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PDE control system

A control system governed by a partial differential equation can be formulated

{ y'(t) = ftyt),v(t), t>0
y(o) = Yo,

v

y(t) is the state of the system.

v

v(t) is the control.

v

Controllability problem: Given yo and T' > 0, find v(¢) driving y(¢) to a target y; at time
T, that is, y(T) = y1.
Controllability types

> Exact.

Null: y(T") = 0.

Approximate: y(7T') close to yi.
Local: yo close to y;.

v

vyvyy



PDE control

Example: Heat equation

Consider a regular open 2 C RY and w C Q (control domain)

ye — Ay =vl, (z,t) € Q% (0,7),
y=0 x € 09,
y(0) = yo x €.

> y =y(x,t) : Temperature distribution.
» v =w(x,t): Control supported in w.

Question: Given T' > 0 and y1 = y1(x), is there v such that y(T") = y1?



PDE control

Answer: In general, the answer is no due to the regularizing effect.

e |t seems natural to consider the notion of control to the trajectories: Consider a solution of

gt—Ag:O (.T,t)EQX(O,T),
y=0 x € 09,
7(0) = %o x €,

We look for a control v such that y(T) = (7).
e By linearity (taking § := y — ¥), this is equivalent to the null controllability:
y(T) = 0.

Therefore, we concentrate in this case.



Duality Method: Hilbert Uniqueness Method (HUM)

Construction of the control:

e We multiply y; — Ay = v1,, by ¢ solution to the (adjoint) equation

_¢t_A§0:O (x,t)GQX(O,T),
p=0 x € 09,
o(T) =pr € L*(Q) z€Q,

and integrate in Q x (0,7):

/y(T)cpde: // 7;g0dﬂcdt—|—/yotp(0) dz, Ver e L*(Q).
Q Q

wXx(0,T)

e v is a control such that y(7") = 0 if and only if

// v dz dt —|—/ yop(0)dz =0, Ver € L*(Q).
Q

wx (0,77



Observability inequality

The previous condition can be seen as an optimality condition for

1

Jer) =5 // ol dadt +/ yo(0) da.

wx(0,T) e

e J convex, continuous and coercive if there exists C' > 0 such that
/ lp(0)*dz < C // lo|? dz dt.
e wx(0,T)
This is known as observability inequality.
e The control is given by
vi=g,

where § is the solution of the adjoint equation associated to 7, minimum of J.

e Null controllability is equivalent to observability.



Carleman estimates

How to prove the observability inequality?

Powerful tool to prove observability: Carleman estimates

[f oietasars [[ pverasaer [[ ool +1aef) dsar

Qx(0,T) Qx(0,T) Qx(0,T)

SC// palor + Apl? dedt + C // p1lel? da dt

Qx(0,T) wo % (0,T)

> o(x,t) =0, z € O0.

> p; = pi(x,t) is a positive (weight) function and continuous in © x (0,T) with critical
points only in wy C w.

» To deduce the observability, we use dissipation properties as

LW@ﬁhééww%%t€&ﬂ~



Control of a system of two equations with one control

Consider the system with one scalar control

ye — Ay =z + vl (z,t) € Q2 x (0,7),
2 —Az=y (z,t) € Q x (0,7),
y=2=0 x € 082,
y(0)=19° 2(00)=2" zeq.

e We look for v such that y(T") = z(T') = 0.
e Observability inequality: There exists C' > 0 such that

[ s0F 1Py as <0 [[ ol asar

wx(0,T)
where (¢, 1) is the solution to the adjoint system
—@t—ASD:?/) (Iat)EQX(07T)
- — A =9 (z,t) € 2 x (0,T)
p=1=0 x € 09,

o(T) =97, YT)=9r z€



Control of a system of two equations with one control

e The idea is to combine Carleman estimates for ¢ and :

// pilel?dzdt < C // pal]? dzdt + C // pilel? da dt

Qx(0,T) Qx(0,T) wo X (0,T)
// oY) dedt < C // pal|? dzdt + C // o]0 de dt
Qx(0,T) Qx(0,T) wo X (0,T)

e Estimate the local term of ¢: ¥ = —¢p, — Ap in Q x (0,7T).

[ piotasae= [[ po(-p - Apyasar

wo % (0,T) wo % (0,T)

_20 // p|v)? dedt + C // p1lel? da dt.

wo % (0,T) wox(0,T)



Generalized Hirota-Satsuma system

We are interested in control properties of the Generalized Hirota-Satsuma coupled KdV system
([Hirota-Satsuma,82])

U — iurm = 3uuy — 6vvy + 3wy,
1

Ut + FVzaa = —3uvg,
1

we + S Waze = —3uwg.

which generalizes the set of two coupled KdV equations ([Hirota-Satsuma,81])
Up — iuwm = 3uuy — 6vv,,
vt + %vzzz = —3uvy,

describing the interaction of two long waves with different dispersion relations.

Most works have focused on the existence of soliton solutions and conserved quantities. Up to
our knowledge, this is the first control related work on this system.



Control of the Generalized Hirota-Satsuma system

We propose to study the following control system posed in a bounded domain (0, L):

Up — iumT = 3uuy — 6vvg + 3we, (t,x) € (0,T) x (0, L),
(GHSS){ vt + $Vzzz = —3uve + pl, (t,z) € (0,T) x (0, L),
we + %wza)z = 73’U4’I_Uz + qﬂw» (t7 .’E) (07 T) (0’ L)
with boundary conditions
u(t,0) = u(t, L) =0, us(t,0) =0, ¢t €(0,T),
v(t,0) =v(t,L) =0, ve(t,L) =0, t€(0,7T),
w(t,0) =w(t, L) =0, we(t,L) =0, t€(0,T),

and the initial conditions
u(0,2) = uo(z), v(0,z) =wvo(z), w(0,z)=wo(z), z€(0,L).

Here, p = p(t,z) and g = ¢(t, =) are distributed controls acting on v C (0, L) and w € (0, L),
respectively.

With this set of boundary and initial conditions, (GHSS) is well posed at least for small data.



Control of the Generalized Hirota-Satsuma system

Ut — iulxw = Suux — 61]1];1; + 3wz, (t,.T) S (01 T) X (07 L)7
(GHSS){ v+ $Veee = —3uvs + pls, (t,z) € (0,T) x (0, L),
we + %wxm = —3uw; + (]]lum (t, .Z‘) S (07 T) X (07 L)

Some remarks:
» We seek to control 3 equations with only 2 controls.
» We act on the first equation through the coupling w..
» v C (0,L) is an arbitrary open set, but w “touches” the boundary (w = (a, L), with
a € (0,L)).
Our result establishes the local null controllability of (GHSS):

Theorem (C.-Cerpa-Crépeau, 2020)

Let v C (0,L) and w = (a, L), with a € (0,L). Assume that (uo, vo,wo) € [L?(0, L)]*. Then,
for every T > 0 there exists § > 0 such that if ||(uo, vo, wo)||;r2(0,1)2 < 0, there are controls
p € L*(0,T; L*(v)) and q € L*(0,T; L*(w)) such that the solutions

w,v,w € C([0,T); L*(0, L)) N L*(0,T; H*(0, L)) of (GHSS) satisfies

w(T,z) =v(T,z) =w(T,z)=0 in (0,L).



General strategy
The strategy consists in 3 main steps:

1. Linearization around the origin:

Ut — iuzzz = fl + 3we, (t,l’) € (07T) x (O’L)’
()] vt vmea = fotply, (Lo) € (0,T) x (0,L),
wt + %wzzz = f3 + q]lwa (t,{lﬁ) € (07T) x (O’L)’
+b.c. +i.c
where f1 = 3uu, — 6vvs, fo = —3uv, and f3 = —3uw,.

2. (Main step) A null control result for (L) for any given f1, f2 and f3 (and i.c.).

3. Local inversion argument to recover the (local) null controllability result for the nonlinear
system.

We consider F : By — Bz, where B1, B2 are suitable weighted (Banach) spaces.

]'-(U,’U, w, p, (1) I:(ut - %uzza) - 3UUz + 67-)7-)1‘ - 3wz’u(0’ ')’
vt + %vzzz + 3U'Uz - pl’Y’U(O’ .)7
wt + %wzzz + 3uwz - q:ﬂ.w; ’LU(O, ))

We prove that F is of class C' and the surjectivity of

]:/(0) = (Ut - iuzzz - 3wza u(O, -),Ut + %UIII 7p1[W7’U(07 ’)7wt + %wzlz - qﬂwvw(07 ))

which is given by the null controllability of (L).



Null controllability of the linearized system (Step 2)

Some remarks on:

Ut — %uzzz - fl +3wzy (tax) S (OvT) X (07L)7
(L) vt + %'Uacacac = f2 +p]1'y, (t,.’I,’) S (O7T) X (O,L)7
we + %wzzz = f3 + q:[l-w, (t,x) S (07 T) X (07L)7

+b.c. +i.c.
e The control p cannot be removed with this approach.

e By duality, the null controllability of (L) comes from an observability inequality for the
adjoint system

—¢t + i‘?ﬁzzz = g1, (t,z) € (OvT) x (0, L),
7wt - %szzz = 92, (t7m) € (07T) X (OaL)v
- — %Umm = g3 — 3¢17 (tax) € (07T) X (07L)7
+b.c. +i.c.

More precisely, we prove

T prL T T
[ et sy deae<c [ [ puPazaerc [ [ pinl dea
0J0 0J~ 0Jw

T
2 2 2
+C [ allorlig + loaliy + ool de
0

where p; are weight functions coming from Carleman estimates.



Sketch of the proof of the observability inequality:

_¢t + i(ﬁrxx = 4g1, ( ) € (07T) X (07L)7
7wt - lwzzz = g2, ( ) S (07T) X (O?L)a
=Nt — 3MNeaz = g3 — 3¢w7 (t ) S (OvT) X (O,L)
+b.c. +i.c.

e Carleman estimate for the KdV equation [Capistrano-Filho et al., 2015], [Araruna et al.,
2016]:

T prL T prL T
//‘wa+wf+%ﬂﬂﬂﬂﬁc<//“pwﬂwmdﬂwH//mMWV+wwﬂmﬁ>
0Jo oJo 0Jwo

where v # 0 and ¢ = ¢, ¥, 1.
e Local term of ., is estimated using regularity of the solutions.
e \We obtain local terms like:

T T T
C//mw%m&+c//ﬁw%m&+c//pwﬁmw
0Jy 0Jw 0Jw

e Taking w = (a, L) and since ¢(¢,L) = 0:

T T
// plé)? dadt < C// pléz|>dzdt  (Poincaré’s inequality)
0Jw 0Jw

and we can use the coupling of the third equation: 3¢, = g3 + n¢ + %nzm.



Final comments

Up — iumz = 3uuy — 6vvg + 3we, (t,x) € (0,T) x (0, L),
(GHSS) { v+ 3Vzza = —3uvs + pl,, (t,xz) € (0,T) x (0, L),
w + %wzwz = —3uwe +ql., (t,z) € (0,T) x (0, L),

e Due to our strategy, it is not possible to control (GHSS) without the control p, since in the
linearized system v is independent of u and w.

e A possible approach to controllability with only one control is the use of nonlinear arguments
as Coron’s Return Method.

e The assumption on w touching the boundary of (0, L) is only technical. In fact, an improved
Carleman estimate proved in [Barcena-Petisto, Guerrero, Pazoto, 2021] can be adapted to this
case and consider an arbitrary w C (0, L).



Thank you



	Main Part
	Introduction
	Controllability and Observability
	Systems

	Generalized Hirota-Satsuma system
	Final comments


