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Statement of the problem

Let Q bounded connected regular open subset of RV (N=2or3).
wCQ, T>0Q:=02x(0,T), L:=002x(0,T).

V={yeH@Q":V.-y=0inQ}
H={yel?(Q":V.-y=0inQ, y-n=0on 0N}
ye—AQy+(y-V)y+Vp=vl, V.y=0 inQ,

y=0 on X, (NS)
y(0) =y° in Q,

where v stands for the control which acts over the set w.

Goal: Local null controllability of system (NS) with N — 1 scalar controls,
that is, if |y°|| is small, we can find a control v € L?(w x (0, T))V, with
vi=0 (i€ {1,...,N}), s.t. the corresponding solution to (NS) satisfies

y(T)=0.
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Previous results

Previous results

[Ferndndez-Cara, Guerrero, Imanuvilov, Puel, 2006]: Local exact
controllability to the trajectories with N — 1 scalar controls when
wWNOQ# ¢ :

Je—Ay+([7-V)7+Vp=0,V-7=0 inQ,
y=0 on X,
y(0)=7° in €2,

If [|y® — ¥°|| is small, we can find a control v € L?(w x (0, T))V, with

y(T) = y(T).
Novelty here: We remove this geometric assumption.

In this direction: Null controllability of the Stokes system [Coron,
Guerrero, 2009]
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Local null controllability of (NS)

Theorem 1

Let i € {1,...,N}. Then, for every T > 0 and w C €, there exists § > 0
such that, for every y° € V satisfying

ly°llv <6,

we can find a control v € L?(w x (0, T)), with v; =0, and a
corresponding solution (y, p) to (NS) such that

y(T)=0,

i.e., the nonlinear system (NS) is locally null controllable by means of
N — 1 scalar controls for an arbitrary control domain.
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General strategy

Linearized system around O:

Ye— Dy +Vp=1f+ (v, 0L, V-y=0 inQ,
y:o on Z? (L)
y(0) =y° in Q,

where f is taken to decrease exponentially to zeroin t = T.

Null controllability for (L) + Inverse mapping theorem
= Local null controllability of (NS)

Need a suitable Carleman inequality for the adjoint system:

—pr—Dp+Vr =g, V-o=0 inQ,
=0 on ¥, (A)
e(T) =" in Q,

where g € L?(Q)% and ¢ € H.
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Weight functions

Let wo be a nonempty open subset of R3 such that Wy C w and A > 1

Ao _ gAi(x) A1)
CY(X7 t) - Eg—(t)v £(X7 t) = ES(t) )
a’(t) = maxa(x, t), £°(t) = min&(x, t),
xeN xeQ
a(t) = mina(x, t), £(t) = max&(x, t).
xeN xeQ

where 7 € C%(Q) and ¢ € C>([0, T]) are s.t.
|Vn| > 0in Q\ wg, n>0inQand n =0 on 9Q,

Lt)y=t Vtel0, T/4],4(t)=T—t VYte[3T/4,T].

Existence of 7 : [Fursikov, Imanuvilov, 1996].
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Carleman estimate

Proposition 2

There exists a constant \g, such that for any A > \g there exist two
constants C(A\) > 0 and sp(A) > 0 such that for any g € L2(Q)* and any
T € H, the solution of (A) satisfies

54// —5sa™ ( |30‘2 < C // —3sa” |g|2
Q

= // e 25073507 ()7 (|1 |2 + |p2]?)

wx(0,T)

for every s > sp.

We actually need a Carleman inequality with weights not vanishing at
t=0.
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Lemma 3

Let s and X be like in Proposition 2. Then, there exists a constant C > 0
(depending on s and ) such that every solution ¢ of (A) satisfies:

// e (")} 1el? + 10(0) |72 (qye
Q

<c // gt [[ e I 4 )

wx(0,T)

where 5 and +y are defined as a and £ with

7 [l 0<t<T/2
1) = { oty T/2<t<T.

This estimate is proved by the previous Carleman inequality and energy
estimates for the Stokes system.
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Null controllability for system (L)

We consider the variational problem

a((x,0),(x,0)) = G(x,0) ¥(x,0),€ P,

a«zaxma»=/]e*“%—@—A£+vam—m—Ax+V@
Q

n // e 2305131 x1 4 X2 x2)
wx(0,T)

G(X,O’)://f'Xdth+/yO'X(0)dX
Q

Q
Carleman + Lax Milgram Lemma = 3!(Xx,0) € P

{?=e4ﬁwfa—A2+va, in Q,

_ e—2sB—3s[3 =7

(i, »2) = 7 (X1:X2), v3=0 inwx(0,T).
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Furthermore, y (together with some pressure p) is the solution of (L) for
v =V, and (¥, p, V) belongs to the (Banach) space

E={(y.p,v): e¥>F y, ePH3/250°5-72 ], € 12(Q)?, vs =0,
e3/2s/3* (7*)—9/8}/ c L2(O, T; HQ(Q)?’) N LOO(O, T; V)7
65/256*(7*)_2(_)/1» _ Ay + vp _ V]lw) c L2(Q)3 }7

provided that y° € V and €5/2587 (4*)2f < 12(Q)?3.

In particular, y(T) = 0.
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Proof of Theorem 1

Theorem 4

Let B; and B; be two Banach spaces and let A : B; — B; satisfy
A € CY(By; By). Assume that by € By, A(by) = by and that
A’(by) : By — By is surjective. Then, there exists 6 > 0 such that, for
every b’ € B, satisfying ||b’ — by||g, < 9, there exists a solution of the
equation

A(b) =1b', be B;.

Bi=E,  By=L%(e”> (y")72(0, T); L2(Q)%) x V
A(y,p,v) = (y: — Ay + (y - V)y + Vp — (v1, v, 0) L, y(0)) € C'(By; By)
A/(0,0,0)(y,P, V) = (yt - Ay + vp - (V]_, V2=0)]lw7y(0))

surjective by NC of (L).
We apply Theorem 4 with b; = (0,0,0), b, = (0, 0).
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Proof of the Carleman inequality

Idea from [Coron, Guerrero, 2009]: Am = 0. This is not the case here.
We consider p(t) = e~3/2°®" and the systems:

—w —Aw+Vr, =pg, V-w=0in Q,
w=0onX, w(T)=0inQ,

—zi—Az+Vrm,=—p'p,V-z=0in Q,
z=0onX, z(T)=0in Q.
= (pp,pr) = (w+ z,7, + ;) and Am, = 0.
Y :=VAz :
—the — Ap = —V(A(p'¢1))
Need Carleman estimate for parabolic equations with nonhomogeneous

B.C.
For w, regularity estimate:

”WH%Z(O,T;H?(Q)?) + ||W||$41(0,T;L2(Q)2) < C||PgHi2(Q)z,
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From [Imanuvilov, Puel, Yamamoto, 2009]:

% // o250 % Vol 4 s / / e e o) 2
o Q

1l _sqe—1 — L —sas—1
§C<s 2 |lemse a2 + 572 e 7T o mye

11
H# 2 (5)2

// lPlanf s [[eegur ],

wo>< 0 T)

for every A > \g and s > 5.

2 2 /2
Vel gy = (100207000, mazcomy + 1l mirmragomy) -
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Other estimates:

// —2sa§3|Azll2 < C // _2SQ§W}‘2+S // —25a£3|Azl|2 ,
WOX OT
56 //ef2sa£6|zl|2+s4//ef2sa§4‘vzl|2
Q Q
< C // 725a§3|A21|2 +S // 72sa£6|z |2 ,

onOT

for every s > C.

2y =0,Viz=0=s* // —2507(e")4 2 < C st // —2507(£YH Dy 2,2
<CS // —2sa |v21|2
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Combining these estimates (and after some calculations) with regularity
estimates for w:

// e a1 + 5 // B 2f + S // e 23| A 2
o/ e‘25°‘g|w|2+s//e—mfw
Q Q

Ly —sa* e\ -1 — LI —sat fexy—12
< € (s @ 0l g+ 5 (€) H ey
+loglier +s [[ el
wx(0,T)

for every s > C.

lulf?

H%v%(z)z = (H“HLzorHl(Q)Z)‘*‘||U||H1(0TH 1Q2))-
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Estimate of boundary terms

—1/

We prove that e (¢7) ‘zis sufficiently regular. We do it in two steps:

(2,7,) = se ™ (£*)/8(z,m,) :

—Z, — AZ+ V7, = _Se—sq* (6*)7/8#93 _ (56‘75”*(5*)7/8),527 V-Z=0in Q,
z=0onX,z(T)=0inQ.

Since |aj| < C(€%)/8, |p'| < Csp(£*)%/®
= 7 € [2(0, T; H3(Q)2) N H(0, T; L2(R)?) and
lIse™**(€")"2 2|1 20, 72 (@) 0, To12(202)

is on the left-hand side of the Carleman estimate.
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Next:
(2,7,) = e 5 (&) V¥ (z,7,) :
_/Z\t _ A?—F V??z — _efsw* (f*)71/4 /99 o (efsu,* (5*)71/4%2’ v .= 07
z=0onX,Z(T)=0in Q.
By the previous step, this right-hand side belongs to
L2(0, T; H*(2)?) N HY(0, T; L?(€2)?) and thus
z € L%(0, T; HY(Q)?) N HY(0, T; H?(Q)?), and

le™>" (&) * 210, 7102y 0. Tik2(0)7)

is on the left-hand side of the Carleman estimate. In particular,
e s (&)%) € L2(0, T HH(Q)*) N H(0, T HH(Q)?) (¢ = VAz)
and

2

€™ (€)™ * Y a0, 7o)y @and €75 (€)™ 4l 20,7110y

are on the left-hand side of the Carleman estimate (and absorb the
boundary term for s large enough).
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