there were such local terms, it
would not be possible to estimate them since ¢ does not interact as a right-hand side with the
other equations. Therefore, we need a new approach to manipulate the equations in .
In particular, we take advantage of ¢(T") = 0 and energy estimates to have a weighted global
integral of ¢ in the right-hand side of without adding terms in w.

In consequence, we are not able to remove the local term of ¢y using the equation
satisfied by ¢ and, therefore, the N-th component of v in is kept. In fact, the role of
vy is to control the effects coming from the equation of r, which is not directly controlled,
and acts precisely on the N-th equation of w through the coupling ren. To know that if vy
can be disregarded from and still have null controllability remains an open question.

The paper is organized like this: in Section [2] we introduce some notation and previous
results that are used later on. Section [3|is dedicated to prove . In Sections [4| and |5 we
prove the null controllability results for systems and (1.1)), respectively.



2 Technical results and notations

2.1 Some notations
We denote by Xg := L?(Q) and Yy := L%(0,T; H). For n a positive integer we define the
spaces X,, and Y, as follows:

X, == L*0,T; H*(Q) N Hy(Q)) N H"(0,T; L*(Q)),

Y, = L2(0,T; H*"(Q)N nV)n H™(0,T; L*()V),

endowed with the norms

||U||§(n = ||u||%2(0,T;H2"(Q)) + HUH%I"(O,T;LQ(Q))
and
ully, = ||UH%2(O,T;H2"(Q)N) + HUH%I"(O,T;L?(Q)N)a
respectively.

The following subspaces will be useful (see Section. First, for every positive integer n,
we set

Xno:={u€ X, [LFux =0, [LF]0)=0, k=0,...,n—1},
endowed with the equivalent norm (see Lemma below),

ullx,0 = I1£"ullL2(q)
where we have denoted
L= at — A.
Next, let
YLO = {u €Y. U(O) = O}
and

Yoo = {u € YioN L0, T; HH(QN) N H2(0,T; L2(Q)N) : (Lru)s =0,  (Lau)(0) = 0}

endowed with the equivalent norm (see Lemma [2.4] below)
||uHYn,O = H»C%UH[}(Q)N, n=1,2.
Here, L = 0; — Pr(A), where Pr, denotes the Leray projector over the space H, i.e
Pr: L2(Q)N — L2(Q)N, Pru = u — Vp, where Ap =V -uin Q and Vp -7 = u -7 on 9
(see [27, pages 16-18]).
2.2 Carleman estimates
Let wo be a nonempty open subset of RV such that wy € w N O; and € C3(Q) such that
[Vl > 0in Q\wp, n>01in Q and n = 0 on ON.

The existence of such a function 7 is given in [I5].
We consider the following weight functions as in [I1]:

Ml _ pAn(a) ()
)y =—— t) :=
O[(I’, E(t)rn ) g(x? ) Z(t),rn ’
a”(t) == maxa(z,t), £*(t) :=minf(z,t), (2.1)
e e

a(t) == mina(z,t), &(t) = max&(w, 1),
e zeQ



where A > 1, m > 10 and £ € C*°([0,T7) is a positive function in (0,7) satisfying

()=t Vte[0,T/4], (t)=T—t Vte[3T/4,T),
U(t) < 6(T/2), V't e [0,T).

Notice that from , we obtain the following properties:
07 al, 07€] < CEUT™ (9], [0,€] < OF (2.2)
where n is any nonnegative integer, I € NV and
e () < C, (2.3)

for any a > 0 and c € R. In and , C > 0 is a constant only depending on 2, A, 7,
¢, 1, a and c. These properties are also valid if we replace («, &) by (a*,&*).

The first result is a Carleman inequality proved in [11]. More precisely it corresponds to
estimate (3.10) in Paragraph 3.1.3 of that reference.

Lemma 2.1. Let w,0_C Q and assume w N O # (). Then, there exists a constant /)\\0 >0
such that for any X\ > Ao, there exists C' > 0 depending only on A\, Q, w, n and ¢ such that
for any j € {1,...,N — 1}, any g¥ € Yy, any g¥ € Ya, any g € X2 and any ¢° € H, the
solution of

—por —Ap+Vm =g +¢1lp, V-p=0 inQ,

Pr =AY+ Vmy =g¥ +gey, V-¢=0 nQ, (2.4)
pw=1v=0 on X, ’
p(T) =0, (0)=1y° in €,

satisfies

54 // efllsa* (f*)4|90|2 dilfdt+85 // 67950‘*(5*)5““2 dax dt
Q Q
—9/2s« 2 —7/2sa* 2 —dsa” [ ¢x —2/m _||2
< O[22 g2y 4 Of|e 7T gP [y, + C|st e (€)M g

+CSI3 // o e_gsaglg((N_2)|@j|2+|@N|2) dax dt. (25)
wo X (0,

for every s > C.

To prove it suffices to combine a Carleman estimate for ¢ with local terms of ¢;
and ¢ (see for instance [10, Proposition 2.1] and [IT, Lemma 2.1]), and a Carleman estimate
for ¢ with local terms of At; and Ay (see for instance [I2, Proposition 3.2] and [11}
Lemma 2.3]). Then, we can use the coupling in the first equation of to eliminate the
local terms of 1. Namely, we use that

Ay, = —(App)e — A% + 0,V - g* — Agf in (0,T) x O, k= j,N.

More details can be found in [T} section 3.1.3].
The next result is a special Carleman estimate for the solutions of the heat equation with

D(-) = [0F + (N - 2)93]() (2.6)

as local term.



Lemma 2.2. There exists a constant Xl > 0 such that for any A > Xl, there exists C' > 0
depending only on X, 0, w, n and £ such that for any g € X3 and any u® € L*(), the
solution u of
u—Au=g inQ,
u=0 on %, (2.7)
u(0) = u in £,
satisfies

I(u) < C||e_7/28“*gH; + Cs® // e 8595 | Dy? da dt, (2.8)
3 (»J()X(O,T)

for every s > C, where

I(u) := // e85 (s TN DU)? + s£|V2Dul? + 363 | VDu|? + s°65 | Dul?) de dt
Q

4 (2.9)
_8sa* % _ —4sa* * —k—k/m 2
+85//e BOE ul? dwdt 4 Y |57 e ()P
o) k=1

Estimate is entirely proved in [I1l section 3.3.2] (inequality (3.22)). Let us give
the guidelines of the proof. We start by applying the operator VVD to equation and
then use a Carleman estimate with non homogeneous boundary conditions, namely, the
one proved in [20] (see also [10, Lemma 2.2]). Then, we use regularity results for the heat
equation to estimate the boundary terms. Actually, it would suffice to assume g € X5, but
for later purposes we need further regularity. Finally, we can recover the L?-norm using

/ (19yul® + (N — 2)[0yu?) dx:—/ wDudz,
Q Q

together with Poincaré’s and Young’s inequalities.

2.3 Regularity results

Here, we state some regularity results concerning the heat and Stokes equations, respectively.
The first one is (see for instance [23, Chapter 4])

Lemma 2.3. For every T > 0 and every g € X,, (n any nonnegative integer), there exists a
unique solution u € X, 1 to the heat equation ([2.7) with u® =0 and there exists a constant
C > 0 depending only on Q such that

lullx,,, <Cllgllx, - (2.10)
The second one can be found in [22, Theorem 6, pages 100-101] (see also [27])

Lemma 2.4. For every T > 0, every u® € V and every g € L?(Q)N, there exists a unique
solution
we L2(0,T; H*(Q)N)n HY(0,T; H) N L>(0,T; V)

to the Stokes system

u—Au+Vp=g, V-u=0 inQ,
u=0 on X,
u(0) = u° in £,



for some p € L*(0,T; H*()), and there exists a constant C > 0 depending only on  such
that

2
el Z2 0,7, 020y + Nl 07,22 () w) + Ul Lo 07y < € <||9||2L2(Q)N + ||u0Hv> - (211)
Moreover, if g € L*(0,T; H2(Q)N) n HY(0,T; L?>(Q)YN) and v° € H3(Q)N NV satisfy the

compatibility condition:
Vp = Au’ + g(0) on 09,

where P is any solution of the Neumann boundary-value problem

{ Ap=V-4(0) in Q,
2/
%_Au ‘n+g¢(0)-n  onX,

then u € Yo and there exists a constant C > 0 depending only on Q such that

el < € (lglly, + 14 5rs ey ) - (2.12)

3 Carleman estimate

In this section we prove a Carleman inequality for system . To do this, we proceed in
two steps. First, we prove a Carleman estimate for the equations in not involving ¢,
with a local term as in . Next, we incorporate the weighted norm of ¢ to the previous
inequality, provided that we change the weight functions.

3.1 Carleman estimate without ¢
In this section we will first prove a Carleman estimate concerning ¢, ¢ and o.

Proposition 3.1. Assume w N Oy # (). Then, there exists a constant }\\3 > 0 such that
for any A > X3, there exists C' > 0 depending only on X\, Q, w, n and ¢ such that for
any j € {1,...,N — 1}, any g¥ € Yo, any g¥ € Ys, any g° € X3, any ° € H and any
0¥ € L*(Q), the solution of satisfies

s // e—llsa* (6*)4|§0|2 dmdt+s5 // 6—9304* (5*)5|w|2 da:dt+s5 // e—83a* (f*)5|(7‘2 dx dt
Q Q Q

< Csl? //Q 6716so¢+85a*£18|g§0‘2 dl‘dt+0||€77/2sa* ngH; 4 C||e*7/25a*g‘7||§(3

vos ff & W =D+ on)dzdt, (3
wx (0,

for every s > C.
Proof. We start by applying the Lemma 2.1 with O = Oy and g = o:

84 // e—llsa* (6*)4|§0|2 d(Edt—‘rS5 // 6—9504*(5*)5|,(/)|2 dz dt
Q Q
< CHS9/26—9/230(£9/2 ggaHi/o + CHe—wgsa* ngi

—4dsa™ [ gx —2/m 2 —9sa
sttt @/t ol st [ e meg (N 2+ onl?) dadr
on(O,T)
(3.2)



The idea now is to combine this inequality with (2.8]) applied to the equation satisfied
by o. Indeed, we set u = ¢ and g = ¢° in Lemma [2.2] We have

o) < C||e_7/2w*g”’|; + Cps® // e 85¢%| Do|? dx dt, (3.3)
3 (»J()X(O T

other hand, notice that from the equations in (1.8 we have

for every s > C. Recall that I(c) is given by ([2.9) and Do := [0} + (N — 2)03]o. On the
1.8

Aﬂ'l:V'gw in01><(0,T)

and
szzv-gw—k&vo in Q.

Then, we can obtain the following relation between ¢ and ¢ in the set (wo N O1) x (0,7):

Do = [—A8t2+A3]<pN—(Agf,)t—l—Ang,—F(@NV-g”)t—A(@Nv-gw)—Ag%—F@NV-gw. (3.4)

Next, we take wy € w’ € (01 Nw) and ((z) € C§(w’) such that 0 < ¢ <1 and (., = 1,
and using (3.4]) we have

N( I ) 5 ‘ | dxdt<$ ﬂ § DO’([ Aét2 AS] pN) d.T,(]i
0>< 0 ) OT)
% (0,1 t

+s // 2)e 3 Do( — Agl, + NV - g¥) dz dt.
’% (0, T)

Let us call by A1, As and A3 the integrals in the right-hand side, respectively. Integrating
by parts and using m > 10 and Young’s inequality, we obtain

|A1| < @I( )+ 0319 // 67163a+83a*§22|¢N|2 dxdt,
x(0,T

1 X -
|A2| S 7[(0’) +0515 // 67163a+85a 518|gap‘2 dxdt,
Q

6Co

where Cp is the constant appearing in (3.3). Notice that the assumption ¢ € X3 comes
into play when estimating |A;|. Putting these estimates together, we get

5 5 1 .
g° // 678sa£o‘rDO_|2 dz dt < 7]—(0_) +0819 // 6716sa+85a 622|90N|2 dz dt
wo X (0,T) 2Cy 0,T)

s / /Q g 163eck8sa" (18] g0 12 g gt 4 O™ / /Q e~ 16sa+Ssa” L4 v 2 4yt (3.5)

Combining (3.3) and (3.5, and then with (3.2)) we obtain

st // —Hsat (€942 dz dt 45 // 9507 (€45 || da: dt+s° // —8sa” (%)) g |2 d dt

0815//626—165044—85& £I8|gtp‘2dxdt+c||e—7/2sa glb|‘Y2+C"e—7/2sa ga

|A3| < 71( + Csll // 6716sa+85a*£14|gw|2 dz dt,
Q

1%,

+(N—2)0513 // e—95a*§13|¢j|2 dx dt+C319 // e—163a+85a*€22|<pN‘2 dx dt.
wo % (0,T) w’x(0,T)



From this we get in particular (3.1)). O

3.2 Carleman estimate involving ¢

To prove we would usually apply a Carleman inequality for ¢, but this would make
appear a local term of ¢. Since ¢ is not coupled with the other equations, it can not be easily,
at least at first sight, estimated by the other variables. However, we will take advantage of
the homogeneous initial condition to finish the proof of .

First, we will deduce a Carleman inequality with weights similar as those in , but
such that they are not decreasing in time and do not vanish in ¢t = T'. To this end, we define

e2MInllee — gAn(z) (@)
Bz, t) = ————, T, 1) = = ,
(1) o Aont) = o
B7(t) := maxa(z,t), ~*(t) = min~y(z,1),
e e

B(t) := min B(z, 1), F(t) = maxy(z,1),
€N e

where
Z(t)— £(t) 0<t<T/2,
T e T/2<t<T.

Notice that properties (2.2]) and (2.3]) are still valid for these weights.
Using energy estimates and ¢(T") = 0, we can show from (3.1)) that

// e 1187 (4 |gp\2dxdt+// —9s87( |¢|2dxdt+// =887 (45| o | dz dt

< Ol gy, + Ol gP g, + Clle 7/QSB*QC’II&

+C// . 67168ﬁ+8sﬁ*$22((N72)|S0j|2 + |§0N|2) da dt. (36)

“IIv,

We refer to [I0, section 3] or [9] section 3] for a detailed proof of (3.6).
Now we are ready to state the following

Proposition 3.2. Assume w N O1 # (). Then, there exists a constant :\\4 > 0 such that
for any A > A4, there exists C > 0 depending only on X\, Q, w, n and ¢ such that for
any j € {1,...,N —1}, any g% € Yy, any g¥ € Ya, any, g® € Xo, any g° € X3, any ° € H
and any o° € L?(QQ), the solution of satisfies

Q Q Q
+//Q e P (v ) o’ dedt < C// i e 10PFEIR2 (N = 2)|51* + [on|*) dardit
wX (0

+ Ol g

dx dt

“lly + ClleT™2% P [, + Clle™ 2 5, + Cllen A g, (37)

for every s > C.

Proof. Let p(t) := e~ 11/2%5" We can easily check that p¢ satisfies the equation:
—(pd)t — Alpd) = pg® + pon +polo, = p'¢ inQ,
pp =20 on X,
(p9)(T) =0 in €.

10



We multiply this equation by p ¢ and integrate over 2. We get

1d 2 2 2V 2

= [#eroars [ Poxodrt [ Pooto.an [ folotas
Q Q Q Q

Since p is a positive and non-decreasing function we have p’p > 0 and thus

1d

_1d p2|¢|2da:+/p“‘\wﬁdxs/p?g%dﬂ/p%mdw/p%asn@ da,
2dt Jq Q Q Q Q

and after using Poincaré’s and Young’s inequalities we obtain

1d 1
i LR [ pwepar<c [ lPPderc [ Flesfde o [ ol
2dt Jo 2 Jo Q Q o

Integrating in time, we find that

// p2|¢|2dxdt§0// p2|g¢|2dx+0// p2|gpN|2dwdt+C// p2|0|2dxdt,
Q Q Q Q

where we have also used that ¢(T") = 0, which is essential to obtain the previous estimate.
This, together with (3.6)), leads to (3.7). O
4 Null controllability of the linear system

In this section we deal with the null controllability of the linear system

Lw+Vpy=fY+vl,+rey, V-w=0 1inQ,

L2+ Vp = fP+wlp,, V-z=0 inQ,

Lr=71 in @, (4.1)

Lrq=[f"+znv +rlo, n Q,

w=z=0 r=q=0 on X,

w(0)=0, 2(T)=0, r0)=0, ¢(T)=0 inQ,
that is, for a giveni € {1, ..., N—1}, we will prove the existence of a solution (w, po, z, p1,7, ¢, )
of (4.1)), with v; = 0, such that 2(0) = 0 and ¢(0) = 0 in Q. Here, we have use the notation
L* := —0; — A, the formal adjoint of the parabolic operator £ defined in Section [2.1

Let us first state an observability inequality from (3.7)) which will make things easier and
clearer in what is to come.

Lemma 4.1. Let j € {1,....N — 1} and let g%, g®, s and \ be like in Proposition ,
Furthermore, assume that g¥ € Yoo and g° € X39. Then, there exists a constant C' > 0
(depending on s and X\) such that every solution (@, 1,9, 72, d,0) of (1.8) satisfies

fl=

+Clle 2 gy, + Cllen VBTG, + Ol g, + Cllen T, - (42)

PP |02+o?) drdt < C / / e (N=2) |52 +iow [2) da dt
wx(0,T)

Inequality (4.2)) is obtained directly from the properties of the weight functions and the
equivalence between norms mentioned in Section [21]
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The rest of the section goes as in [IT]. The idea is to look for a solution in an appropriate
weighted functional space. To this end, we introduce, for ¢ € {1,..., N — 1}, the spaces

E; = {(w,po, z,p1,7,4,v) : /28 1, € LAQ)N, v =0,
67/255*(7*)*1*1/7”11; eV, 67/255*(7*)7676/7712 €Yy, 2T)=0,
67/253*(7*)—1—1/77174 € X, 67/256*(,\/*)—11—11/177,(] € X1, q(T)=0,
e8sh” (Lw + Vpy —vl, —rey, L2+ Vp —wlp,) € L*(Q)*,
e%8” (Lr, L*q—zy —71lo,) € L*(Q)?}.

It is clear that FE; is a Banach space endowed with its natural norm.

Proposition 4.2. Assume the hypothesis of Lemma 1e€{l,...,N—1} and
SIS € LP(QPNTR. (4.3)

Then, we can find a control v € LZ(Q)N such that the associated solution (w,pg, z,p1,7,q)
to @.1)) satisfies (w,po,z,p1,7,q,v) € E;. In particular, v; = 0 and (2(0),¢(0)) = (0,0)
in €.

Proof. The proof follows the same strategy used in [II], although the arguments were
introduced in [I5] and [I9]. However, we include the proof for the sake of complete-
ness. See [I4] for a proof in a more general framework. Let Py be the space of functions
(@, 1,1, T2, ¢, 0) € C(Q)*N** such that

i VSDZVQ/J:O»
e px=Yx=0, ¢gx=0x=0,
o(T) =4(0) =0, ¢(T)=0(0)=0,

/’/TlCZZC:/ﬂ'QdIL‘ZO,
Q Q

V(LY + Vm —oen) =0,
(El;][e—7/28ﬁ*(ﬁ¢ + Vg — UeN)])

£=0, k=01,

(Lh[eT/287 (L + Vg — oen)])(0) =0, &k =0,1,
o LFe /25 Lo]s =0, k=0,1,2,

o LF[e” /287 L] (0) =0, k=0,1,2.

We define the bilinear form

a((@,%hiﬁm&&), (¢, 1,10, m2,0,0))

= // (LG + VL — Do) - (L7 + Yy — vlo,) dedt
Q

+ // L21e7 7250 (L + Vg — Gen)] - L4720 (L + Vy — o en)] da dt
Q

—|—// 677Sﬂ*(£*5—§5]\/ —5102)(£*¢—@N —0'11(92)d£€dt
Q
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- / / L3e™ /8 L5 L3[e” /8 Lo] da dt
Q

+ // e (N = 2)@; 95 + G on) dadt,
wx (0,T)

where j € {1,..., N — 1} \ {i} and a linear form

(G, (o, m1,0, T2, p,0)) := //Q JaR dxdt—l—//@ fzwdxdt—&—//Q o dxdt—i—/‘/Q fPodxdt.

Thanks to (4.2), we have that a(-,-) : Py x Py — R is a symmetric, definite positive
bilinear form on Py. We denote by P the completion of P for the norm induced by af(,-).
Then, a(-,-) is well-defined, continuous and definite positive on P. Furthermore, in view of

the Carleman estimate (4.2]) and the assumptions (4.3]), the linear form (¢, 71,9, 72, ¢, 0) —
(G, (¢, 71,1, T, ¢,0)) is well-defined and continuous on P. Hence, from Lax-Milgram’s
lemma, we deduce that the variational problem:

Find (&a@aiai?v%ﬁ 6) € P such tha‘t7 V((,O,Wl,w,ﬂ27¢70') € Pa (4 4)
CL((&7 %1’w7%23¢a5)3 (@7717w7ﬂ2a¢70)) - <G7 (9037“71/}77(27(2570»7 .

possesses a unique solution (@, 71, v, T2, ¢,0).
We define v by

{ U= Qply, k#£i, ;=0 inQ. (4.5)

It is readily checked from (4.4) and (4.5) that
// ([ + 32 + 72 + [32) da dt
Q
+ // ems? (N =2)[5;]*> + [on]?) dzdt < +o0,
wx(0,T)

where we have denoted w, z, ¥ and ¢ by

W= e T/2s8" (L*p+ VT — 12)\]101)7

Zi= Ly (L + VAL — Gen)), (4.7)
Fi=e /287 (L% — Gy — T 10,),

g = L3[e” /%5 L5].

Now, we take (@, Z, T, q), together with some pressures (P, p1), to be the (weak) solution
of (4.1) with v =, i.e., they verify

ﬁ?ﬂ-ﬁ-V]/)\o:fw—l-i}\ﬂw—F?eN, V-w=0 in @Q,

L*Z4 VD = f2 4+ wle,, V-Zz=0 inQ,

Lr = f" in Q, (4.8)
Lq=f142Zny +T1p, in Q, '
w=z2=0, r=q on X,

@(0) =0, Z(T) 0, P0)=0, GT)=0 inQ.

Notice that (w,po, z,p1,7,q) is well defined by Lemmas and since v € L?(Q)N
(by (4.5)-(4.6)) and (4.3).

(=)
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In the following, we will prove the following exponential decay properties

67/25[3" (,y*)flflﬁn@ €Y, e7/255* (7*)7676/771'2\ €Y,

* . 4.9
67/256 (7*)7171/771?6)(17 e7/2sﬁ (7*)711711/771&\6)(1, ( )

which will complete the proof of Proposition
First, let us prove that (w,Zz,7,q) defined in (4.7) is actually the solution (in the sense
of transposition) of

e T2 = in Q,
e TI2BP(L)?E =2, V-Z=0 inQ,
e /2B =7 in Q, (4.10)
e—7/2sB" (L*)BZ]V: (”j in Q,
such that
L)z =0 onY, ¢=0,1,
(L) Z(T)=0 inQ, £=0,1,
(£)kg =0 on¥, k=0,...2 (4.11)

)
(LHGT)=0 inQ, k=0,...,2
Indeed, from (4.4) for every (p,m1, 9, T2, ¢,0) € Py we obtain the following:

//ﬁ-e_w%’@*(ﬁ*go—l—Vm—z/J]lol)d:Udt+// Z- LY e/ (L + Vg — o ey)] dz dt
Q Q

+// Fe /28 (L5 — oy — Uﬂo2)dxdt+// GL3 e3P Lo] da dt
Q Q

://¢(£@+Vﬁo—?6N)dxdt+//'I,/J(£*2+V§1—@101)d.’[dt
Q Q

+// ¢E?dxdt+//U(E*(?—’Z\N—A]l@)dxdt
Q Q

://@-([ﬁ*(p—i—Vm—w]l@l)dxdt—l—// Z-(Ly+ Vg —oen)dedt
Q Q

+// ?(£*¢—@N—0102)dxdt+// G Lo dz dt.
Q Q

Notice that for the first equality, we have only used the definitions and in ([4.4),
together with the equation . For the second one, we have used integration by parts in
time and space.

From this last equality, we obtain for all (h, h*, A", h9) € L?(Q)*N*2

//@-h“’dxdt—&—// Z-hzdxdt—l—// Fh’"dxdt—i—// gh?dxzdt
Q Q Q Q

(4.12)
= // @-CI)wdxdtJr// E~<I>dedt+// ?CIDdedtJr// q®?dx dt,
Q Q Q Q
where (®%, ®% ®", ®9) is the unique solution of
e T/2587pw = pw, in @,
L2 [e7 /2% = h*, V-®*=0, inQ,
677/28B*©’l" — hr’ in Q, (413)
L3[e~T/258"®4) = hy, in Q,
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such that .
L (e”287 9%y = 0 onY, (=01,
Liy(e > *)(0)=0 inQ, (=01,
LF(e=T/258949) = 0 onY, k=0,...,2,
LF(e T2 99)(0)=0 inQ, k=0,...,2.

It is classical to show that (4.12)-(4.14)) is equivalent to (4.10])-(4.11]).

(4.14)

Next, since this paper is also meant to be a complement of [I1], we concentrate in proving
the part of concerning ¢. The part concerning z was proved in detail in [I1]. Namely,
it was proved that

67/2sﬂ* (7*)7575/7%26 LQ(Q)N (415)

Nevertheless, following the arguments that we will show now, (4.15)) can be readily deduced.
We begin by considering the functions

= T2 () TITImG, [l = R () I ([ 4 2y + Lo,

gx,0 -
Notice that, from ({@.3), (4.6), (4.10) and (4.15), we have f!, € L*(Q). Then, by (4.8)

g«,0 verifies
Lo = flo— (€777 (v*)7°=%/m),q in Q,
g«0 =0 on X,
g0(T)=0 in Q.

From (4.10)), we have the identity:
(67/255* (7*)—5—5/m)ta\: 03(t)(£*)3a7
where we have denoted by ¢ (t) a function such that (see (2.2))

dzck
dt
On the other hand, for any h € X3 we have

// q*,ohdxdt:// ff’ofbd:cdt—// c3(t)(£%)3q @ da dt,
Q Q Q

where ® € X3 is the solution of

‘§C<oo, VE=0,.. ..k (4.16)

L®=h inQ,
=0 on X,
®(0)=0 in .

Using (4.11)), we can integrate by parts to obtain

J[aondzai= [[ gr0acar— [[ epaicesmeara
://fo,o<1>dwdt—//Qaﬁ?’[cs(w@]dxdt.

L3[c3()®] = ¢ ()P + 3¢y () LD + 3¢5 (1) L2D + c3(t) L3P

Notice that

and since
[@llx; < Cllhllxs.0,
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(from regularity result (2.10) and the equivalence between norms), we obtain from the last
equality, together with (4.16)),

J[[ aondrat <[ #all gy 1lin@)] Wil VhE Koo (@17)
Now, let us set
Qe = e7/23ﬂ* (/7*)—8—8/71121\’ f:il = e7/2$[3* (7*)—8—8/7%(](‘(1 + ’Z\N + MOZ)'
Same as before, g, 1 solves

Lrqen = [l = (€720 (y)75%/m)q i Q,
g1 =0 on ¥,
Q*,I(T) =0 in Q,

and for any h € X, we have

// q*,lhdxdt:// fgl@dmdt—// (€7/258" (4*)=8=8/m) &8 4 .
Q Q Q

Moreover, since

// (eT/2587 (y*)=8=8/m), G d da dt = // Gs,0 C2(t)® dx dt,
Q Q

and ¢2(t)® € X5 0, we obtain from (4.17), with co(¢)® instead of h:
// co(t)® gupdrdt <C U

Q
Going back to g, 1, we get using (4.16) that

S aanrar <[ #all 2 gy + 12500 19050

Soll o) + 1l 2| lea(®)@ ] x

Notice that we have also used (y*)~8=%/™ < C(y*)~5=5/™_ From (2.10) we have
1®]lx, < Cllh]lx1,

and therefore
J[aanazar <[ #all gy 1m0 Whlxssr VHE X0 (418)

Finally, we set
Qg v= eT/B0 () TIOTIOIMG fl = TR () TSI (1 4 2y 4 Po).

As before, we find that for any h € X, we have

// Qe2 hdxdt:// ff,gédxdt—// (eT/2387 (*)710=10/m) 5 da: dt
Q Q Q

// (e7/2557 (4*)~10=10/m) 5@ dg dt = // c1(t)® gs,1 dz dt,
Q Q
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so we can use (4.18]) with ¢;(t)® € X o instead of h and we obtain, using ||®||x, < C||h| x,,

[ aadrat <[ #all gy + 11is@)] Wil Vi X0 @19)

Thus, we deduce that q. 2 € L*(Q).
Finally, to complete the proof of (4.9)), let

Q= 67/2Sﬁ* (7*)711711/771(/1\7 ff = 67/255* (7*)711711/7%(‘]('(1 +EN +?]l02).

Then, g, satisfies

L*q, = fg + (67/255* (’7*)_11_11/m)t2j in Q,
¢ =0 on X,
¢-(T) =0 in Q.

The right-hand side of this equation belongs to L?(Q)" in view of (@.3)), (4.6)), (.10),

(@#.15), 2.2) and g.» € L*(Q). Thus, applying the regularity result for the heat equa-
tion (2.10)), we deduce that ¢, € X;. We complete the decay properties in (4.9) in the same

manner by (2.12)) for w and Z. This finishes the proof of Proposition O
5 Null controllability of the nonlinear system

In this section we prove Theorem|[I.I] We will prove that there exists a control v with v; = 0,
for i € {1,...,N — 1}, such that the solution of the system

Lw+ (w-V)w+ Vpy = f+vl, +rey, V-w=0 1inQ,
L24 (z-VYw—(w-V)z+¢Vr+Vp =wlp,, V-z2=0 inQ,
Lr+w-Vr=fy in Q, (5.1)
Lq—w-Vg=zy+7rlo, in Q, ’
w=z=0 r=s=0 on X,
w(0)=0, 2(T)=0, r0)=0, ¢(T)=0 in £,

satisfies (2(0),¢(0)) = (0,0) in .

We follow the arguments used in [I9] (see also [10], [II] and [I2]). Thanks to Proposi-
tion [4.2] we will be able to obtain the result for this nonlinear control problem by means of
the following inverse mapping theorem (see [I]):

Theorem 5.1. Let G; and Gy be two Banach spaces and let F : Gy — Go satisfy F €
CY(G1;G2). Assume that g1 € G1, F(g1) = g2 and that F'(g1) : G — Go is surjective. Then,
there exists & > 0 such that, for every g € Gy satisfying ||g— g2||lg, < &, there exists a solution
of the equation

]:(g) =g, g€ g1
Proof of Theorem[I.1. We start by defining the space:

L2(e%77(0,T); L7(Q)) := {u € L*(Q) : ¢**7 u € L*(Q)}.
We will use Theorem with the spaces
G = Ei7

Go := L2(e%7°(0,T); L*()*N+2)
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and the operator

F(w,po, z,p1,7,q,v) :=(Lw+ (w- V)w+ Vpyg —vl, —ren,
L%+ (2 VYw — (w-V)z +qVr + Vp, —wle,,
Lr+w-Vr, L'q—w-Vqg—2zy—11lp,),

for (wap(b Z,P1,7,4, ’U) € G1.
With this setting, we have the following lemma:

Lemma 5.2. The operator F is of class C*(G1;Ga).

Proof. Since all the terms in F are linear, except for (w-V)w, (z-VH)w—(w-V)z, ¢Vr, w-Vr
and w - Vg, it is sufficient to prove that the bilinear operator

((w17p(1)7217p%5r15q151}1)7 (w27p(2)7z27p?7r27q27v2)) _> (wl : v)wQ

is continuous from G; x Gy to L?(e%#7(0,T); L*(Q)Y). Since Y1 € L>°(0,T;V), we have
that
728 ()T My € D20, T H*(Q)N) N L2 (0, T; V)

for any (w, po, z,p1,7,q,v) € G1. Therefore
67/256* (7*)—1—1/mw e L2(O,T; Loo(Q)N)

and
v(e7/255 (,y*)—l—l/mw) e LOO(O,T; LQ(Q)NXN),

Thus, taking into account , we obtain
Heﬁsﬁ* (wl . v)w2||L2(Q)N
_ ||e—sﬁ* (7*)2-1-2/771 (67/25,8* (7*)—1—1/mw1 . v)e7/256* (7*)—1—1/mw2HL2(Q)N

< CH€7/2$,8*(,Y*)—1—1/m 7/2s8*

U’lHLZ(o,T;Loo(Q)N) e (7*)_1_1/mw2“Lw(o,T;V)'

Of course, we can perform the same computations for the terms (z - V' )w, (w- V)z. The
terms concerning r and ¢ are treated analogously since

o7/258" ((7*)*1*1/”1 r, o ()T q) € L>(0,T; Hy (2)*),

for any (w7p05zap17T7Q5v) Ggl' O
Now, since F'(0) : G1 — Go is given by

fI(O)(w’pO’ Z,Plvr,(bv) = (‘Cw + VPO - U]lw —TEN, Lz + Vpl - W]lOm
Lr, L'q—zy —rle,),

for all (w,po, z,p1,7,8,v) € G1, from Proposition it is deduced that F'(0) is a surjective
functional. Together with Lemma we can apply Theorem with g1 = 0 and g = 0.
Thus, there exists § > 0 such that, if [|e“/*" (f, Jo)llz2(@)n+1 < 0, for some C' > 0, then there
exists (w, po, 2, 01,7, ¢, v) € Gy solution of . In particular, v; = 0 and (2(0), ¢(0)) = (0,0)
and the proof of Theorem [1.1]is complete. O
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