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Control system

A control system governed by a partial differential equation can be formulated

* { Y () = F(ty(t), o), 150
y( ) = Yo,

> y(t) € X is the state of the system.
> v(t) € U is the control.
> X, U are the state and admissible controls spaces, respectively.

» Controllability problem: Given T" and yo, find v(t) driving y(t) to a target
y1 at time T, that is, y(T) = 1.

» Controllability types: exact, aproximate, null, local, global, to the
trajectories...
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Model example: Heat equation

Consider a regular open Q C RY and w C Q (control domain)

ye — Ay =vl, (z,t) € Qx(0,7T),
y=0 x € 09,
y(0) = ¢° x €,

yo € L?(Q) and 1,,(x) the characteristic function of w.
e We look for v € L*(w x (0,T)) such that y(T) = 0 and
vl L2 wx 0,1 < CllvollL2(a)-

e By linearity, this is equivalent to the control to the trajectories: find
v € L*(w x (0,T)) such that y(T) = (T, where 7 is solution of

g—Ay=0 (z,t) € 2x(0,T),
7=0 x € 09,
7(0) = 3° z € Q.
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Observability and Carleman estimates

Null controllability is equivalent to the observability inequality: There exists

C > 0 such that
/ lo(0)* da < C// |pl? da dt
Q wx(0,T)

where ¢ is the solution of the adjoint equation
—pr —Ap =0 (z,t) € Q@ x (0,7,
=0 x € 01,
o(T) =or € L*(Q) x€Q.
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Observability and Carleman estimates

Null controllability is equivalent to the observability inequality: There exists

C > 0 such that
[lewra<c [ jtasar
Q wx(0,T)

where ¢ is the solution of the adjoint equation

—pr —Ap =0 (z,t) € Q@ x (0,7,
p=0 x € 09,
o(T)=pr € L*(Q) z€Q.

Carleman estimates: They have the form

// plo)® dedt < C’// plo|* dz dt
Qx(0,T) wx(0,T)

> p = p(x,t) is a continuous and positive function.
> To obtain observability, we combine it with the energy estimate

LW@WMSLWW%%t€&ﬂ~
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The Korteweg-de Vries (KdV) equation

Yt + Yoz +YY2 =0 z € Rt > 0.

b/ e \ .
Recreation of the first sighting of a soliton
by John Scott Russell in 1834

{ .
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A linear KdV equation on a bounded domain

» T >0, M € R\ {0} (transport coefficient), £ > 0 (dispersion coefficient).

Yt + EYazz — My, =0 in (0,7) x (0, L),
Ylz=0 = U(t)7 Yz|o=L = 07 Yzz|z=L = 0 in (Oa T)7
Yle=0 = Yo in (0,L).

» Controllability has been studied by Guilleron (2014) and Cerpa, Rivas,
Zhang (2013).

> We are interested in the behavior of the cost of null controllability with
respect to ¢.

e { . H”U||L2(0,T)

Cost 1=  Sup min —— -2
verL2(0.7) |1yollL2(0,1)

S Ylt=0 = Yo, Yjt=T = 0in (07 L)}
yoELz(O,L)

o (%, s is the best constant such that

H“”L?(O,T) < CHyOHLz(O,L)-
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Examples

» Heat equation:

{ Yt — EYze — My, =0 in
in

(0,7) x (0, L),
Ylz=0 = U(f/), Y=L = 0 in(0

(0, 7).

Coron, Guerrero (2005):  C¢,s < Coexp (C(T, M)e ™).
» (Classic) KdV equation:

{ Yt + €Yzze — Myz =0 in (0,T) x (0,L),
Yjz=0 = U(t)7 Yyje=L = 07 Yz|e=L = 0 in (07T)

Glass, Guerrero (2009): (¢, < Coexp (C(T’ M)€*1/2)_
> (Our) KdV equation:

{ Yt + €Yzoe — My= =0 in (0,T) x (0, L),
y\z:O = /U(t)a yx'\;c:L = Oa y‘LL\L:L =0 in (07T)
Guilleron (2014):  Ctos < Coexp (C(T, M)e ™).
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An estimate of the cost of null controllability

Theorem
Let T"> 0, M € R and € > 0 be fixed. Then,

Ciost < Coexp (Ce T2 4 M2 /2 4 MT)), if M >0, and

Ciost < Coexp (C(e™ 2T 2 4| M|?e™/?)), if M <0,

where C' > 0 is a constant independent of 7', M and ¢, and Cp > 0 depends
polynomially on =%, 77! and | M|~

> In particular, if € is small enough

Céost < Coexp (C(T, M)e_l/Q).
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Duality argument

» The proof is based on an observability inequality

leji=ollL2(0,2) < CobsllPaeiz=ollL2(0,7)5
where ¢ satisfies (adjoint equation)
{ — 1t — EPaax + Mpz =0 in (0,7) x (0,L),
Pla=0 =0, Pojo=0 =0, (e¢zz — Mp)jz— =0 in (0,T).
> We consider the function ¢ := ey, — My, which solves

{ — ¢t — EPuzw + My =0 in (0,7) x (0, L),
¢z|z:0 = Oy ¢zz|z:0 = 07 O\T:L =0 in (07 T)

and we prove (Carleman estimate)

T L T
—2sa 2 <C / —2sa _ 2 — p(l’) .
[ emer <co [Te ol = bt

> We recover ¢ from ¢ and pjy—g = @zja—0 = 0 (O.D.E.).
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Behavior of the cost in the vanishing dispersion limit
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Behavior of the cost in the vanishing dispersion limit

> We are now interested in the behavior of CS,,, as ¢ — 0.
» Consider the transport equation (¢ = 0)
Yyt — Myz =0 in (OvT)X(OvL)a
Yle=0 = Yo in (0,L

with controls:
Yo=o = v1(t) if M <0,
Yyo=r = v2(t) if M > 0.

» The transport equation is controllable if only if T > L/|M]|.
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On the controllability of the transport equation
Yyt — My =01in (0,7) x (0,L)

» T < L/|M|
M >0 M <0

L/M LJ|M]|

T/% T

\ L . /

Yo L

> Ccast = +0o0
» Then, it is natural to expect for KdV: lim Cf,,; = +oo
e—0t
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On the controllability of the transport equation

Yyt — My =01in (0,7) x (0,L)

> T > L/|M|
M >0 M <0
T T
LM L/|M] /
vy =0 vy =0
Yo L Yo L
> Ccast =0
» Then, it is natural to expect for KdV: lim Cf,.; =0
e—0t
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Cost in the limit
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Some results

e For the heat equation:

{ Yt — Yoo — Myz =0 in (0,T) x (0, L),
Yiw=0 = V(t), Ya=r =0 in (0,T).
Coron, Guerrero (2005) proved

L T < Lf|M|: Copuy > exp(Ce) if M #0.

2. T>KL/|M|: C <exp(—Ce™") if K > 0 large (uniform contr.).

e For the classic KdV equation:

{ Yt + EYwzw — Myz =0 in (0,7) x (0,L),
y\z:O = /U(t)v y\z:L = Oa ya:\z:L =0 in (07 T)7
Glass, Guerrero (2009) proved

1. T < L/IM|: C%y > exp(Ce™Y/2) if M # 0.

2. T>KL/M : C5, < exp(—Ce™2)if M > 0,K > 0 large (u. c.).
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s it possible to obtain uniform controllability with respect to ¢ — 077

o O, < Ceexp(—C(T, M)e™Y?), T large?
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Cost in the limit
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s it possible to obtain uniform controllability with respect to ¢ — 077

o O, < Ceexp(—C(T, M)e™Y?), T large?

e A possible strategy is to combine an observability inequality:

lre=r/2llL2(0,0) < Ce exp (Ce™?) | 0aatazoll L2 0.

with an exponential dissipation estimate (7" large enough):

ol z2(0,) < Ceexp (— CTe™?)|lgi—r2llL2(0.1)-
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Cost in the limit
®000000

s it possible to obtain uniform controllability with respect to ¢ — 077

o O, < Ceexp(—C(T, M)e™Y?), T large?

e A possible strategy is to combine an observability inequality:

lre=r/2llL2(0,0) < Ce exp (Ce™?) | 0aatazoll L2 0.

with an exponential dissipation estimate (7" large enough):

ol z2(0,) < Ceexp (— CTe™?)|lgi—r2llL2(0.1)-

> Observability OK.

> But, dissipation is not possible.
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Non-uniform controllability result for arbitrary 1" > 0 and M > 0

Theorem?!

Let T, L, M > 0 and § € (0,1). Then, there exists eg > 0 such that
Clost > Cexp ((1—8)LM'?c71/?), Ve € (0,20)

where C' depends polynomially on ¢! and e.

1C., Guerrero. On the non-uniform null controllability of a linear KdV equation. Asymptot.
Anal., 2015.
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An auxiliary problem

Find w € L?(0,T) such that:

Wi + EWgge — Mwz =0

n (0,T) x (6L, L),
Wyz|e=5L = u(t) Wy|e=L = 0, Wygle=L = 0 in ( )7
Wig=0 = Wo, W=7 =0 n (0L, L).
u
We define its cost: K¢ g := sup i M.
woeH3 (5L,L) uEL?(0, T) HwOHHg(aL,L)
wo#0 wit=1=0

» We prove that K&, > C'sinh ((1 — §)LM"/2e71/2).
> By setting u := y,

—s1, we can prove that K¢ . < Céogs-
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Particular solution for the adjoint equation

The adjoint equation is given by

— s — EPaz + Mtpy =0 in (0,T) x (6L, L),
’(/)a;|z:6L = (51/111 - Mw)\z:5L = (szz - M’(/))|1:L =0 in (OaT)v
Ylp=r = V1 in (0L, L).
L
—oh
> sup M < €K§ost||¢\z:6LHL2(o,T) (observability ineq.).

heH3 (5L,L) 1Al a3 oL, r)

» () := cosh (= — 6L)M1/26_1/2) is a solution.
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An explosion result of the cost when M < 0

Yt + EYzzz — My, =0 in (0,7) x (0, L),
Yjz=0 = U(t), Yz|z=L = 0, Yazzlz=L = 0 in (07 T)7
Y|t=0 = Yo in (0,L).

Theorem
Let M < 0. Then, for every T' < L/|M]| there exist C' > 0 (independent of ¢)
and €9 > 0 such that

Cgost Z €exXp (0571/2), Ve S (0,50).

» The idea is to construct a particular yo such that

lvll 20,7y > exp (Ce™/?) lyoll L2 (0,1

for every v driving y to zero.
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Idea of proof

We construct a particular solution ¢ of

7S0tfsﬁozzz+Msoz :0 in (O’T) X (07L)7
Plz=0 = 0, Prlz=0 = 0, (5903390 - M@)\Z:L =0 in (07T)7
Pli=T = PT in (0,L),

where 0 < @7 € C5°(0, L), ¢TI 12(0,) = 1.

We have that:
L T ‘/
/ yO@lt:O dx = 7/ 'U(t)azr\zzo dt. \/‘—/\’v
0 0

Take Yo = (,/5“:0. /

I @re=oll = ¢

1

H@lﬁx\z:ﬂ“ < Cxp(f(jgi%Tig)
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Cost in the limit
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A uniform null controllability result?

If T large enough and

) x (0, L),
)
).

yt+€yzzz_My:c =0 in (07T
Ylz=0 = ’UO(t)7 Yz|z=L = V1 (t)a Yazzlz=L = Uz(t) in (0’ T
Yjt=0 = Yo, Y= =0 in (0,L

e We can prove, with v (t) = 0:

|L2(0,T) < Ccexp ( - C(T, M)5_1/2) Hy0||L2(0,6L)

HUOHL?(O,T) + [Jv2

e Also, we can prove, with vy (t) = 0:
||”1||L2(0,T) + ||7/'2HL2(0,T) < Cp exp ( - C(T, M)5_1/2) H?JO||L2(0,5L)-

> o supported in (0,0L), § € (0,1).

2C., Guerrero. Uniform null controllability of a linear KdV equation using:two controls. =Preprint.
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Summary

Yt + EYraxx — Myz =0 in (O7 T) X (0, _L)7
Yjz=0 = /U(t)7 Yz|le=L = 0, Yza|z=L = 0 in (07 T)7
Ylt=0 = Yo in (0,L).

e We prove that there exists yo such that for every v driving y to 0
vl 20,7y = exp (0571/2) llyollz2(0,), € small,
in two cases:
» M >0,T>0.
» M <0, T<L/|IM|

o If we allow to control 1,,(,—;, and yo supported in (0,0L), the controls
remain bounded with respect to ¢ if T is large enough.
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Open problem

Yt + EYzaz — My, =0 in (O,T) X (O,L),
Ylz=0 = U()(t), Yz|z=L = vl(t)7 Yazx|le=L = 0 in (07 T)7
Yjt=0 = Yo, Y= =0 in (0,L).
lvollz2(0,7y + lvillp2o,m) < Coexp (— 0571/2) llyollz2(0,)?
or
lvoll 20,1y + 01 ll 20,0y = Coexp (Ce™ ) llyollz2(0,1)?
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Thank you for your attention
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