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Introduction
[ Jelele]

Insensitizing controls

» Q bounded connected regular open subset of RY (N = 2 or 3)
»T>0

> w C Q (control set), @ :=Q x (0,7), ¥ :=90 x (0,T)

We consider the Boussinesq system:

vy —Ay+(y-V)y+Vp = f4+0l,+(0,0,0), V-y=0 inQ,
O — A0 +y-VO = fo+wvoly, in Q,
y=0, 0=0 on X,
y(0) =y +770, 0(0) = 0°+76o in Q.
where 7 is a small constant and [|7°]|;2(q)s = H§0||L2(Q) = 1. Unknown.
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Insensitizing control problem: To find controls v and vy in L*(w x (0,T))
such that the functional (Sentinel)

J-(y,0) == % // (|y|2 + |9\2) dz dt, O C Q (Observation set)

Ox(0,T)

is not affected by the uncertainty of the initial data, that is,
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Insensitizing control problem: To find controls v and vy in L*(w x (0,T))
such that the functional (Sentinel)

J-(y,0) == % // (|y|2 + |9\2) dz dt, O C Q (Observation set)

Ox(0,T)
is not affected by the uncertainty of the initial data, that is,

8]—,— (y7 9)

L2 —0 (o) € Q) st oz = [Bollzae) =1

7=0
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Some previous works

v

Heat equation: [Bodart, Fabre, 1995], [de Teresa, 2000], [Bodart,
Gonzélez-Burgos, Pérez-Garcia, 2002]

v

Hyperbolic equations: [Alabau-Boussouira, 13]

» Quasi-Geostrophic ocean model: [Ferndndez-Cara, Garcia, Osses, 2005]
Stokes: [Guerrero, 2007]

Navier-Stokes: [Gueye, 2013]

v

v
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A cascade system

The previous condition is equivalent to the following null controllability
problem: To find a control v and vg such that z(0) = 0 and ¢(0) = 0, where

wy — Aw+ (w-V)w+Vpy = f+ovl,+(0,0,r), V-w=0 inQ,

—z—Az+ (2 VYw— (w-V)z+Vp1 = wlo, V.-z=0 inQ,
re —Ar+ (w-V)r = fo+wvols in Q,
—q¢t—Aq—(w-V)g = z3+rlo in Q,

with boundary and initial conditions:

w=2=0, r=q=0 on X,
w(0)=1¢° 2(T)=0, r0)=6° ¢T)=0 inQ.
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[eJe]e] ]

A cascade system

The previous condition is equivalent to the following null controllability
problem: To find a control v and vg such that z(0) = 0 and ¢(0) = 0, where

wy — Aw+ (w-V)w+Vpy = f+ovl,+(0,0,r), V-w=0 inQ,

—z—Az+ (2 VYw— (w-V)z+Vp1 = wlo, V.-z=0 inQ,
re —Ar+ (w-V)r = fo+wvols in Q,
—q¢t—Aq—(w-V)g = z3+rlo in Q,

with boundary and initial conditions:

w=2=0, r=q=0 on X,
w(0)=1¢° 2(T)=0, r0)=6° ¢T)=0 inQ.

We are interested in controls of the form
1. v= (ULO,O), Vo 7&0
2. v = (U1,0,’L‘3) and Vo = 0.
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Null controllability result

Assume:
» " =0,60°=0
» ONw#D

> 157 fll2iays < oo, [1€57 foll L2y < +00, some K >0
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Null controllability result

Assume:
» " =0,60°=0
» ONw#D

> 157 fll2iays < oo, [1€57 foll L2y < +00, some K >0

Theorem (Guerrero, Gueye, C.)

There exists 6 > 0 such that if HeK/tw(f, Jo)llL2(gys < 9, there exist a
controls (v,vg) in L?*(w x (0,T)) of the form v = (v1,0,0), vy # 0
such that z(0) = 0 and ¢(0) = 0.
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Null controllability result

Assume:
» " =0,60°=0
» ONw#D

> 157 fll2iays < oo, [1€57 foll L2y < +00, some K >0

Theorem (Guerrero, Gueye, C.)

There exists 6 > 0 such that if HeK/t1 (f, fo)llL2(g)+ < 9, there exist a
controls (v,vo) in L*(w x (0,T)) of the form v = (bl,0,0), vo # 0
such that z(0) = 0 and ¢(0) = 0.

Theorem (C.)

There exists 6 > 0 such that if HeK/t1 (f, fo)llL2(g)s < 9, there exist a
controls (v,vg) in L*(w x (0,T)) of the form v = (ul,(), v3), vo =0
such that z(0) =0 and ¢(0) = 0.
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Method of proof

» Linearization around zero
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Method of proof

» Linearization around zero

> Null controllability of the linearized system (Main part of the proof).
Main tool: Carleman estimate for the adjoint system with source terms.
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Strategy of proof
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Method of proof

» Linearization around zero

> Null controllability of the linearized system (Main part of the proof).
Main tool: Carleman estimate for the adjoint system with source terms.

> Inverse mapping theorem for the nonlinear system
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Linearized system

The linearized system around zero with source terms:

wy —Aw+Vpy = fY+o0l,+(0,0,r), V-w=0 inQ,
-zt —Az+Vpr = ff+wle, V-z=0 inQ,
re —Ar = fT+U()ILw in Q’
—q¢—Ag = fT+z+rlo in Q,
with
w=2z2=0, r=q=0 on X,
{ w(0)=0, z(T)=0, r0)=0, ¢(T)=0 inQ.

Nicolds Carrefio - LJLL - UPMC

Insensitizing controls for the Boussinesq system with vanishing components



Strategy of proof
[¢] leJe]e]e]

Linearized system

The linearized system around zero with source terms:

wy —Aw+Vpy = fY+o0l,+(0,0,r), V-w=0 inQ,
-zt —Az+Vpr = ff+wle, V-z=0 inQ,
re —Ar = fT+U()ILw in Q’
—q¢—Ag = fT+z+rlo in Q,
with
on 3,

w=2z2=0, r=q=0
{w(O)zO, 2(T)=0, r(0)=0, ¢(T)=0 inQ.

We want to prove z(0) = 0 and ¢(0) = 0 with controls of the form

v = (/U1, 0, 0), Vo ?é 0 and v = (’Ul, 0., ’U3),’U() =0.
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Strategy of proof
[¢] leJe]e]e]

Linearized system

The linearized system around zero with source terms:

wy —Aw+Vpy = fY+o0l,+(0,0,r), V-w=0 inQ,
-zt —Az+Vpr = ff+wle, V-z=0 inQ,
re —Ar = fT+U()ILw in Q’
—q¢—Ag = fT+z+rlo in Q,
with
w=2z2=0, r=q=0 on X,
{ w(0)=0, z(T)=0, r0)=0, ¢(T)=0 inQ.

We want to prove z(0) = 0 and ¢(0) = 0 with controls of the form
v = (/U1, 0, 0), Vo ?é 0 and v = (’Ul, 0., ’U3),’U() =0.

We prove an observability inequality for the adjoint system
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Adjoint system with source terms

Dual variables: ¢ <> w, ¥ <>z, ¢+ r, o<rq

_(pi_ASOJ'_Vﬂ-AP = g% +v¢1lo, Vip=0 inQ,

Yo — A+ Vry = g¥+(0,0,0), V-9p=0 inQ,

—pe—A¢p = g®+es+olo inQ,

or—Aoc = g7 inQ,
with

p=9v=0, ¢p=0=0 on X,

@(T):Ov 1/’(0 = Oa d)(T):O, U(O):UO in Q,
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Strategy of proof
Observability inequality

» For general controls v = (v1,v2,v3) and vo:
/ /Q (&) (PP +H P Ho ) < © / / po(1)(19° 2+Hlg® P+g? P+ 1)

+c// D(lerl? + loaf? + sl + 1617)
><(0T)

pi(t) ~ exp(=C/t*(T —1)'%)
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Strategy of proof
Observability inequality

» For general controls v = (v1,v2,v3) and vo:
/ /Q (&) (PP +H P Ho ) < © / / po(1)(19° 2+Hlg® P+g? P+ 1)

+c// D(lerl? + loaf? + sl + 1617)
><(0T)

pi(t) ~ exp(=C/t"(T — )"
Using energy estimate, we can change to p;(t) ~ exp(—C/t'%)
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Strategy of proof
Observability inequality

» For general controls v = (v1,v2,v3) and vo:
/ /Q (&) (PP +H P Ho ) < © / / po(1)(19° 2+Hlg® P+g? P+ 1)

+c// D(lerl? + loaf? + sl + 1617)
><(0T)

pi(t) ~ exp(=C/t"(T — )"
Using energy estimate, we can change to p;(t) ~ exp(—C/t'%)

> By duality, if pa (1) "V/2(f*, f7, £%, /%) in L*(Q)

> p2(t) 2 (w, 2,1, q) in L2(Q)
> p3(t)"V2(v,v0) in L2(w x (0,T))
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Strategy of proof
Observability inequality

» For general controls v = (v1,v2,v3) and vo:
/ /Q (&) (PP +H P Ho ) < © / / po(1)(19° 2+Hlg® P+g? P+ 1)

+c// D(lerl? + loaf? + sl + 1617)
><(0T)

pi(t) ~ exp(=C/t"(T — )"
Using energy estimate, we can change to p;(t) ~ exp(—C/t'%)

> By duality, if pa (1) "V/2(f*, f7, £%, /%) in L*(Q)

> p2(t) 2 (w, 2,1, q) in L2(Q)
> p3(t)"V2(v,v0) in L2(w x (0,T))

» For controls v = (v1,0,0) and vo: only local terms ¢1 and ¢
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Strategy of proof
Observability inequality

» For general controls v = (v1,v2,v3) and vo:
/ /Q (&) (PP +H P Ho ) < © / / po(1)(19° 2+Hlg® P+g? P+ 1)

+c// D(lerl? + loaf? + sl + 1617)
><(0T)

pi(t) ~ exp(=C/t"(T — )"
Using energy estimate, we can change to p;(t) ~ exp(—C/t'%)
> By duality, if pi(£)"/2(f*, £, £, f7) in L*(Q)

> p2(t) 2 (w, 2,1, q) in L2(Q)
> p3(t)"V2(v,v0) in L2(w x (0,T))

» For controls v = (v1,0,0) and vo: only local terms ¢1 and ¢

» For controls v = (v1,0,v3) and vg = 0: only local terms 1 and @3
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Strategy of proof
[e]o]e]e] Je]

Sketch of proof. Case: v = (v1,0,0) and vy

» Carleman for ¢1 and 3.

Nicolds Carrefio - LJLL - UPMC

Insensitizing controls for the Boussinesq system with vanishing components



Strategy of proof
[e]o]e]e] Je]

Sketch of proof. Case: v = (v1,0,0) and vy

» Carleman for ¢1 and 3.
» Carleman for 11 and 13 (with local terms like Ay and Ads).
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Strategy of proof
[e]o]e]e] Je]

Sketch of proof. Case: v = (v1,0,0) and vy

» Carleman for ¢1 and 3.
» Carleman for 11 and 13 (with local terms like Ay and Ads).
» Eliminate local terms 1 and 13 using

Atpy = —Api s — Ao+, V - g¥ —Ag? inwnO,i=1,3.
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Strategy of proof
[e]o]e]e] Je]

Sketch of proof. Case: v = (v1,0,0) and vy

» Carleman for ¢1 and 3.
» Carleman for 11 and 13 (with local terms like Ay and Ads).
» Eliminate local terms 1 and 13 using
Ay = —Ap; —AZ%—}—&-V-g‘P—Ag;’ inwnNO,i=1,3.
> Eliminate 3 using

99:3=—¢t—A¢—g¢—U inwnNO
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Strategy of proof
[e]o]e]e] Je]

Sketch of proof. Case: v = (v1,0,0) and vy

» Carleman for ¢1 and 3.
» Carleman for 11 and 13 (with local terms like Ay and Ads).
» Eliminate local terms 1 and 13 using
Atpy = —Api s — Ao+, V - g¥ —Ag? inwnO,i=1,3.
> Eliminate 3 using
©3 :_¢t_A¢—g¢—0' inwnNO
> At this point we have local terms of ¢1, ¢ and global terms of .

Carleman for o, but cannot have a local term like o.
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Strategy of proof
[e]o]e]e] Je]

Sketch of proof. Case: v = (v1,0,0) and vy

» Carleman for ¢1 and 3.
» Carleman for 11 and 13 (with local terms like Ay and Ads).
» Eliminate local terms 1 and 13 using
Atpy = —Api s — Ao+, V - g¥ —Ag? inwnO,i=1,3.
> Eliminate 3 using
©3 :_¢t_A¢—g¢—0' inwnNO
> At this point we have local terms of ¢1, ¢ and global terms of .

Carleman for o, but cannot have a local term like o.

(8% + a%)rr = f(af - A2)A<P3 + F(gw,gw,gg) inwnNO

Nicolds Carrefio - LJLL - UPMC

Insensitizing controls for the Boussinesq system with vanishing components



Strategy of proof
[e]o]e]e] Je]

Sketch of proof. Case: v = (v1,0,0) and vy

v

Carleman for 1 and 3.
Carleman for 11 and 3 (with local terms like Ay and As).
Eliminate local terms 11 and 13 using

Atpy = —Api s — Ao+, V - g¥ —Ag? inwnO,i=1,3.

vy

v

Eliminate 3 using
©3 :_¢t_A¢—g¢—0' inwnNO

v

At this point we have local terms of 1, ¢ and global terms of o.
Carleman for o, but cannot have a local term like o.

(8% + a%)rr = f(af - A2)A<P3 + F(gw,gw,gg) inwnNO

(07 +03)0 = —(07 — A*)A(0: — D)o+ F(g%, 9", 9%,97) inwnO
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Strategy of proof
[e]o]e]e] Je]

Sketch of proof. Case: v = (v1,0,0) and vy

v

Carleman for 1 and 3.
Carleman for 11 and 3 (with local terms like Ay and As).
Eliminate local terms 11 and 13 using

Atpy = —Api s — Ao+, V - g¥ —Ag? inwnO,i=1,3.

vy

v

Eliminate 3 using
©3 :_¢t_A¢—g¢—0' inwnNO

v

At this point we have local terms of 1, ¢ and global terms of o.
Carleman for o, but cannot have a local term like o.

(8?+8§)n: f(af 7A2)A<P3+F(gtp,gw,gg) inwnNO
(07 4 03)0 = — (0} — AP)A(B; — A) b+ F(g%9,9%,9%,9°) inwnO

» Carleman with a local term like (07 + 03)c
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[e]e]e]e]e] )
Sketch of proof. Case: v = (v1,0,v3) and vg = 0
> Same steps as before to obtain local terms of ¢1, 3 and global terms of o.

Carleman with a local term like (97 + 03)o and eliminate with

(af + 33)0 = f(a? — A2)A<P3 + F(gw,gw,gg) inwnNO
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Sketch of proof. Case: v = (v1,0,v3) and vg = 0

> Same steps as before to obtain local terms of ¢1, 3 and global terms of o.
Carleman with a local term like (97 + 03)o and eliminate with

(07 + 83)0 = =87 — A")Aps + F(g%,9",97) inwnO

> At this point, it only remains to add to the left-hand side the weighted
norm of
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[e]e]e]e]e] )
Sketch of proof. Case: v = (v1,0,v3) and vg = 0

> Same steps as before to obtain local terms of ¢1, 3 and global terms of o.
Carleman with a local term like (97 + 03)o and eliminate with

(07 + 83)0 = =87 — A")Aps + F(g%,9",97) inwnO

> At this point, it only remains to add to the left-hand side the weighted
norm of

» Cannot add a local term of ¢. No way to eliminate with coupling.
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[e]e]e]e]e] )
Sketch of proof. Case: v = (v1,0,v3) and vg = 0

> Same steps as before to obtain local terms of ¢1, 3 and global terms of o.
Carleman with a local term like (97 + 03)o and eliminate with

(07 + 83)0 = =87 — A")Aps + F(g%,9",97) inwnO

> At this point, it only remains to add to the left-hand side the weighted
norm of

» Cannot add a local term of ¢. No way to eliminate with coupling.
Instead, we use energy estimates with weights like p(t) = exp(—C/t'°):

Nicolds Carrefio - LJLL - UPMC
Insensitizing controls for the Boussinesq system with vanishing components



[e]e]e]e]e] )
Sketch of proof. Case: v = (v1,0,v3) and vg = 0

> Same steps as before to obtain local terms of ¢1, 3 and global terms of o.
Carleman with a local term like (07 + 07)o and eliminate with

(07 + 83)0 = =87 — A")Aps + F(g%,9",97) inwnO

> At this point, it only remains to add to the left-hand side the weighted
norm of

» Cannot add a local term of ¢. No way to eliminate with coupling.
Instead, we use energy estimates with weights like p(t) = exp(—C/t'%):

—(pp)e — App) = pg® + pps + polo —p'(t)d
(p#)= =0, (pp)(0) =0, |(pp)(T)=0
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[e]e]e]e]e] )
Sketch of proof. Case: v = (v1,0,v3) and vg = 0

> Same steps as before to obtain local terms of ¢1, 3 and global terms of o.
Carleman with a local term like (07 + 07)o and eliminate with

(07 + 83)0 = =87 — A")Aps + F(g%,9",97) inwnO

> At this point, it only remains to add to the left-hand side the weighted
norm of

» Cannot add a local term of ¢. No way to eliminate with coupling.
Instead, we use energy estimates with weights like p(t) = exp(—C/t'%):

—(pp)e — App) = pg® + pps + polo —p'(t)d
(p#)= =0, (pp)(0) =0, |(pp)(T)=0

101122 < Clllpg® 22 + lows|Z + loollZ2) — / /Q o plol®
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Perspectives

» Our method limits the quantity of vanishing components to two. Also, we
need to have v3 or vy
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Perspectives
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Perspectives

» Our method limits the quantity of vanishing components to two. Also, we
need to have v3 or vy

» What about three vanishing components, e.g., v = (0,0,0) and v?
One possibility: use the Return method.
See P. Lissy's presentation in a few minutes.
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Perspectives
0

Perspectives

» Our method limits the quantity of vanishing components to two. Also, we

need to have vs or vg

» What about three vanishing components, e.g., v = (0,0,0) and v?

One possibility: use the Return method.
See P. Lissy's presentation in a few minutes.

» Boussinesq system: No control on the heat equation.

ye—Ay+(y-V)y+Vp =
0, —AO+y-VO = 0
y=0, 6=0

y(0) =4°, 6(0) =0°
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vl 4+ (0,0,0),

V.y=0

in Q,
in Q,
on X,
in Q.
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Perspectives
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Perspectives

» Our method limits the quantity of vanishing components to two. Also, we
need to have v3 or vy

» What about three vanishing components, e.g., v = (0,0,0) and v?
One possibility: use the Return method.
See P. Lissy's presentation in a few minutes.

» Boussinesq system: No control on the heat equation.

y—Ay+(y-Vy+Vp = 0l,+(0,0,0), V-y=0 inQ,
0, —AN0+y-VO = 0 in Q,
y=0, 0=0 on X,
y(0) =4°, 6(0)=06° in Q.

Adjoint equation
—pr—Ap+Vr = 0, V-p=0 inQ,

Y =AY = 3 in Q,
p=0, ¥v=0 on X,
e(T)=¢", »(T)=y" in Q.
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Thank you for your attention!
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