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Observability and Carleman estimates

PDE control

Example: Heat equation

i 1§
Consider a regular open  C RY and w C Q (control domain)
ye — Ay =vl, (x,t) € Q2 x(0,7),

y=0 x € 09,
y(0) = yo x €.

» y = y(z,t) : Temperature distribution.
» v =wv(x,t): Control supported in w.

Question: Given T' > 0 and y1 = y1(x), is there v such that y(T") = y1?
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Observability and Carleman estimates

PDE control

Answer: In general, the answer is no due to the regularizing effect.

e |t seems natural to consider the notion of control to the trajectories:
Consider a solution of

Y — Ay =0 (xvt)GQX(OvT)7
y=0 x € 09,
7(0) = %o z € Q,

We look for a control v such that y(7") = g(T).

e By linearity (taking y := y — §), this is equivalent to the null controllability:
y(T) = 0.

Therefore, we concentrate in this case.
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Observability and Carleman estimates

Duality Method: Hilbert Uniqueness Method (HUM)

Construction of the control:
e We multiply y+ — Ay = v1,, by ¢ solution to the (adjoint) equation

_(pt_AQOZO (x,t)EQX(O,T),
=0 x € 09,
o(T)=pr € L?*(Q) zcQ,

and integrate in  x (0,7):
/ y(T)erde = // vgoda:dt—i—/ Yop(0)dz, Yer € L*(Q).
Q Q
wx(0,T)

e v is a control such that y(7') = 0 if and only if

// v drdt —|—/ Yop(0)dz =0, Yeor € L*(Q).
Q

wx(0,T)
6/20
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Observability and Carleman estimates
Observability inequality

The previous condition can be seen as an optimality condition for

1

Jpr) =3 // lo[2 da dt +/ yop(0) da.

wx(0,T) e

e J convex, continuous and coercive if there exists C' > 0 such that
[leoras<c [[ 1ok aa
e wx(0,T)
This is known as observability inequality.
e The control is given by
V=,

where @ is the solution of the adjoint equation associated to @1, minimum

of J.

e Null controllability is equivalent to observability.
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Observability and Carleman estimates

Carleman estimates

How to prove the observability inequality?

Powerful tool to prove observability: Carleman estimates

st // plol? dzdt < C // plos + Apl? dzdt + C // pleo)? da dt

Qx(0,T) Qx(0,T) wo X (0,T)

> o(x,t) =0, x € 090.
» p = p(z, ) is a positive function and continuous in  x (0,7 with critical
points only in wo C w.

» To deduce the observability, we use dissipation properties as

/ 10(0)[2 dz < / ()2 dz, e (0,T).
Q Q
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Systems

Control of a system of two equations with one control

Consider the system with one scalar control
yr — Ay =z +vl, (z,t) € 2 x (0,T),
2 — Az =ylo (z,t) € Q2% (0,T),
Yy=z= 0 T € aQ,
y(0)=14° 2(00=2° ze€Q.

e We look for v such that y(T") = z(T') = 0.
e Observability inequality: There exists C' > 0 such that

/Q (Ip(0) + [4(0)]*) dz < C // o[ da dt

wx(0,T)

where (¢, 1) is the solution to the adjoint system

—Pt —AQO:U)]IO ($7t) €Qx (O7T)7
_wt _Aw =@ ("'L‘7t) € Q x (03T)7
p=1=0 € 09,

o(T) =¢r, Y(T)=yr =xeQ.
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Control of a system of two equations with one control

e The idea is to combine Carleman estimates for ¢ and :

// pilel?dedt < C // po|? dedt + C // p1lel? da dt

Qx(0,T) Qx(0,T) wo X (0,T)
// oY) dedt < C // pole? dzdt + C // p1|¢)? dz dt
Qx(0,T) Qx(0,T) wo X (0,T)

e Estimate the local term of i: » = —¢p, — Ay in O.
e We assume w N O # 0 and choose wo C 2N O.

// pr|¢)* dzdt = // p1Y(—pr — Ayp) de dt

wo X (0,T) wo X (0,T)
<! 24z dt + C 2dzd
S50 p1lp|” da dt 4 pile|” da dt.
wo % (0,T) wo % (0,T)
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Some systems from fluid mechanics (N = 2 or 3)

e Navier-Stokes system (N scalar controls)

y—Ay+ (- -Vy+Vp=ovly,, V-y=0 (z,t)eQx(0,T),
y=0 x € 0N.

» y =y(z,t) € RY: Velocity field of the fluid.
» v € R" is the control.
e Boussinesq system (N + 1 scalar controls)
ye—Ay+(y-V)y+Vp = vl,+0en, V-y=0 (z,t)€Qx(0,7),

Hthé)erV@ = ’U(]ILW (.’L’,t)EQX(O,T),
y=0, 6=0 x € 0.

> 0 =06(x,t) € R: Temperature of the fluid.
> vg € R: Control acting on the temperature.
Question: Is it possible to control these systems with less scalar controls?
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Null controllability of the Navier-Stokes system

Voy=0 (z,t)€Qx(0,7),

Yyt — Ay + (y- V)y + Vp = vl,,
y:O 13689
y(0) = y° T €Q.

»ipe{l,..., N}, T>0ywCQ.
» C. Guerrero (2012)": There is a § > 0 such that if ||y°|| < 4, then there is
a control v, with v;, = 0, and an associated solution (y,p) such that

y(T) =0.

Idea:
e Control of the linearized system around zero: y; — Ay + Vp = vl,,.

e Go back to the nonlinear system using a local inversion argument.

1C., Guerrero. Local null controllability of the N-dimensional Navier-Stokes system with N-1
scalar controls in an arbitrary control domaine. J. Math. Fluid Mech; 2013:
13/20
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Navier-Stokes system. Case N = 2.

oy =(y1,y2), v = (v1,0).

vy —Ay+(y-V)y+Vp=(v1,0)0l,, V-y=0 (z,t)€Qx(0,T),
y=0 x € 0N

e Linearization around zero:

Yy — Ay +Vp=(v1,0)1,, V-y=0 (2,t) €Qx(0,7T),
y=0 x € 0.

e Observability inequality:

[Ga0F +le0P) @ <o [[ 1aFaa
Q

wx(0,T)
where ¢ = (1, p2) is the solution to the adjoint system

—pr—Dp+Vr=0, V-p=0 (z,t)eQx(0,T),
p=0 x € 0.
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Navier-Stokes system. Case N = 2.

> No coupling between @1 and w27 Yes: 0191 + O2pp2 = 0.

v

Carleman estimate for 1. Since Am = 0, we have
—(Ap1)e = A(Ap1) =0,

but no boundary condition for Ags.

» Carleman estimate with nonhomogenous boundary conditions:

RRNE // 1A P dedt < C // p1|Ap1)? da dt + b.t.

Qx(0,T) wo X (0,T)

> Recover 2 from plon = 0 and d1¢1 + a2 = 0.
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Boussinesq system

ye—Ay+(y-Vy+Vp = vl,+0ey, V-y=0 (z,t)€Qx(0,T),
0 —AO+y-VO = vl (z,t) € Q@ x (0,T),
y=0, 6=0 x € 00
y(0) =4¢° 0(0)=6° x €.

»ipe{l,..., N-1},T>0yw C Q.
» C. (2012)%: Thereis a & > 0 such that if ||(y°,8%)|| < §, there are controls
v and v, with v;, = v = 0, and an associated solution (y, p, 0) such that

y(T)=0y 6(T) =0.

2C. Local controllability of the N-dimensional Boussinesq system with N-1 scalar controls in an
arbitrary control domain. Math. Control Relat. Fields, 2012.
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Boussinesq system. Case N = 2.

oy = (y1,y2), 0 eR, vo €R.

vy —Ay+(y-Vy+Vp = (0,0), V-y=0 (z,t)€Qx (0,
Ht—AQ—f—yVG = U()]].w (x,t)GQX(O,

e Linearization around zero:

yu—Ay+Vp = (0,0), V-y=0 (z,t) € Qx(0,7),
0, — A0 = vl (.T,t)EQX(O,T).

e Observability inequality:

[0 +1020F + Py as < [[ 10F asar

Q wx(0,T)

where (¢, 0) = (¢1, p2,0) is the solution to the adjoint system
T),
T).

{ —pr—Ap+Vr=0, V-p=0 (z,t)€Qx (0,
)

0
—0; — AO = o (z,t) € Q x (0,
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Boussinesq system. Case N = 2.

» We combine the previous ideas.

» Carleman for @2 and 6:

et // p1|Ape|* dedt < C // p1|Apz|® da dt + b.t.

2x(0,T) wo x(0,T')
cet // p1l0)? dzdt < C // p110)° da dt
Qx(0,T) wo X (0,T)

> Recover ¢1 from ploq = 0 and d1p1 + daga = 0.
» Use the equation @3 = —6; — A#.

Nicolds Carrefio - Universidad Técnica Federico Santa Maria 18/20

Control of parabolic systems and some applications to the control of fluids



Control of fluids
00080

Some comments

This method has its limitations:

» Seems difficult to consider a control like v = (v1,0,0).
[Coron, Lissy, 2014]: Return method.
» Controllability to trajectories for Navier-Stokes:
Adjoint equation:
—pr — Ao+ G- (Vo + Vi) +Vr=0.

Problem: The components of ¢ are mixed.

» Boundary controllability with one vanishing component (taking the trace
of an extended controlled solution does not work).
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Thank you
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