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Chapitre 1

Introduction Générale

1.1 Présentation

Dans cette these, on établit quelques résultats de controlabilité, dans une premieére
partie, pour des systemes de type Navier-Stokes avec un nombre réduit de contréles dis-
tribués et, dans une deuxieme partie, pour une équation de KdV linéaire avec dispersion
évanescente et conditions au bord de type Colin-Ghidaglia.

De maniere générale, on peut formuler un systeme de contrdle d’une équation aux
dérivées partielles (ou EDP) comme

{ V() = Ky +>0 W

ou t — y(t) € X décrit I'état du systeme et t — v(t) € U est le contrdle a l'instant ¢. X
et U sont des espaces de Banach appelés espace d’états et espace des controles admissibles,
respectivement. Le probleme de la contrélabilité consiste, pour une condition initiale 1°
donnée et un temps final T', & mener la solution du systeme vers une cible a 'instant T’
par 'action d’un contréle v.

On rappelle les différentes notions de controlabilité.

Définition 1.1 (Controlabilité exacte). On dit que le systéme de contrile (1.1) est exac-
tement controlable au temps T si, pour tout y° et y dans X, il existe un controle v(t) € U
tel que y(T) = y”.

Définition 1.2 (Controlabilité & zéro). On dit que le systéme de controle (1.1)) est contro-
lable d zéro au temps T si, pour tout y° dans X, il existe un controle v(t) € U tel
que y(T') = 0.

Définition 1.3 (Controlabilité approchée). On dit que le systéme de contréle (1.1)) est
approzimativement controlable au temps T si, pour tout y° et y* dans X, et tout e > 0, il
existe un controle v(t) € U tel que ||yT — y(T)||x < e.

Ces définitions sont de type globale, car elles ne restreignent pas la taille de la condition
initiale. On parle de controlabilité locale si de plus y° est demandé d’étre proche de la cible.
Cette nouvelle notion est importante pour traiter des systemes non linéaires.

La solvabilité de chaque probleme de controélabilité dépend de la nature du systeme.
Par exemple, en dimension finie, les propriétés de controlabilité sont bien comprises dans
plusieurs cas linéaires et non linéaires. Notamment, pour un systéeme linéaire autonome,
une condition nécessaire et suffisante est le critére de Kalman (voir, par exemple, [20)
chapitre 1]).



10 CHAPITRE 1. INTRODUCTION GENERALE

En dimension infinie, la situation est plus compliquée, car elle dépend des propriétés
particulieres de ’équation sur laquelle on travaille. Par exemple, il est bien connu que pour
les équations paraboliques, comme I’équation de la chaleur, il n’y a pas d’espoir d’atteindre
la controlabilité exacte da a 'effet régularisant. Pour les équations hyperboliques, comme
I’équation des ondes, la controlabilité n’est pas assurée si le temps final est petit a cause
de la vitesse finie de propagation.

Quand le systeme de contrdle est non linéaire, on trouve en général des résultats locaux.
En effet, la stratégie classique consiste a linéariser autour d’un état d’équilibre pour obtenir
un résultat de controlabilité pour ce systeme. On revient au probleme original par un
argument de point fixe ou d’inversion locale.

Dans une grande partie de ce mémoire, on suit cette procédure et on se concentrera
particulierement sur la contrélabilité a zéro des systemes linéaires. Dans le paragraphe
suivant, on présentera, de maniere simple, un cadre général pour les équations linéaires et
leur controlabilité a zéro qui sera la base pour les stratégies utilisées dans la suite.

1.1.1 Systéme linéaire abstrait et la méthode HUM

On considere ici le systéme linéaire autonome de controle suivant :

{ z'((t)) - ;Ly(t) + Bu(t), (1.2)

Pour simplifier ’exposé, on suppose que les espaces d’état H et de controles admissibles
U sont des espaces de Hilbert. De plus, A: D(A) C H — H est un opérateur non borné,
B € L(U; H) et 4° € H. Pour une présentation compléte et plus générale, nous renvoyons
a [20, Section 2.3] et [77, Chapitre 11].

Le but de cette partie est de présenter une méthode pour construire un controle u
tel que la solution y de (|1.2)) satisfasse y(7') = 0. C’est la méthode de dualité ou Hilbert
Uniqueness Method (HUM), introduite par J.-L. Lions dans [61], [62].

On commence par introduire le probleme rétrogade suivant, appelé aussi le systeme

adjoint de (|1.2]),

—¢'(t) = Ap(t),
1.3

{ p(T) =T, (13
ot oI € H et A* est I'opérateur adjoint de A.

En prenant le produit entre I’équation ([1.2)) et ¢ solution de (1.3, il n’est pas difficile
de voir qu’'un controle v tel que y(7') = 0 doit satisfaire, pour tout ol € H,

[ @), B @) + 600 =0 (1.4)

On construit alors le contrdle de la maniére suivante : soit une fonctionnelle J : H — R
définie par
1

T
I =5 [ 1B eI dt+ 0 eO) (15)

oil ¢ est la solution de (T.3)) telle que ¢(T) = " et on suppose que J admet un minimum
que I’on appelle 37. On définit maintenant

() == B*3(1), (1.6)

oil @ es la solution de (1.3)) associée & @T. Avec ce choix de contréle, on voit directement
que (1.4) correspond & la condition d’optimalité du premier ordre de J qui est donc
satisfaite.
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Comme on peut observer, pour obtenir la contrélabilité a zéro de , il faut assurer
I’existence d’un minimum pour la fonctionnelle J donnée par . Comme J est continue
et convexe, il reste a savoir si elle est aussi coercive. Pour voir ce dernier point, on suppose
quiil existe une constante Cp > 0 telle que pour tout ¢! € H, la solution ¢ de
satisfait

T
I ()l < Co [ 1B o(2) 1 at. (1.7

En vue de (1.7, J est coercive pour la norme

T
"I+ [ 1B e at,

et possede un minimum @’ qui appartient a I’espace complété de H pour cette norme.
L’inégalité est appelée inégalité d’observabilité. De plus, le controle donné par
est tel que
151l 20,7507 < VColly® |- (1.8)

En effet, il suffit d’'utiliser o = @* et (1.6) dans et I'inégalité de Cauchy-Schwarz
avec .

En outre, v est celui de norme minimale : en effet, si u est un autre contrdle tel
que y(T') = 0, il satisfait . En faisant la différence entre (|1.4]) satisfait par v et v on
trouve

T T
/ (@(t), B*o(t))y dt = / (@(t), B*o(t))y dt ¥ € H,
0 0

oil ¢ est la solution de (1.3]) associée & ¢. On prend ¢! = @*, le minimum de la fonc-
tionnelle J, dans cette derniere égalité. On a

1/2

[ [“w o< ([ropa)” ([ o)

d’oul on peut conclure.

La méthode HUM couvre de nombreux types d’équations, en particulier celles traitées
dans cette these. Remarquons que la procédure précédente nous permet de résoudre la
controlabilité a zéro en démontrant une inégalité (pour un probléme adjoint), ce qui, en
pratique, est plus abordable. Par contre, elle ne fournit pas une méthode pour la démontrer
(voir le livre de J.-M. Coron [20] et le survey par E. Zuazua [80] pour une description
détaillée des méthodes pour obtenir pour quelques équations classiques).

On s’intéressera dans ce qui suit & un des plus communs et puissants outils pour
montrer I'inégalité d’observabilité et qui s’applique & un grand spectre d’équations : les
inégalités de Carleman. Dans le paragraphe suivant, on les présente dans le cadre de la
controlabilité a zéro de I’équation de la chaleur, ce qui nous servira d’exemple modele pour
la suite.

1.1.2 Un exemple modele : ’équation de la chaleur

On introduit d’abord quelques notations que 1’on gardera pour les sections qui suivent.
Soit T > 0, Q un domaine régulier de RY (N € N) et w C Q que 'on appelle le domaine
de controle. On notera @ := Q x (0,7) et ¥ := 9Q x (0,T"). On consideére ’équation de la
chaleur

vy — Ay =v1, dans Q,
y=20 sur X, (1.9)
y(0) = ¢° dans Q,
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ot y° € L?() est la donnée initiale, y = y(x,t) est la variable d’état qui décrit la distribu-
tion de température dans Q a l'instant ¢ et v = v(x,t) dénote le contrdle qui est distribué
dans le domaine w.

Remarquons que, di a effet régularisant de ([1.9) (et en général des équations parabo-
liques), on ne peut pas espérer, quelque soit 3° € L?(2), mener y vers une cible quelconque
en temps 1. C’est pour cela qu’il est convenable de considérer pour ce type d’équations
la notion de contrélabilité aux trajectoires, i.e., pour tout y° € L?(Q) et toute solution i

de (1.9) non controlée

yr — Ay =0 dans Q,
y=20 sur X,

il existe un controle v € L?(w x (0,T)) tel que y(T') = %(T). Néanmoins, par linéarité,
cette notion de controlabilité est équivalente a la controlabilité a zéro.

D’apres le Paragraphe avec H = L*(Q), U = L?*(w), D(A) = H*(Q) N H(Q),
A:yw— Ay et B : v — vl la controlabilité a zéro de ([1.9) se réduit & montrer
I’observabilité du systéme adjoint, i.e., I'existence d’une constante C > 0 telle que pour
tout ¢! € L2(€), la solution ¢ de ’équation adjointe donnée par

—pr — Ap =0 dans Q,
=0 sur X, (1.10)
o(T) = ¢"  dans Q,

satisfasse

/Q|cp(0)\2dx < C//Xm) o2 dar dt. (1.11)

La controlabilité a zéro de est due a G. Lebeau et L. Robbiano [60] et A. V.
Fursikov et O. Yu. Imanuvilov [39] (voir [30] pour un résultat avec N = 1). Dans le
premier, les auteurs prouvent par une décomposition spectrale des solutions. Dans
le deuxieme, la preuve de (1.11]) repose sur les inégalités de Carleman globales pour les
solutions de . Nous allons développer a présent cette deuxieme technique.

Pour ce faire, il faut d’abord introduire quelques fonctions poids. Soit wy € w. Dans [39]
il est montré qu’il existe une fonction n € C%(Q) telle que

n>0dans 2, n=0surdQ et |Vn >0 dans Q\ wp.

Maintenant, on définit, pour A > 1 et k£ > 1, les fonctions

2 klmlloe _ AklImllootn(a)) Alklnlloo+n(a))

T R IC ) E i — (1.12)

afw,t) = T(T — 1)

Le résultat qui suit a été prouvé dans [39]. Voir aussi [33, Lemme 1.3].

Théoréme 1.4. Il existe trois constantes positives Ny, so et C' (qui ne dépendent que de 2
et w) telles que pour tout X > \g et pour tout s > so(T +T?), on a

571 // e 2% (| P+ Aq|?) dedt+s)\2 // 6_250‘£|Vq|2dxdt+83)\4// e 259€3)g| da dt
Q Q Q

< c(// =259 q, + Aq|?dudt + s7\* // e‘2sa§3|q|2dxdt> (1.13)
Q wx(0,T)

pour tout q € C*(Q) tel que ¢ =0 sur X.



1.1. PRESENTATION 13

Nous allons déduire maintenant a partir de . On commence par remarquer
que est valide pour les solutions de avec ¢! € L?(2). Ceci est une conséquence
de la densité des fonctions régulieres avec trace nulle dans ’espace des solutions de ,
a savoir, L2(0,T; HE(Q))NC°([0,T]; L?(£2)). On fixe A = g et s = so(T +T?). On obtient

en particulier
// =259 =3(T — 1) 3|2 de df < c// =250 =3(T — 1)73||? dz dt.
Q wx(0,T)
On tronque en (7'/4,37/4) I'intégrale & gauche et on utilise
_ _ _ _ 1
BT —t) 3 >e 20(1+1/T>ﬁ dans Q x (T/4,3T/4)

et
1
e BT —1)3 < e_O(Hl/T)ﬁ dans Q x (0,7

pour obtenir

// p|? da dt < CeCOF/T) // )2 dz dt. (1.14)
Ox(T/4,3T/4) wx(0,T)

Pour les solutions de 1’équation (1.10)) on a Iestimation d’énergie

1 1
| 1P < [CePde, vie 0.1
0 0

et en intégrant dans (7'/4,3T/4) on trouve

1 2
[ wpar < ] ol da .
0 Qx(T/4,3T/4)

Il suffit de combiner cette inégalité avec ((1.14)) pour obtenir I'inégalité d’observabi-
lité (L.11)).

Les inégalités de Carleman permettent d’obtenir le contrdle a zéro d’équations para-
boliques plus générales. Par exemple, pour une équation avec termes d’ordre inférieur de
la forme

yr — Ay + B(x,t) - Vy + a(z,t)y =v1, dans Q,
y=0 sur X, (1.15)
y(0) = ¢° dans Q.

Ici,a et B = (Bi)ﬁil sont N + 1 fonctions qui dépendent de x et de ¢ qui sont supposées
appartenir & L>°(Q). Dans ce cas, il faut utiliser une inégalité de Carleman appropriée
pour les solutions de I’équation de la chaleur avec un second membre dans un espace plus
faible (voir [53]). En particulier, la controlabilité & zéro de est utilisée pour traiter
quelques équations paraboliques non linéaires a travers d’un argument de point fixe. Nous
renvoyons a [29, B9, B, 87, 27] pour quelques résultats concernants la controlabilité de
I’équation de la chaleur semi-linéaire. Dans le cadre de I’équation des ondes, on cite le
travail pionnier [79] par E. Zuazua ou argument de point fixe a été introduit pour traiter
un probleme de contréle non linéaire.
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1.2 Résultats principaux et plan de la these

Dans cette section on présente les principaux résultats obtenus pendant la réalisation
de cette these. Elle est divisée en deux parties. Dans la premieére, on s’intéresse a des
résultats de contrdlabilité a zéro de quelques systémes liés a la mécanique des fluides avec
des contrdles a un nombre réduit de composantes. Notamment, dans le Chapitre [2| on
établit la controlabilité locale a zéro pour le systeme de Navier-Stokes

y—Ay+ (y-V)y+Vp=vl,, V-y=0 dansQ,
y=20 sur %,
y(0) = 4" dans €2,

oit le contrdle v € L?(w x (0,T))Y satisfait v; = 0 pour 0 < i < N quelconque et
N = 2, 3. La nouveauté principale est la perte des restrictions géométriques sur le domaine
de controle imposées dans [35].

Dans le méme esprit du probleme précédent, dans le Chapitre |3|on démontre la contro-
labilité locale aux trajectoires pour le systéme de Boussinesq

y—Ay+ (y-V)y+Vp=vl,+6feny, V-y=0 dansQ,

0, — A0+ y - VO = v, dans @,
y=0, 6=0 sur X,
y(0) =%, 6(0)=6° dans Q,

ottvg € L?(w x (0,T)) et v € L?(w x (O,T))N est tel que vy =0 et v; =0 pour 0 < i < N.
La trajectoire cible est de la forme (0, p, ), i.e.,

Vp=0en dans @,
0, — A =0 dans Q,
=0 sur X2,

0(0) = 6° dans Q.

(1.16)

Le Chapitre [4] concerne 'existence de controles insensibilisants avec des composantes
nulles pour le systeme de Boussinesq. Il est bien connu que ce probléeme est équivalent a
la controlabilité a zéro d’'un systéme en cascade ou la quantité de controles est inférieur
au nombre d’équations. Plus précisément, pour le systeme

wy — Aw + (w-V)w+ Vpy = f+vl, +rep, V-w=0 dans Q,
2= Az + (z2-VYw — (w-V)z2+qVr +Vp =wlp, V-z=0 dansQ,
re — Ar+w-Vr = fo+ vl dans @,
—q¢—Aq—w-Vg=zy+r1lp dans @,
w=z2z=0, r=q=0 sur 2,
w(0)=0, z(T)=0, r0)=0, ¢T)=0 dans Q,

on trouve des controles v € L?(w x (0,7)), avec vy = v; = 0 pour 0 < i < N et
vp € L?(w x (0,T)) tels que z(0) = 0 et q(0) = 0.

Tous ces résultats reposent sur une méthode classique : la linéarisation autour de la
trajectoire cible et la contrélabilité a zéro de ce systeme linéaire. Ensuite, on revient au
probleme non linéaire par un argument d’inversion locale. Tous les détails sont présentés
dans les paragraphes suivants.

Dans la deuxieme partie du présent manuscrit, on s’intéresse a quelques propriétés
associées a la controlabilité a zéro du systeme de Korteweg-de Vries (KdV) avec conditions
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au bord de type Colin-Ghidalia

Yt + €Yaze — My, =0 dans (0,7) x (0,1),
y‘:p:O = U(t)v yx‘le - 07 yz‘x‘|x:1 == O dans (07T)7
Ylt=0 = Yo dans (0,1),

oit M € R et € > 0. Premiérement, pour M et ¢ fixes, on montre qu’il existe v € L?(0,7)
tel que y(T') = 0 et, de plus, qu’il existe une constante positive C' telle que

0]l 220y < Cexp (Ce™ ) [l9°)| 22(0.1)-

En particulier, ce résultat améliore le cotit du controle trouvé dans [50]. En effet, dans [50]
il est démontré que le cofit est majoré par exp (Ce™1).

Ensuite, on montre que pour un temps de contréle 71" suffisamment petit, le colit du
controle & zéro explose comme exp(Cefl/ 2) quand ¢ tend vers zéro, ce qui est naturel car
I'équation de transport y.— My, = 0 dans (0,7) x (0, 1) n’est pas controlable si 7" < 1/|M|.
Ceci est I'objet du Chapitre

Dans ce qui suit, on présente chaque chapitre de ce mémoire de fagon détaillée.

1.2.1 Controélabilité locale a zéro du systeme de Navier-Stokes
N-dimensionnel avec N — 1 controles scalaires dans un domaine de
controle arbitraire

On commence par introduire deux espaces classiques présents dans le contexte de
fluides incompressibles, a savoir :

V={yecH QN : V. .y=0dans Q}

et
H={yeL*Q)Y:V.-y=0dans Q, y-n = 0 sur 90Q}.

La controlabilité de I’équation de Navier-Stokes a été introduite par J.-L. Lions dans [63]
et a été I'objet de nombreux travaux ces derniéres années. Dans le cadre de la contrélabi-
lité approchée, les premiers résultats ont été obtenus par J.-M Coron dans [I8] avec des
conditions au bord de type Navier en utilisant la célebre méthode du retour. Pour des
conditions au bord de type Dirichlet homogenes, on mentionne [28] par C. Fabre et [67]
par J.-L Lions et E. Zuazua.

On considere le systeme de Navier-Stokes avec un controle distribué :

y—ADy+(y-V)y+Vp=vly, V-y=0 dansQ,
y=0 sur ¥, (1.17)
y(0) = ¢° dans €,

pour 4° € H ou V. Le premier résultat concernant la controlabilité aux trajectoires
de (1.17) est di & O. Yu Imanuvilov [5I]. Dans cette référence, pour une solution de

?jt—Ag—i-(g]V)ﬂ—l-Vﬁ:O, V.y=0 dans @,
y=0 sur %,
7(0) = 3° dans Q,

telle que § € WH°(0, T; Wh>(Q)N N V), Pauteur montre I'existence d'un § > 0 tel que
si |ly® — 4%y <6, il existe un controle v tel que y(T') = y(T). Ce résultat a été amélioré
dans [34] par rapport a la régularité de la trajectoire y. Elle est supposée de satisfaire

ge L>®Q)N, 7eL*0,T;L°(Q)N), (1.18)
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(c0>1siN=2eto>6/5siN=3)ety’ec L?N"2(Q)N N H. La preuve repose sur une
inégalité de Carleman pour le systeme adjoint du systeme linéarisé autour de y. La partie
la plus délicate est I'estimation du terme de pression.

Un probleme intéressant est de se demander si ’on peut enlever quelques composantes
du contrdle v en gardant la méme propriété de controlabilité. Celle-ci est la problématique
principale de cette partie de ce mémoire. Le premier résultat dans cette direction est
montré dans [67] pour la controlabilité approchée du systeme de Stokes pour quelques
géométries particulieres. Dans [35], les auteurs démontrent la contrélabilité locale aux
trajectoires du type avec un controle v € L?(w x (0,7))N tel que v; = 0,0 <i < N,
sous I'’hypothese géométrique sur le domaine de controle suivante :

3% €0, Fe>0 telque B(xe)NdQCcwnaN et ni(2z) #0, (1.19)

ou n(x) dénote le vecteur normal extérieur a  au point z € 9. Comme dans [34], la
preuve est aussi fondée sur une inégalité de Carleman, ou I’i-eme composante de la variable
adjointe n’apparait pas dans le terme local (voir ci-dessous). En fait, & partir de
I'inégalité trouvée dans [34] et (1.19)), en utilisant les conditions au bord et la condition
de divergence nulle, I’i-éme composante peut étre estimée en fonction des autres. Bien
entendu, cette hypothéese restreint le choix de la composante a annuler. On s’intéresse a

enlever la condition (1.19).

Le résultat principal que ’on obtient dans cette partie est le suivant :

Théoréme 1.5. Soit i € {1,...,N}. Alors, pour tout T > 0 et w C Q, il existe 6 > 0
tel que, pour tout y° € V satisfaisant ||y°|lv < 8, on peut trouver un contréle v € L?(w x
(0, 7)Y, avec v; = 0, et une solution associée (y,p) de telle que y(T') = 0 dans €,

e., le systéme mon linéaire est localement controlable a zéro a l'aide de N — 1
controles scalaires pour un domaine de contréle arbitraire.

La preuve du Théoréme repose sur un résultat de contrdle a zéro pour le systéme
linéaire avec un terme source
—Ay+Vp=f+vl,, V-y=0 dansQ,
y=20 sur X, (1.20)
y(0) = ¢° dans Q,

et un théoreme d’inversion locale (voir Théoréeme ci-dessous).
Dans [23], la contrdlabilité & zéro de ([1.20]) est démontrée avec f = 0 et v; = 0. Pour
ce faire, les auteurs montrent une inégalité d’observabilité pour le systeme adjoint

—pp—Ap+Vr=0, V-p=0 dansQ,
=0 sur X, (1.21)
o(T) = ¢T dans Q.

Concretement, les auteurs montrent ’existence d’une constante C' > 0 telle que, pour
tout ! € H, la solution de (T.21)) safisfait ([23] inégalité (2)])

/]cp )2de < C Z //X(O ;% da dt. (1.22)

J=Lg#i
La preuve de ([1.22)) repose sur une inégalité de Carleman du type

// ol dedt < C Z // oy PoIel" et (1.23)
X

J=137#i
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ou p1(z,t) et pa(x,t) sont des poids du type ([1.12). Le point central dans la preuve de ((1.23)
est le fait que Am = 0 (car V-¢ = 0), ce qui permet d’en déduire des équations de quelques

dérivées de ¢; (j # i) qui ne dépendent pas de ¢; ni de 7.

Un autre point important est I'utilisation d’une inégalité de Carleman pour I’équation
de la chaleur avec des conditions au bord non homogenes ([32, Théoréme 1]) satisfaite
par VA, (j #1) :

*(VA(,Oj)t - A(VAQOJ) =0.

Les termes de bord sont estimés par des résultats de régularité pour le systeme de Stokes.

Cependant, une inégalité d’observabilité comme ne suffit pas pour traiter le
probléme non linéaire . On aura besoin de déduire quelques proprietés de décroissance
pour le terme (y - V)y. Pour ce faire, on démontre dans une premiere étape une inégalité
de Carleman pour le systéme adjoint non homogeéne

_SOt_ASO+V7T:g7 v(p:O daHSQ,
=0 sur X, (1.24)
p(T) = " dans (2,

ot g € L?(Q)N. Plus précisément, on montre :

Proposition 1.6. [l existe une constante \g, telle que pour tout A > Ao il eriste deux
constantes C(\) > 0 et so(\) > 0 telles que pour touti € {1,..., N}, tout g € L*(Q)N et
tout o' € H, la solution de (1.24]) satisfait

st // e 35 ()| 2dr dt < C (// e~ 35 g|2da dt
Q Q

N
+37 Z // 6_25a_38a*(g)7|(pj’2d1' dt (1'25>
. J Jwx(0,T)

J=Lj#i
pour tout s > Sg.

Les fonctions poids dans sont similaires a celles données par . En particu-
lier, la puissance de t(T' — t) est 8 au lieu de 1. Pour la définition précise, voir .

Pour montrer , on suit la méme stratégie que [23], mais il y a deux différences
importantes. La premiere concerne le fait que la pression n’est plus une fonction harmo-
nique. La deuxiéme, le fait que g n’appartienne qu'a L?(Q)" fait que 'on ne puisse pas
appliquer directement le méme nombre de dérivées a I’équation satisfaite par ¢; (j # 7).
Pour surmonter ces difficultés, on récrit pp (p = p(t) étant une fonction poids qui s’annule
en t = T) comme la somme de deux solutions de ayant pg et —p' comme second
membre, respectivement. Pour ces nouvelles variables, on utilise des résultats de régularité
pour le systéeme de Stokes et la méthode de [23], respectivement.

Une fois que a été établi, on déduit I'inégalité d’observabilité suivante avec des
poids qui ne s’annulent pas en t = 0 (voir pour la définition précise) :

//Q e (v ) el dz dt + [|9(0)F 2w

N ~
<C (// e 3587 |g|2dz dt + Z // e~ 20=3BRT s P da dt) . (1.26)
Q wx(0,T)

J=Lj#i
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On cherche des solutions de ([1.20) dans I'espace

E}V _ { (y,p,v) . 63/23ﬁ* y e L2(Q)N, €SE+3/235*377/2 vl, € LZ(Q)N, v = 0’
e3/238" () =98y € L2(0,T; H*()N) N L>(0,T; V),
e5/235* (7*)—2(% - Ay + vp _ U]lw) e LQ(Q)N }

Remarque 1.7. Remarquons que (y,p,v) € EY résout (1.20) pour un second membre tel
que /287 (v)72f € L2(Q)N avec y(T) = 0 et v; = 0. De plus (y - V)y appartient au
méme espace que f, ce qui nous permettra de résoudre le probléme non linéaire.

Plus précisément, on a :

Proposition 1.8. Soit i € {1,...,N}. On suppose que y° € V et e O il =
L2(Q)N. Alors, il existe un controle v tel que la solution associée (y,p) de (1.20]) véri-
fie (y,p,v) € EY. En particulier, v; =0 et y(T) = 0 dans Q.

La preuve suit les arguments de [51] et [34]. On considére le probléme variationnel
suivant :

a((X,0),(x,0)) = (G, (x,0)) pour tout (x,0) € Py, (1.27)
ou
((%:9). 0v0) = [[[ ¥ (<R~ AR+ 98) - (xe - Ay + Vo) dadt
N ~
+ Z // 6_2Sﬂ_355*ﬁ7 )2]' X5 dx dt,
=1 i wx(0,T)
(G, (x,0)) = //Qf : Xd$dt+/ﬂy° - x(0) da.
et

PO:{(XaU)GCQ(@)N—Hi V-x=0dans Q, x=0sur X}

Gréce a (1.26)), a(-,-) définit un produit scalaire et G une forme linéaire et continue
dans Py. On trouve donc une solution (X, &) (unique) de (1.27)) dans le complété de Py avec
la norme définie a(-,-)!/2. Finalement, on démontre que (7,7), avec un certain p, définis
comme

§:=e 30 (=%, — AY + Vo), dans Q,
b= —e BOTSEATS (j#4), Ti:=0 danswx (0,7),

satisfont (1.20) et que (7, P, ) appartient a I'espace EY;.

Maintenant, pour obtenir le résultat de controlabilité pour le systéme non linéaire ((1.17)),
on utilise le théoreme suivant :

Théoréeme 1.9. Soit By et By deux espaces de Banach et A : By — B vérifiant A €
CY(By; B2). On suppose que by € By, A(by) = by et que A'(by) : By — Ba est surjective.
Alors, il existe § > 0 tel que pour tout b’ € By satisfaisant ||b' — ba||g, < 0, il existe une
solution de ’équation

AD) =V, beB.

Pour appliquer ce théoreme dans notre contexte, on consideére ’'opérateur

Ay, p,v) = (ye — Ay + (y - V)y + Vp — vly, y(0))
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avec les espaces :
By = E}y

et
By = L2 () (0, T); LA()N) x V.

La Proposition montre que A’(0,0,0) est surjective et de plus de classe C! (voir la
Section [2.4] pour les détails). Ceci montre le Théoreme

Tous les détails sont données dans le Chapitre [2| de ce mémoire.

1.2.2 Controlabilité locale du systeme de Boussinesq /N-dimensionnel
avec N — 1 controdles scalaires dans un domaine de controle arbi-
traire

Dans ce paragraphe on considere le systéme de Boussinesq suivant :

y—Ay+ (y-V)y+Vp=vl,+0ey, V-y=0 dansQ,

0 — A +y - VO = vl dans @,
y=0, 6=0 sur X, (1.28)
y(0) =%, 6(0) =6° dans Q,

o0y siN=2
N7 (0,0,1) siN =3,

représente la force gravitationnelle, y = y(z,t) le champ de vitesse du fluide, 6 = 6(z,t)
sa température et, vy et v = (v1,...,vyN) les contréles distribués dans w C €.
Les premiers résultats de contrélabilité aux trajectoires du type

U— A+ (7-V)y+Vp=~0eny, V-7=0 dansQ,

G_t—Aétgj‘Vézo dans @,
y=0, 6=0 B sur X,
y(0)=9°, 0(0)=6° dans Q,

ont été obtenus dans [40] et [38], avec des controles qui agissent sur toute la frontiere de 2
et avec des controles distribués quand 2 est le tore, respectivement. Puis, dans [44] la
controlabilité locale aux trajectoires qui vérifient est démontrée.

Dans le méme esprit que dans le paragraphe précédent pour le systéeme de Navier-
Stokes, on s’intéresse a 1’obtention de contrdles ayant des composantes nulles sans restric-
tions géométriques sur le domaine de controle. Le premier résultat dans cette direction est
montré dans [35] sous I'hypothese avec uyy =0 et v; =0 (0 < i < N). Dans [36] un
systéme de Boussinesq couplé avec une équation parabolique (qui est interprétée comme
une concentration saline, par exemple) est considéré. En rajoutant un contrdle dans la
nouvelle équation, les auteurs obtiennent des contrdles v avec vy = v;, =0 (0 < ip < N)
sans restriction géométrique sur w. Lorsque N = 3, il est possible de prendre v = 0 si
est satisfait pour ¢ # g, 3.

Dans ce paragraphe, nous considérons des trajectoires de la forme (0, p, 9_), ie.,

Vp = 916]\[ dans @,
6y — A0 =0 dans @,
6=0 sur X,

9(0) = 6° dans Q,

(1.29)
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telles que - -
6 € L0, T; W®(Q)) et V; € L=(Q)". (1.30)

Le résultat principal de cette partie est :

Théoréme 1.10. Soit 0 < i < N un entier et (p,0) une solution de satis-
faisant . Alors, pour tout T > 0 et w C €, il existe § > 0 tel que pour tout
(y°,6°) € V x HY(Q) vérifiant ||(y°,0°) — (0, éO)HVXHé(Q) < 0, on peut trouver des controles
vg € L*(w x (0,T)) et v € L*(w x (0,T))N, avec v; = 0 et vy = 0, tels que la solution
associée (y,p,0) de (1.28) satisfait y(T) =0 et O(T) = O(T) dans .

La preuve du Théoreme est similaire a celle de Navier-Stokes adaptée a ((1.28]).

On linéarise autour de (0, p, ) avec des termes source

y—Ay+Vp=f+ovl,+0ey, V-y=0 dansQ,

0, — A0+ 1y - VO = fo+ vl dans @,
y=0, =0 sur 2, (1.31)
y(0) = Y, 6(0) = 6° dans .

Pour ce systeme, on cherche a démontrer la contrélabilité a zéro. La preuve repose sur une
inégalité de Carleman pour le systéme adjoint

—or—ANp+Vr=g—19V0, V-p=0 dansQ,

—r — A = go + pN dans @,
p=0, v=0 sur X, (1.32)
o(T) =T, (T)=yT dans €,

ot g € L2(Q)N, g0 € L*(Q), pT € H et 9T € L?(Q2). On obtient :

Proposition 1.11. Soit N =2 ou 3, w C Q et 0 satisfaisant . 11 existe une constante
Ao > 0, telle que pour tout X > Ao il existe deux constantes C(X\) > 0 et so(A) > 0 telles
que pour tout j € {1,...,N — 1}, tout g € L*(Q)", tout go € L*(Q), tout o € H et tout
YT € L2(Q), la solution de vérifie

84 // 6_5sa*(§*)4|g0|2d$dt+85 // 6_5sa*(§*)5|¢’2dIdt
Q Q
sc( J] e gl + oo de 4+ (V=25 [ e @ g ar
Q wx(0,7)

st ] e4sasa*<€>49/4|w|2dxdt>, (1.33)
wx(0,T)

pour tout s > sg.

Les poids sont les mémes que dans la Proposition [I.6] La preuve suit la méme stra-
tégie que pour montrer dans la Proposition (la méthode de [23]). On explique
les principales différences. Dans une premiere partie, I’idée est d’utiliser une inégalité de
Carleman pour I’équation de Stokes avec des termes locaux qui ne concernent que N — 1
composantes de ¢. Ensuite, I'idée est de combiner ceci avec une inégalité de Carleman pour
I’équation de la chaleur (voir ([1.13])) pour %, bien entendu avec un bon choix des poids.
Néanmoins, si 'on regarde le terme —1)V@ (qui appartient & L?(Q)") comme un second
membre, on ne pourra pas utiliser directement le résultat de la Proposition [I.6] car le poids
qui multiplie le second membre est trop grand par rapport & celui de ¢. Pour éviter ceci,
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on fait la décomposition décrite ci-dessus (Paragraphe [1.2.1]) et on met le terme —py)Vé
dans I’équation de la solution la plus réguliere (voir (3.22)-(3.23)-(3.24))). En faisant cela,
on aura une inégalité comme

J] oo s o aat < [ oo ol +laof?)

O [ o3 (V=D ol + o) dwar, (134

avec w' C w.
La deuxieme partie consiste a éliminer le terme local en ppn. On utilise simplement
I’équation de v :
N = = — Ay — go,

et des intégrations par parties pour estimer ¢y par le terme de gauche de ((1.34)).

Remarque 1.12. Dans [30], il a été remarqué (Section 6.4 dans cette référence) que
la méthode pour ’équation de Stokes présentée dans [23] peut servir pour montrer une
inégalité du type . Cependant, les auteurs ne précisent pas la régularité nécessaire
pour les seconds membres dans . Sans faire la décomposition précédente, il ne semble
pas possible de conserver g et go dans L*(Q).

On passe a la controlabilité & zéro de (I.31)). A partir de (T.33) on peut déduire une
inégalité d’observabilité similaire a (1.26]) :

e o el [ e PPzt + 1p0) sy + 19Oy

<C (// e 387 (|g)* + |go|?)dxz dt + (N — 2) // e 2P=3B° 3T o P da dt
Q wx(0,T)
+ // o~ 45B=0"549/4) 121 dt) . (1.35)
wx(0,T)
On définit I'espace

Bl = {(,p,v,0,00) 1 /25"y € L2(Q)N, eP3/258° 5= T/2 1, € L2(Q)V, v = vy =0,
328" 9 € [2(Q), 625,/6\+1/23B*ﬁ749/8 wl., € L2(Q),
e3/2387 (y*)=9/8y € L2(0, T; H*(Q)N) N L>=(0,T; V),
328" (4¥)=9/80 € L2(0,T; H2(Q)) N L>®(0,T; HL(Q)),
%258 ()2 (yy — Ay + Vp — fey — vly) € L2(Q)V,
e5/258" () =5/2(9, — AG +y - VA — voly,) € L2(Q) }.

Notons que la Remarque est pertinente aussi dans ce cadre. La contrélabilité du
systeme linéarisé est donnée par la proposition suivante :

Proposition 1.13. Soit N =2 ou 3, eti € {1,...,N — 1}. On suppose que (p,0) satis-
it [C-(EFD, 1 € V. 6o € HO), 25" (77) 2 € QP e 525 () 2Py
(Q) Alors, on peut trouver des contréles v et vy tels que la solution associée (y,p,0)

de (1.31)) vérifie (y,p,v,0,v0) € EY. En particulier, v; = vy =0, y(T) = 0 et 0(T) = 0
dans €.
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La preuve est totalement analogue a celle de la Proposition avec les éléments
suivants :

a((X,0,R), (x,0,k)) = (G, (x,0,k)) pour tout (y,o) € Py, (1.36)

avec
a((X,0,%), (x, 0, k) :// e 3 (=X — AR+ VG +RVO) - (—xi — Ax+Vo+kV0) dz dt
Q
- // e 38" (—Ry — AR — Xn) (=Kt — Ak — xn) dzdt
Q

b0y [ eI g et [[ e Rzt
0,7 0,7

(G, (x,0,K)) //f dedt—i—// foﬁdxdt—i—/y ~x(0 dx+/90

et

Py={(x,0,6) € C*(QNT?:V.-x=0dans Q, x=0sury, x=0surX}.

Iei, j € {1,...,N — 1} \ {i}. On résout le probléme variationnel grice a
et on montre que (¥, 7, 0,7), avec une certaine pression p, définis comme
7 =e 3 (—xy — AX + VG + RVH), dans Q,
v = —(N — 2) *283*385%7 Nj, 0;:=0, oy:=0 dansw x (0,T),
f:= e 35 (—Ry — AR — ), dans Q,
Vg = e_4sﬂ_ 5*719/4 R, dans w x (0,7,

est une solution de (T.31) telle que (7, p,7,0,70) € EY.

Finalement, on revient au systéme non linéaire (1.28]) en utilisant le Théoréme
adapté a ce cadre, a savoir (voir Section [3.4))

B, = EY,,

By = LA/ () 2(0,T); LA(Q)N) x V x L2 (37)5/2(0, T); L) x HY(9)
et I'opérateur
A(g7ﬁ7v7 57 UO) = (gt - Ag+ (g V)g‘i‘ Vﬁ— g@N - 'U]].w, g(0)7
i — A +7-VO+7-V0—wyly, 6(0)),

ou

En montrant que cet opérateur est de classe C' et que A’ (0,0,0,0,0) est surjective
grace a la Proposition [I.13] on conclut le résultat.

Cette partie fait I'objet du Chapitre
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1.2.3 Controles insensibilisants pour le systéme de Boussinesq avec deux
composantes nulles

On s’intéresse maintenant a I'existence de contrdles insensibilisants pour le systéme
de Boussinesq. Pour introduire ce probléme, on considére le systéme suivant avec donnée
initiale incompléte :

yy—Ay+(y-Vy+Vp=f+ovl,+0ey, V-y=0 dansQ,

0 — A0+ y - VO = fo+ vol,, dans @,
y=0, 6=0 sur X, (1.37)
y(0) = y° + 750, 6(0) = 6°+ 76y dans Q,

ott v = (v1,...,vN) et vy sont les contrdles, f € L?(Q)N et fo € L?(Q) sont deux forces

externes et les conditions initiales (y(0),0(0)) sont partiellement inconnues dans le sens
suivant :

—y’ € H et §° € L*(Q) sont connus,

— Yo € H et b € L?(2) sont inconnus avec ||§OHL2(Q)N = H§0HL2(Q) =1, et

— 7 est un nombre réel petit inconnu.

On observe la solution de a travers d’une certaine fonctionnelle J-(y, #), appelée
la sentinelle. Dans notre cas, on considere

1
Ty 0= [ (I 10) et (1.38)
2 JJox(0,1)

ou O C Q est appelé l'observatoire. On cherche des controles (v, vg) qui insensibilisent J-
par rapport a I'incertitude de la condition initiale, i.e.,

WD —0 (g, Bo) € PHEON tels que ol oy = [Bolagy = 1 (139

Ce type de probléme a été proposé par J.-L. Lions dans [65]. Les premiers résultats
concernent ’équation de la chaleur. Dans [5], O. Bodart et C. Fabre démontrent I’existence
de controdles e-insensibilisants (i.e., |0;J-(y)|r=o| < € au lieu de (|1.39))) pour une équation
de la chaleur semi-linéaire. Puis, pour la méme équation, est montré dans [25] par
L. de Teresa. Pour un autre type de sentinelle, par exemple, le gradient de la solution, on
cite le travail de S. Guerrero [46].

Pour le systéme de Stokes, on mentionne [70] pour des résultats de e-insensibilisation
et [45] par S. Guerrero pour l'existence de contrdles insensibilisants. Puis, M. Gueye
dans [49] a traité le cas du systeme de Navier-Stokes. Récemment, dans [9] 'existence
de controles insensibilisants ayant une composante nulle a été établi.

Dans ce paragraphe on cherche a montrer ’existence de controles insensibilisants (vg, v)
ayant deux composantes nulles, a savoir, v;, = 0 pour 0 < ig < N et vy =0,

Il est bien connu que la condition pour une sentinelle comme est équiva-
lente a la contrélabilité a zéro d’un systeme d’équations en cascade. Plus précisément, on
a le résultat suivant qui est essentiellement démontré dans [64] et [5].

Proposition 1.14. Le probléme d’insensibilisation (1.38])-(1.39) pour (1.37) est équivalent
au probléme de controle a zéro swivant : il existe des controles (v,vy) tels que la solu-
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tion (w, z,7,q) de

wy — Aw + (w-V)w+ Vpy = f+vl, +ren, V-w=0 dansQ,
2= Az + (z-VYw—(w-V)z+qVr+Vp =wlp, V-z2=0 dansQ,
re — Ar+w-Vr = fo+ vl dans Q,
—q¢—Aq—w-Vg=zy+rle dans Q,
w=z=0, r=qg=0 sur X3,
w(0) =¢° 2(T)=0, r(0)=6° ¢(T)=0 dans €,
(1.40)

vérifie z(0) =0 et ¢(0) =0 dans 2, ot on a utilisé la notation
N
((Z,Vt)’w)i :sz(‘)iwj 1= 1,...,N.
j=1

Démonstration. On développe les idées de la preuve. On commence par remarquer que
pour tout 7o € L2(Q)Y et tout §y € L?(2) on a

9J-(y,0) //
— = w-y +rd")dxdt, 1.41
ot ;=0 Ox(0,T) (w-y ) (1.41)
0
OU W 1= Yjr—q, T := O;—g, Y7 = %y et 07 .= 0 . En fait, (y7,07) est la solution de

AT |r=0 © 0T |r=0

yi =AY+ (" -Vw+ (w-V)y" +Vp" =0"ey, V-y =0 dansQ,

0] — A" + (y" - V)r + (w-V)§™ =0 dans Q,
y’=0, 07=0 sur X,
y"(0) =70, 07(0) = 6o dans €.
En utilisant ([1.40)-(1.41]), on trouve
0J-(y,0)

22| = [ 05+ ) do.

pour tout (5°,6y) € L2(Q)N ! tels que 1Yol L2y~ = ”§OHL2(Q)N = 1, d’out la conclusion.
O

Remarque 1.15. Bien entendu, la Proposition s’applique au cas de controles e-
insensibilisants, la preuve étant la méme.

Grace a la Proposition on se concentre dans ce qui suit sur la contrélabilité a zéro
du systeme . Remarquons que le contrdle n’agit pas directement sur z et ¢, mais via
le couplage avec w et r dans I'observatoire O.

Dans [25], L. de Teresa a montré dans le cadre de I’équation de la chaleur qu’il existe des
conditions initiales non triviales telles que la fonctionnelle J; ne peut pas satisfaire
si Q\ @ # (. Le fait que le systeme combine des équations directes et des équations
rétrogrades nous forcera a fixer 3 = 0 et 8° = 0.

En outre, on suppose aussi que wN O # (). Cette hypothese est vitale pour ’obtention
de l'inégalité d’observabilité (voir I’ébauche de la preuve de plus bas). On fait
référence a [54] et [69] pour quelques résultats d’existence des controles e-insensibilisants
lorsque w N O = (), et & [1, 2] par F. Alabau-Boussouira pour des résultats d’existence des
controles insensibilisants sous la condition de controle géométrique [4].

Le résultat principal de cette partie est :
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Théoréme 1.16. Soit 0 < ig < N et m > 10 un nombre réel. On suppose que wNO # (),
Y =0 et 00 =0. Alors, il existe § > 0 et C > 0, qui ne dépendent que de w, 2, O et T,
tels que pour tout f € L*(Q)N et tout fo € L*(Q) satisfaisant ||eC/*" (f, fo)lle2gyver <
§, il existe des controles (v,v9) € L2(Q)N*! avec vy, = vy = 0 tels que la solution

associée (w,po, z,p1,7,q) de (1.40) vérifie z(0) = 0 et ¢(0) = 0 dans Q.

Remarque 1.17. On pourrait considérer une sentinelle plus générale dans le Théo-

réme par exemple,

1 1
J-(y,0) = 7// ly|? do dt + 7// |02 de dt,
2 JJoyx(0,1) 2 JJo,x(0,T)

avec 01,0y C Q, et ensembles de controle wy (pour v) et we (pour vg) tels que wi NO1 #
et wo N Oy # (. Cependant, ceci ne nous permet pas d’obtenir vy = 0, sauf si O1 N O N
w1 Nwy # 0. Donc, on suppose dans la suite O1 = Oy et w; = wo. On remercie L. de
Teresa pour cette remarque.

La preuve suit les mémes idées que dans les paragraphes précédents. On montre d’abord
la controélabilité a zéro du systéme linéaire :

—Aw+Vpy=fY+ovl,+rey, V-w=0 dans Q,
-zt — Az 4+ Vp = 7+ wlo, V-z=0 dans Q,
—Ar=f"+yl, dans Q, (1.42)
—q¢—Aq=fl42zy +rlp dans Q, '
w=z=0, r=q=0 sur %,
w(0)=0, 2(T)=0, r0)=0, ¢q(T)=0 dans Q,

ou f%¥, f?, f" et f? décroissent exponentiellement en ¢ = 0. Ce résultat sera obtenu grace
a une inégalité de Carleman appropriée pour les solutions du systéme adjoint :

—pt —Ap+Vrmy, =g +91p, V-p=0 dans Q,
Y — AP+ Vry=g¥ +oeny, V=0 dans Q,
_¢t - A¢ = gd) +pn+o ]1(9 dans Q7 (1 43)
— Ao =¢° dans Q, '
p=9=0, ¢=0=0 sur 3,
o(T) =0, ¥(0)=v" ¢(T)=0, o(0)=0" dansQ.

Celle-ci est de la forme (voir Proposition [4.15))

S @) (16 + 108+ 168 + 1o?) awat < © (0167, 6" 0% 07

+C [[ O =2l + W) drdt, (1.4

ou pg(t) sont des fonctions poids de type exponentiel comme dans ((1.33)), jo € {1,...,N —
1} \ {ip} et X est un espace de Banach approprié.
La premiere étape de la preuve de (1.44]) consiste & montrer une inégalité comme

2

J] (198 + ) @zt < €2 (57, %, )|

w0 [[ (V= Dleal + len?) ded, (145)
on(O,T)

X
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avec wp € w N O. Cette inégalité est essentiellement montrée dans [9] en combinant une
inégalité de Carleman pour ¢ ayant comme termes locaux Aj, et Ay (Lemme avec
la Proposition pour ¢ (avec i = jo). Puis, pour estimer les termes locaux de 1, et ¥n
on utilise la formule

Ay = —(Apj)t — A(Apj) +0;V - g¥ — Agf  dans o' x (0,T), j = jo, N

a condition que w’ € wy et on obtient (1.45]).
Ensuite, on utilise I’équation satisfaite par ¢

pNn = —d — D¢ — g% —olo,
ce qui nous permet d’éliminer . On obtient,

2
X

+(N—2)C// p3|<pj0|2dxdt—|—C// pa|o?dzdt. (1.46)
wo x(0,T7) wx (0,T)

J[ (198 + 1P +16P) azat < €2 (57", 6,0

Quelques calculs élémentaires nous permettent de trouver la relation entre o et ¢
suivante

(0f + (N —2)93)0 = (0 + A) (A} — A*)p — (AgR) + A%g% + NV - gf

(1.47)
—A(ONV - g%) — Agh + 0NV - g¥ + (A0 — A%)g? + Agl + A%

On fait remarquer que cette identité a lieu dans w N O et qu’elle ne fait pas intervenir les
termes de pression ni py.

L’étape suivante consiste a appliquer une inégalité de Carleman a 1’équation de la
chaleur satisfaite par

Do = (87 + (N — 2)d3)o. (1.48)

Celle-ci nous donne un terme local a droite en Do. En tenant compte du fait que [|Do|| 12 (q)
définit une norme, cette inégalité nous donne aussi un terme global en ¢ a gauche.
En combinant ceci avec ([1.46)), on a

2
X

sve2e [ plePavatec [ piloP dwar
wo % (0,T7) wx(0,T)

+0// 05 (82 + (N — 2)02)0 2 da i,
UJ1><(07T)

S or (16 + 10 + 16 + lo?) dzat < € [lp2 57, 6%, %, 7, )|

ou w1 € wNO est un ouvert.

On élimine les termes locaux et globaux de o a droite de cette inégalité avec (|1.47))
et les termes de gauche de o, respectivement, et on obtient . Bien entendu, il faut
bien choisir les poids pour les différentes inégalités de Carleman. Concretement, dans ce
paragraphe on utilise les poids considérés dans les deux paragraphes précédents mais avec
t™(T — )™ au lieu de t3(T — t)® au dénominateur, ott m > 10.
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Pour traiter le systéme linéaire, on définit ’espace

Ef\(} = {(w, po, z,p1,7,q,v,00) : 613/4Sﬁ*(’0,1}0)]lw € LQ(Q)N, vip =un =0

e!8/4s8 ()71t my € L2(0, T H*()N) n H'(0,T; L2 ()),

!B (1) =6=6/my e L2(0, T HA(Q)N) 0 HY (0, T; LA(Q)N),  2(T) =0,
el ()1 my e L2(0, T HA () N H'(0,T; L*(92)),

e!3/4B” () T8 my e [2(0,T; H*(Q)) N HY(0,T; L*(Q)), (T) =0,

¢25/458° Aw+ Vpy—vly, —ren, —z—Az+Vp —wlo) € LA(Q)?,

(w
P/ (ry — Ar — gLy, —q — Aq— 2y —rlo) € L2(Q)?}.
La controlabilité a zéro de ((1.42) est donnée par la Proposition suivante :

Proposition 1.18. Soit iy € {1,...,N — 1}. On suppose que
IO (e f7 1 1Y) € L@V, (1.49)

Alors, il existe des controles (v,vy) € L2(Q)N*! tels que la solution associée (w,po, 2, 1,7, q)
de (1.42)) est telle que (w,po, z,p1,7,q,v,v0) appartient & EY. En particulier, v;y = vy =0
et (2(0),¢(0)) = (0,0) dans Q.

La preuve de la Proposition [1.18|suit le méme schéma que dans les paragraphes précé-
dents a partir de . Cependant, la régularité supplémentaire demandée aux seconds
membres de nous oblige & adopter une stratégie différente. Les détails sont présentés
dans la Section [£.4] Chapitre [4]

Concernant le probleme non linéaire, a ’aide de la Proposition [1.18 on montre le
Théoréme [I.16] en appliquant le Théoréme [I.9] avec opérateur
A(va()) zZ,p1,7,4, quﬂ) = (U)t - A’UJ + (’UJ : v)w + vpo - U]lw —TEN,
—z—Az+ (z2-VHw — (w-V)z+¢Vr + Vp; —wlp,
—Ar+w-Vr—ul,, —q¢—-—A¢—w-Vg—zy—11p)
et les espaces ‘
B, = EY,
By = L2<625/4sﬁ* (07 T), L2(Q)2N+2).
Cette partie est présentée dans le Chapitre [4]

1.2.4 Sur la contrdlabilité de I’équation de KdV avec conditions au bord
de type Colin-Ghidaglia dans la limite de dispersion évanescente

L’équation de Korteweg-de Vries (KdV)
Yt T Yzzz T+ YYz = 07 S R7 t> 0, (1.50)

a été introduite par D. J. Korteweg et G. de Vries dans [56]. Elle modélise la propagation
d’une vague de petite amplitude se propageant a droite dans un canal uniforme peu pro-
fond, y = y(t,x) étant amplitude de I'eau au point z au temps t. On fait référence au
livre de Whitham [78] pour comprendre sa déduction et I'interprétation d’un point de vue
physique.
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Dans cette partie on s’intéresse aux propriétés de controle de la version linéaire de ((1.50)),
posée sur un intervalle fini, suivante :

yt + nyxq: - Myx - 0 danS (0, T) X (O’ 1),
Yz=0 =Y Yz|z=1 = 0, Yaoa|z=1 = 0 dans (O,T), (151)
Yit=0 = Yo dans (0,1).

Ici, € > 0 est le coefficient de dispersion, M € R le coeflicient de transport, yg la
condition initiale et v = v(t) le controle.

Les conditions au bord de ce type ont été proposés par T. Colin et J.-M. Ghidaglia
dans [14, [15] pour modéliser la propagation unidirectionnelle d’ondes ot 'extrémité x = 0
est un générateur d’ondes et 'extrémité x = 1 est libre.

La plupart des résultats de controle pour I’équation de KdV posée sur un intervalle
fini ont été obtenus pour les conditions au bord

Yo=0 = U1, Ya=1 = U2, Yz|g=1 = u3 dans (0,7). (1.52)

Quelques travaux classiques sont ceux de L. Rosier [72), [73]. On mentionne aussi [21] par
J.-M. Coron et E. Crépeau, [10] par E. Cerpa et [I2] par E. Cerpa et E. Crépeau. Dans
ces travaux, les auteurs traitent le probleme des longueurs critiques. Ces résultats ont été
résumés dans le survey [I1] réalisé par E. Cerpa. Pour une révision compléte des résultats
de controle pour 1’équation de KdV on fait référence a [74] par L. Rosier et B.-Y. Zhang.

En ce qui concerne , le premier résultat de contrélabilité est di a J.-P. Guille-
ron [50], ou la contrdlabilité & zero est établie (avec € = 1 et M = —1). Puis, E. Cerpa,
I. Rivas et B.-Y. Zhang dans [I3] considérent des controles dans toutes les conditions au
bord, a savoir,

y|1’:0 = U1, yz|x=1 = V2, y21|x:1 = U3 dans (07 T)? (153)

et montrent des résultats de controlabilité exacte pour I’équation non linéaire avec toutes
les combinaisons possibles de (v, va,v3) sauf (v1,0,0).

Dans un premier temps, on améliore le résultat obtenu dans [50] par rapport au cotit
du contréle. D’apres le résultat principal de [50], on peut démontrer que pour tout yop €
L?(0,1), il existe un contrdle v € L2(0,T) tel que la solution y de (1.51) satisfait Y=1 =0
et

vl 20,y < CeXp(Cfffl)”Z/OHB(og), (1.54)
ou € > 0 et M sont fixes.

Dans cette partie, on établit

Théoréeme 1.19. Soit T > 0, M € R et € > 0 trois nombres réels fixes. Alors, pour
tout yo € L2(0,1), il existe un controle v € L?(0,T) tel que la solution associée de (1.51)
satisfait y—r = 0. De plus,

loll 2y < Coexp (Ce™2T~2 4 MY2e™12 4 MT)) [lyoll 2(0.1)» (1.55)
st M >0, et
[ 20,7y < Coexp (C(Efl/QTfl/Q + \M|1/2571/2)) yollz2(0,1)5 (1.56)

si M < 0, ou C > 0 est une constante indépendante de T, M et e, et Cy > 0 dépend
polynomialement de e=1, T~ et |M|~1.



1.2. RESULTATS PRINCIPAUX ET PLAN DE LA THESE 29

La preuve repose sur une inégalité d’observabilité pour I’équation adjointe de (|1.51])
(la méthode HUM, Paragraphe |1.1.1]), a savoir :

||90|t:0||L2(0,1) < Cobs”%x\x:oHL?(o,T)a

ou ¢ es la solution de

— 0t — EQrae + M, =0 dans (0,7) x (0,1),
Pla=0 =0,  ¥zj3=0 =0, (EPuz — Mp)jp—1 =0 dans (0,7), (1.57)
Plt=T = PT dans (0,1),

avec o7 € L%(0,1). L’outil principal pour démontrer cette inégalité d’observabilité est une
inégalité de Carleman. On considere la fonction

—22 44 +1

a(t,z) = W7

(1.58)

ou m > 1/2. L’inégalité de Carleman est établie dans la proposition suivante.

Proposition 1.20. Soite, T > 0, M € R\{0} et m = 1/2. Il existe une constante positive
C indépendante de T, € et M telle que, pour toute solution ¢ de (1.57)), on a

S| e (Salmaliol? + "0 coliel? 4 s0moleal?) e
T
< Cpexp (C|M|1/25—:_1/2)s5/ 6_2504\z:0ai5x:0‘80$x|m:0|2 dt, (1.59)
0

pour tout s > C(T +e~V2TY2 4 |M|/2e=1/2T), ou Cy dépend polynomialement de |M|~!
et et

Dans [50], une inégalité similaire a est démontrée avec m = 1 (Proposition 3
dans cette référence). La difficulté principale est due a la condition au bord en z = 1
de ([1.57)). Ceci fait nécessaire de prendre m = 1 pour estimer les termes de bord en z = 1.

Ici, on réussit & prendre la puissance optimale m = 1/2 comme dans [42, [43], le point
clé étant le changement de variable ¢ := ey, — M. Cette nouvelle fonction satisfait
I’équation de KAV et les conditions au bord ¢z|,—¢ = Paz|p—0 = Pz=1 = 0. Le prix
& payer lorsque P'on utilise cette variable est un facteur exp (C|M |1/ 2.1/ 2) quand on récu-
pere la variable originale ¢, mais ceci ne change pas ’ordre de la constante d’observabilité
par rapport a ¢ .

Pour introduire et motiver le deuxieme résultat de cette partie, on considere 1’équation
de transport

Yyt — My, =0 dans (0,7) x (0,1). (1.60)

Il est bien connu que ([1.60) est controlable si et seulement si T > 1/|M]| (voir, par
exemple, [20, Theorem 2.6, page 29]), avec un controle yj,—y = v1 si M < 0 et avec un
controle y,—; = ve si M > 0. De plus, le cotlit de controler & zéro est nul. En effet, on peut
mener la solution de a zéro sil’'on prend v1 =0si M < 0, et voa =0si M > 0. Donc,
il est naturel de s’attendre a ce que le colit décroisse vers zéro lorsque ¢ — 0si T' > 1/| M|,
ou au moins pour 7" suffisamment grand. Par contre, si T' < 1/|M|, on espére que le cofit
explose quand £ — 0.

Ce probleme a été traité dans [42] pour les conditions au bord et dans [43]
avec ug = usz = 0. On fait référence a [22] et [47] pour le cas de viscosité évanescente
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en une et plusieurs dimensions d’espace, respectivement. On mentionne aussi [41] par O.
Glass et [68] par P. Lissy pour quelques résultats liés au temps minimal pour obtenir la
décroissance exponentielle du cofit du contréle pour I’équation de transport-diffusion.

En ce qui concerne le résultat de décroissance du cotit du controéle, une stratégie possible
consiste a combiner une inégalité de Carleman avec une dissipation exponentielle du type

l@e=t, 1 2(0,1) < exp (—CTs_l/Q)||90\t:t2“L2(0,1)7 0<t1 <ta <T, ta—t1 >1/|M]|, (1.61)

pour les solutions de , de telle sorte que pour 7' suffisamment grand cette dissipa-
tion compense la constante de . Remarquons que pour faire une telle comparaison, le
choix d’une puissance optimale dans (m = 1/2 dans ce cas) devient essentiel quand
est petit. En outre, il a été remarqué dans [42] et [43] qu’'une dissipation comme est
possible seulement si M > 0 di a leffet asymétrique du terme de dispersion. Malheureu-
sement, la condition au bord sur x = 1 pose de gros problémes pour obtenir . En
fait, il semble aussi difficile d’obtenir une dissipation standard comme

@)1=t 122(0,1) < N1Pje=t2 | 220,1)- (1.62)
Néanmoins, on peut obtenir le résultat désiré quand T est petit par rapport a 1/|M]|.

Théoréme 1.21. Soit M # 0. Alors, il existe Ty < 1/|M| tel que pour tout T € (0,Tp)
il existe des constantes C' > 0 (indépendante de ), g > 0 et des conditions initiales
yo € L?(0,1) telles que, si v € L%*(0,T) est un contréle tel que la solution y de (1.51))
satisfait y,—rp = 0, alors, pour tout ¢ € (0, o),

C
Iollzzor 2 exp (=75 ) lol 2

De plus, si M < 0, on peut choisir Ty = 1/|M].

La preuve suit le schéma de [43, Theorem 1.4]. On montre

- C -
HSOm|:c:0HL2(0,T) < Cexp {— 51/2171/2} H‘PTHL2(0,1) (1.63)

et

|Pye=oll 20,1y = ¢ > 0, (1.64)
pour @ une solution particuliere de ([1.57)). Pour le cas M < 0, la preuve est identique a
celle de [43] et (1.63])-(|1.64]) sont démontrés indépendamment. Par contre, quand M > 0,

le manque d’une inégalité comme ([1.62)) nous force a prendre T suffisamment petit par
rapport a M (mais indépendant de €) pour obtenir (|1.63). Puis, on obtient (1.64)) comme

conséquence de ([1.63)) si e € (0,¢0).

Les détails de cette partie sont présentés dans le Chapitre [f

1.3 Commentaires

On finit ce chapitre introducteur en faisant une breve présentation de quelques travaux
complémentaires concernant le contrdle insensibilisant des systemes de Navier-Stokes et
de Boussinesq, ainsi que quelques perspectives et problemes qui demeurent ouverts.
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1.3.1 Travaux complémentaires

Dans ce paragraphe, on présente le travail [9] ainsi qu'un travail en cours concernant
I’existence de controles insensibilisants pour le systéme de Boussinesq.

Controles insensibilisants pour le systéme de Navier-Stokes ayant une compo-
sante nulle

Dans cette partie, on présente les résultats principaux obtenus dans [9] fait en collabo-
ration avec M. Gueye. Dans ce travail, on montre I’existence de contréles insensibilisants
ayant une composante nulle pour le systéeme de Navier-Stokes :

y—Ay+(y-Vy+Vp=f+vl,, V-y=0 dansQ,
y=0 sur X, (1.65)
y(0) = YO +7y° dans Q.

On garde la notation utilisée dans le Paragraphe ci-dessus pour le systeme de Bous-
sinesq. La sentinelle est donnée par :

1
T (y) = f// ly[2 da dt, (1.66)
2 JJox ()

et la condition d’insensibilisation par :

dJ-(y)
or 7=0

=0 vy’ e L2(@Y telque [ gy =1 (1.67)

En adaptant la Proposition |1.14{& (1.65])-(1.67]), on sait que ce probléme est équivalent
a la controélabilité a zéro du systéeme en cascade suivant :

wy — Aw + (w - V)w + Vpg = f + vl V-w=0 dans Q,

—zt—Az+ (- Vw— (w-V)z+Vp =wlp, V-z=0 dansQ, (1.68)
w=z=0 sur %, '
w(0) =14 2(T)=0 dans Q.

On énonce maintenant ce résultat de controlabilité ([9, Theorem 1.1]) :

Théoréme 1.22. Soitig € {1,...,N} et m > 10 un nombre réel. On suppose w N O # ()
et y° = 0. Alors, il existe des constantes § > 0 et C > 0, qui ne dépendent que de w,
Q, O et T, telles que pour tout f € L*(Q)N satisfaisant ||€C/tmeL2(Q)N < 90, il existe
un controle v € L?(Q)N avec vy, = 0 tel que la solution associée (w,pg,z,p1) de (1.68)
vérifie z(0) = 0 dans 2.

Notons que les mémes remarques faites dans le Paragraphe sur la condition initiale
et les ensembles de controle et d’observation sont pertinentes dans ce cas.
La preuve du Théoreme [1.22| repose sur la contrélabilité a zéro du systeéme linéarisé :

wy — Aw+ Vpy = f¥ +vl,, V-w=0 dans Q,
-2z —Az+Vpr = fF+wlp, V-z=0 dansQ,
w=2z2=0 sur X,

w(0)=0, z(T)=0 dans Q,

(1.69)
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ou f¥ et f? décroissent exponentiellement en ¢ = 0. Ce résultat est obtenu grace a une
inégalité de Carleman appropriée pour le systéme adjoint

—pt — Ap + Vr, = g¥ + 1o, V =0 dans Q,
_ — ¥ —
Yy — A + Vmy, = g¥, V¢ =0 dansQ, (1.70)
po=1=0 sur X,
p(T) =0, (0) =" dans ©

Cette inégalité de Carleman est donnée par la proposition suivante ([9, Proposition 3.1]) :

Proposition 1.23. On suppose w N O # (. Alors, il existe une constante \g, telle que
pour tout X > Ao il existe une constante C > 0 qui ne dépend que de A, Q, w et £ telle
que pour tout ig € {1,..., N}, tout g¥ € L*(Q)V, tout g¥ € L*(0,T;V) et tout ¢° € H,
la solution (p,v) de satisfait

4// T (€Yl da dt + 7 // oo (€5 du dt
( // e €9lg"’l2dxdt+// g+ |VgU ) dadt

st Z // on® 33“3a*§13|¢j|2dxdt), (1.71)

J=L,j#i0
pour tout s > C.

Une idée classique pour montrer est de combiner une inégalité de Carleman
pour ¢ et ¢ du type (avec ig au lieu de i), puis d’utiliser le couplage de 1’équation
satisfaite par ¢ pour éliminer les termes locaux de v; (j # ip). Cependant, cette pro-
cédure fait apparaitre le terme de pression m,. Par conséquent, appliquer directement la
Proposition ne semble pas étre une bonne stratégie.

Cette difficulté a été déja remarquée dans [45] et [49]. Dans ces travaux, les auteurs
démontrent une inégalité de Carleman avec des termes locaux du type V X 9 pour éviter
le probléeme de la pression, mais dans notre cas, un tel terme local ferait apparaitre la
composante ;, que l’on cherche a éviter.

Pour contourner ces deux difficultés, on montre d’abord une inégalité de Carleman
avec des termes locaux dépendants de Aw; (j # ip) en suivant le schéma de la preuve
de , mais en utilisant 'opérateur VV A au lieu de VA. Ce fait nous force & demander
plus de régularité A ¢g¥, comme indiqué dans la Proposition Ensuite, on applique la
Proposition [1.6]a ’équation de ¢ en regardant g¥ +11» comme un second membre. Enfin,
on élimine les termes locaux en ¢ (j # 7o) en utilisant

A = —(Apj)e — A(Aypj) +9;V - g — Agf  dans (wNO) x (0,T),
pour obtenir (1.71]).

Remarque 1.24. La condition p(T) = 0 ne joue aucun réle dans la preuve de (1.71)), qui
est towjours vraie si o(T) = o1 € H quelconque. Néanmoins, cette condition est essentielle
pour obtenir une inégalité avec des poids qui ne soient pas dégénérés ent ="1T.

Le Théoreme|l.22est une conséquence du Théoreme|l.9/adapté a ce cadre. L’hypothese
principale de ce théoreme est satisfaite d’apres un resultat de controélabilité a zéro pour le

systeme ((1.69)).
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Controles insensibilisants pour le systéme de Boussinesq sans contrble sur
I’équation de la température

Ici on présente une extension du probleme traité dans le Paragraphe Concrete-
ment, on s’intéresse a ’existence de controles insensibilisants pour le systéme de Boussi-
nesq en n’agissant que sur I’équation du fluide (vg = 0 dans (1.37))). Ceci a été proposé
comme probléme ouvert dans [48]. De plus, le contrdle v peut étre choisi tel que v;, =0
(0 <ip < N).

Ici on peut considérer une sentinelle comme celle de la Remarque [I.17], ¢’est-a-dire :

y,0) - // 2 dedt + - // 10]2 dar dt,
2 01x(0,T) 02x(0,T)

ou 01,05 C Q sont les observatoires. Le domaine de contrdle est tel que w N Q1 # 0.
D’apres la Proposition [I.14] le systéme en cascade associé est le suivant :

— Aw+ (w-V)w+ Vpy = f +vl, + rep, V-w=0 dans @,
2= Az + (- VYw — (w- V)2 +qVr + Vp; =wlp,, V-z=0 dansQ,
—Ar4+w-Vr=f dans @,
—q¢ —Aq—w-Vqg=2zny+rlp, dans @,
w=2z=0, r=q=0 sur X,
w(0) =%, 2(T)=0, r0)=60" ¢T)=0 dans €.
(1.72)

Ici, on cherche un contréle v, avec v;;, = 0 (0 < ig < N), tel que z(0) = 0 et ¢(0) = 0
dans €.
Le systeme adjoint associé a ce probleme est donné par

—pt —Ap+Vrm, =g+ 1lp, V-o=0 dans @,
Y — A+ Vry =g¥ +oey, V-p=0 dans Q,

—¢r — Ap = g%+ on + 0 1o, dans Q, (1.73)
oy — Ao = g° dans Q, '
p=9v=0, ¢=0=0 sur X,

o(T) =0, ¥(0)=v" ¢(T)=0, o(0)=0c" dansQ.

La seule différence par rapport a ((1.43) est la présence de deux observatoires O; et Os.
Pour ce systeme, on montre une inégalité de Carleman du type

/ o 10 (19 + 10 + 9 +]0f%) dodt < ch( (6°.9".9% ")

+C// N 2)lesl* + len|? )dxdt, (1.74)
OT)

ou pg(t) sont des fonctions poids de type exponentielle qui ne sont pas dégénéréesent = T,
jo€{l,...,N —1}\ {io} et X est un espace de Banach approprié.
On explique brievement comment montrer (1.74)). Dans une premiére étape, on suit les
idées de ((1.44) mais sans utiliser 1’équation de ¢ pour obtenir une inégalité comme
2
J[ (19 + P +10f) dwat < €2 (57.0%,7)

N — 2)0// p3 || do dt + C’// pslen|?dzdt. (1.75)
wx(0,T) wx(0,T)
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Pour obtenir une telle inégalité nous avons appliqué une inégalité de Carleman a 1’équa-
tion de la chaleur satisfaite par la variable Do définie dans ((1.48)). Ceci justifie le terme
global de o & gauche de (1.75)). Le terme local en o est estimé a I’aide de la relation :

Do =(—Ad} + A*)pn — (Agl) + A% + (ONV - g°)
— A(ONV - ¢g¥) — Ag% + NV - gY.

Cette identité a lieu dans w N O;.

Ensuite, on ajoute le terme de ¢ a gauche de a travers une inégalité d’énergie
pour I'équation satisfaite par ¢ := ps(t) ¢, ot p5(t) = exp(—C/t'%) (qui est croissant et
positif). A savoir

// p§!¢>\2dxdtSC// p§!9¢!2dx+0// pslon|? dzdt
Q Q Q
—|—C// p§|0|2dxdt—// psps| o dz dt.
OQX(O,T) Q

En choisissant C pour que p2 < p; on en déduit (1.74)). Notons que pour obtenir cette
inégalité d’énergie, le fait que ¢(T') = 0 est essentiel.

Ceci fait I'objet d’un travail en cours.

1.3.2 Perspectives et problemes ouverts

Dans ce paragraphe, on mentionne quelques commentaires et problémes ouverts qui
posent des lignes de recherche futures. Par rapport & la premiere partie de ce mémoire, on
peut mentionner :

— Le Chapitre [2| établit un résultat de contrélabilité a zéro pour le systéeme de Navier-
Stokes via des controles ayant une composante nulle. Une premiére question naturelle
qui surgit est si 'on peut obtenir la contrdlabilité aux trajectoires comme dans [34]
ou [35], bien entendu pour un domaine de contréle w quelconque. L’équation adjointe
du systéme linéarisé autour d’une trajectoire 3 est donnée par

—pt —Ap —Dpy+ Vr =g,

ot Dy := Vo + V' La méthode que I’on utilise pour enlever une des composantes
du contrdle a besoin de découpler les équations satisfaites par les différentes compo-
santes de . Malheureusement, la présence de Dy y rend difficile d’appliquer notre
méthode dans cette situation.

Cette remarque s’étend au systéme de Boussinesq traité dans le Chapitre [3] pour
obtenir un résultat de controlabilité aux trajectoires (i, p, ).

— En ce qui concerne le systéme de Boussinesq (Chapitre [3)), on peut se demander si
notre résultat reste vrai si 'on ne controle pas dans I’équation de la chaleur. Méme
dans le cas d’un controle sans composante nulle dans I’équation du fluide, ce ré-
sultat semble difficile a montrer. La propriété de continuation unique associée pour
un probléme linéaire ne semble pas claire non plus. Notons que la stratégie pré-
sentée dans le Paragraphe (la partie concernant le systéme de Boussinesq) ne
marche pas ici, car la condition initiale du systéme adjoint n’est pas nulle en général.
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— Par rapport au nombre de composantes nulles des contréles, récemment la controla-

bilité locale & zéro du systeme de Navier-Stokes tridimensionnel avec des contrdles
ayant deux composantes nulles a été démontrée par J.-M. Coron et P. Lissy dans [24]
en utilisant la méthode du retour (voir [16, 17, [19] ou |20, Chapitre 6]). On pourrait
penser a se servir de cette méthode pour augmenter la quantité de composantes
nulles des controles des systémes traités dans les Chapitres [3] et [dl En particulier,
ce serait intéressant de voir si le résultat que nous avons obtenu pour le systeme
de Boussinesq reste vrai si I’on ne controle que I’équation de la température ou s’il
existe des contrdles insensibilisants pour le systeme de Navier-Stokes ayant deux
composantes nulles.
Concernant le probleme d’insensibilisation pour le systéme de Boussinesq (Cha-
pitre , la méthode de [24] pourrait donner des pistes sur comment démontrer le
résultat principal dans le cas tridimensionnel lorsque un seul contréle dans ’équa-
tion de la température est autorisé. Ceci donnerait un résultat de contrdle pour un
systéme de huit équations avec un seul controdle.

En ce qui concerne la deuxieme partie de ce manuscrit :

— Le probléme principal qui reste ouvert est la contrélabilité uniforme de (1.51)) par
rapport au coefficient de dispersion €. Comme nous ’avons remarqué dans le Pa-
ragraphe un tel résultat ne peut étre obtenu que si M > 0. Un pas dans
cette direction a été fait dans cette these en améliorant la constante d’observabi-
lité (Théoréme , mais il semble difficile de montrer une inégalité de dissipation
exponentielle du type , méme si T est arbitrairement grand. La condition a
lextrémité z = 1 de ’équation adjointe (1.57)) nous fait obtenir de trés mauvaises
estimations par rapport & €. Une possibilité pour palier a ce probleme serait d’étu-
dier la fonction ¢ := epy, — M, qui satisfait la méme équation que ¢ et ¢|,—; =0,
mais les difficultés sont transmises a 'extrémité x = 0. Néanmoins nous avons pu
démontrer que la norme L? de ¢ est dissipée indépendamment de e (voir la Propo-
sition mais ceci ne suffit pas pour établir la controlabilité uniforme.

— Le résultat d’explosion du cotit du controle (Théoréme [1.21)) quand T' < 1/| M| n’est
pas optimal si M > 0. Cette restriction par rapport a 7" vient de I’absence d’une
inégalité comme

le1=t 120,1) < Cllep=t 2201y, 0<t1 <2 <T, (1.76)

ou C est indépendant de . Une inégalité comme ([1.76)) nous permettrait de montrer
le Théoreme [1.21] pour tout T < 1/M (M > 0).

— L’inégalité de Carleman de la Proposition [1.20] est optimale par rapport a la puis-
sance du poids (m = 1/2) pour une équation de KdV. Le changement de variable
@ = €pge — M est essentiel dans sa preuve. Il serait intéressant de trouver une
méthode pour montrer une inégalité comme sans passer par ce changement
de variable.






Premiere partie

Some controllability results with a
reduced number of scalar controls

for systems of the Navier-Stokes
kind






Chapitre 2

Local null controllability of the
N-dimensional Navier-Stokes
system with N — 1 scalar controls
in an arbitrary control domain

In this chapter we deal with the local null controllability of the N-dimensional Navier-
Stokes system with internal controls having one vanishing component. The novelty is that
no condition is imposed on the control domain.

This chapter is included in the paper [7] written in collaboration with S. Guerrero.
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2.1 Introduction

Let Q be a nonempty bounded connected open subset of RV (N = 2 or 3) of class C*°.
Let T'> 0 and let w C 2 be a (small) nonempty open subset which is the control domain.
We will use the notation @ = Q x (0,7") and ¥ = 9Q x (0,T).

We will be concerned with the following controlled Navier-Stokes system :

vy —Ay+(y-V)y+Vp=ovl, inQ,

V.y=0 in Q,
y=20 on X, (2.1)
y(0) =y° in Q,

where v stands for the control which acts over the set w.

The main objective of this chapter is to obtain the local null controllability of sys-
tem by means of N — 1 scalar controls, i.e., we will prove the existence of a number
§ > 0 such that, for every y° € X (X is an appropriate Banach space) satisfying

Iy°llx <4,
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and every i € {1,..., N}, we can find a control v in L?(w x (0,T))" with v; = 0 such that
the corresponding solution to (2.1)) satisfies

y(T)=01in Q.

This result has been proved in [35] when @ intersects the boundary of 2. Here, we re-
move this geometric assumption and prove the null controllability result for any nonempty
open set w C €. A similar result was obtained in [23] for the Stokes system.

Let us recall the definition of some usual spaces in the context of incompressible fluids :

V={ycH®QY:V.y=0in Q}

and
H={yeL*QY:V.-y=0inQ, y-n=0on dQ}.

Our main result is given in the following theorem :

Theorem 2.1. Leti € {1,...,N}. Then, for every T > 0 and w C , there exists § > 0
such that, for every y° € V satisfying

I15°[lv <9,

we can find a control v € L?*(w x (0,T))N, with v; = 0, and a corresponding solution (y, p)

to (2.1) such that
y(T) =0,

i.e., the nonlinear system ([2.1)) is locally null controllable by means of N —1 scalar controls
for an arbitrary control domain.

Remark 2.2. For the sake of simplicity, we have taken the initial condition in a more
reqular space than usual. However, following the same arguments as in [34] and [35], we
can get the same result by considering y° € H for N =2 and y° € HN L*(Q)3 for N = 3.

To prove Theorem we follow a standard approach (see for instance [34], [35] and
[51]). We first deduce a null controllability result for a linear system associated to (2.1)) :

ye—Ay+Vp=jf+ol, inQ,
V.y=0 in Q,
y=20 on X,
y(0) =3° in 2,

(2.2)

where f will be taken to decrease exponentially to zero in 1. We first prove a suitable
Carleman estimate for the adjoint system of (see below). This will provide
existence (and uniqueness) to a variational problem, from which we define a solution
(y,p,v) to such that y(T") = 0 in 2 and v; = 0. Moreover, this solution is such that
/=0 (y v) € L2(Q)N x L?*(w x (0,7))N for some C > 0.

Finally, by means of an inverse mapping theorem, we deduce the null controllability
for the nonlinear system.

This chapter is organized as follows. In section we establish all the technical re-
sults needed to deal with the controllability problems. In section we deal with the
null controllability of the linear system . Finally, in section we give the proof of
Theorem 2.11
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2.2 Some previous results
In this section we will mainly prove a Carleman estimate for the adjoint system of (2.2)).
In order to do so, we are going to introduce some weight functions. Let wy be a nonempty
open subset of RY such that @y C w and n € C?(2) such that
|Vn| >0in Q\woy, 7>0inQand n=0 on IO. (2.3)

The existence of such a function 7 is given in [39]. Let also ¢ € C*°([0,7]) be a positive
function in (0,7") satisfying

Lty=t iftel0,T/4], Lt)=T—-t iftel[3T/4,T], (2.4)
() < (T/2), for all t € [0,T). '
Then, for all A > 1 we consider the following weight functions :
e2Amlloe _ pAn() e (@)
t = t =
" e2>‘||77Hoo — 1 N . 1
0" (1) = maxa(r ) = e €)= ming(t) = 0. (2.5)
A1) na(e. ) e2AMlloe — gAllnlloo g(t) (1) eMmlloo
Aa(t) := mina(x,t) = , :=max{(x,t) = .
z€Q 3(t) zeQ 3(t)

These exact weight functions were considered in [52].
We consider now a backwards nonhomogeneous system associated to the Stokes equa-
tion :
—por—Ap+Vr=g inQ,

V.p=0 in Q,
=0 on X, (2:6)
p(T) =" in Q,

where g € L?(Q)N and ¢! € H. Our Carleman estimate is given in the following propo-
sition.

Proposition 2.3. There exists a constant \g, such that for any X > g there exist two
constants C(\) > 0 and so(\) > 0 such that for anyi € {1,...,N}, any g € L*(Q)" and
any ! € H, the solution of (2.6) satisfies

st // e 55 (e} p|2da dt < C <// e 359 g2 da dt
Q Q

N
+s7 3 // 6_280‘_35a*(§)7|<pj|2d$dt) (2.7)
.S Jwx(0,T)

=Ly
for every s > sg.

The proof of inequality is based on the arguments in [23], [34] and a Carleman in-
equality for parabolic equations with non-homogeneous boundary conditions proved in [52].
In [23], the authors take advantange of the fact that the Laplacian of the pressure is zero,
but this is not the case here. Some arrangements of equation have to be made in
order to follow the same strategy. More details are given below.



CHAPITRE 2. LOCAL NULL CONTROLLABILITY OF THE IN-DIMENSIONAL
42 NAVIER-STOKES SYSTEM WITH N — 1 SCALAR CONTROLS

Before giving the proof of Proposition we present some technical results. We first
present a Carleman inequality proved in [52] for parabolic equations with nonhomogeneous
boundary conditions. To this end, let us introduce the equation

N
uy — Au = fo + Z 0;f; in @, (2.8)
j=1
where fo, f1,..., fn € L?(Q). We have the following result.

Lemma 2.4. There exists a constant XO only depending on 0, wg, n and £ such that for
any X > Ao there exist two constants C(X) > 0 and 5(\), such that for every s > 5 and
every u € L?(0,T; HY(Q)) N HY(0,T; H-1(Q)) satisfying [2.8)), we have

1 1
f// e |Vl dr dt—i—s// e” 25 lu|? da dt
s .JJQ £ Q

L —sas—1 12 L —sas—1 2
<0 (sHle g tul? gy ok smHle o g

1 1 N
+f// =250 1| fo P de dt + // =20 1.2 d dt
st Ml € 32‘1 Q ’

+s // e 2% u d dt) . (2.9)
on(O,T)
Recall that

_ 9 9 1/2
leell 3.4 ) = (el a0 2200y + NellZaoizimrnony) -
The next technical result is a particular case of Lemma 3 in [23].

Lemma 2.5. There exists 5\1 > 0 and C' > 0 depending only on 2, wg, n and £ such that,
for every u € L*(0,T; H'(Q)),

s3\2 // e 253y da dt
Q

<C (s // e~ 2|V dr dt 4 s N2 // e 2583y du dt) , (2.10)
Q wo x (0,T")

for every X\ > A1 and every s > C.

Remark 2.6. In [23], slightly different weight functions are used to prove Lemma .
Indeed, the authors take £(t) = t(T —t). However, this does not change the result since the
important property is that £ goes to 0 algebraically when t tends to 0 and T'.

The next lemma can be readily deduced from the corresponding result for parabolic
equations in [39].

Lemma 2.7. Let ((z) = exp(An(z)) for x € Q. Then, there exist Ao > 0 and C > 0
depending only on Q, wo and 1 such that, for every u € HL(Q) N H?(R),

N R N e N
Q Q
< 0(7'3)\4/ e27<<3!Aul2d:c+r6A8/ e"’“cﬁlul")dfc), (2.11)
Q wo

for every \ > X2 and every T > C.
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The final technical result concerns the regularity of the solutions to the Stokes system
that can be found in [59] (see also [76]).

Lemma 2.8. For every T' > 0 and every F € LQ(Q)N, there exists a unique solution
u € L0, T; H2(Q)N)N HY(0,T; H) N L>=(0,T;V) to the Stokes system

u —Au+Vp=F inQ,

V-u=0 mn Q,
u=20 on X,
u(0) =0 in Q,

or some p € , 4 , and there exists a constant C > epending only on {2 suc
L2(0,T; H'(Q d th ) C>0d di l Q h
that
”UH%2(O,T;H2(Q)N) + HUH%P(O,T;L?(Q)N) + HUH%OO(O,T;V) < CHFH%P(Q)N' (2.12)

Furthermore, if F € L*(0,T; H>(Q)N)NH(0,T; L?(Q)N) and satisfies the following com-
patibility condition :
Vpr = F(0) on 09,

where pr is any solution of the Neumann boundary-value problem

Opr .
a—n—F(O)-n on 0f.

Then u € L2(0,T; H*(Q)M) N HY(0,T; H*(Q)N) and there exists a constant C > 0 depen-
ding only on  such that

{ App =V -F(0) in$,

el o roars oy Hlulin o 2oy < € (1F 122022 i@m) HIE I o riza@ym)) - (213)

2.2.1 Proof of Proposition [2.3]

Without any lack of generality, we treat the case of N = 2 and 7 = 2. The arguments
can be easily extended to the general case. We follow the ideas of [23]. In that paper, the
arguments are based on the fact that Aw = 0, which is not the case here (recall that 7
appears in ) For this reason, let us first introduce (w,q) and (z,r), the solutions of
the following systems :

—wy —Aw+Vqg=pg inQ,
V-w=0 in Q,

w=0 on X, (2.14)
w(T)=0 in Q,

and
—z—Az+Vr=—pp inQ,
V-z=0 in Q,
z=0 on X, (2.15)
z2(T) =0 in Q,

where p(t) = g3 Adding ([2.14) and (2.15)), we see that (w + z,q + r) solves the same
system as (pyp, pr), where (¢, 7) is the solution to (2.6)). By uniqueness of the Stokes system
we have

po=w+zand pr = q+r. (2.16)
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For system ([2.14]) we will use the regularity estimate (2.12)), namely

[wlZ20m:m2(0)2) + 1017 0,702 ()2) < CllpglZiges (2.17)

and for system ([2.15)) we will use the ideas of [23]. Using the divergence free condition on
the equation of (2.15)), we see that

Ar=0in Q.

Then, we apply the operator VA = (01A,02A) to the equation satisfied by z; and we
denote 1 := VAz;. We then have

—py — Ay = =V (A(p 1)) in Q.
We apply Lemma to this equation and we obtain

I(s;1) := i//Q e2so‘2|vw|2dxdt+s//Q e~ 25| Ada dt

SRR | —5|le—sag—%
SC(S e €AY 4 g g 52 1€ S e

)
+// e*%a\p’ﬁmwl\?dxdws// e2sa§|¢]2dwdt>, (2.18)
Q on(O,T)

for every A > XO and s > 5.
We divide the rest of the proof in several steps :
— In Step 1, using Lemmas and we estimate global integrals of z; and 29 by

the left-hand side of (2.18)).
— In Step 2, we deal with the boundary terms in (2.18)).

— In Step 3, we estimate all the local terms by a local term of ¢; and €1(s;¢) to
conclude the proof.
Now, let us choose \g = max{Xo, Xl, Xg} so that Lemmas and can be applied and
fix A > Ag. In the following, C will denote a generic constant depending on €2, w and A.
Step 1. Estimate of z;. We use Lemma with u = Az :

s> // e 23| Az P da dt
Q

<C (s // e 25 Pdz dt + 53 // e Az P da dt) , (2.19)
Q w0><(0,T)
for every s > C.

Now, we apply Lemma with u = 21 € H(Q) N H3(Q) and we get, for almost
everywhere t € (0,7 :

76/ 627<(6]21\2d3:—|—74/ eZTC(4\Vz1]2dac
Q Q
< 0(73/ 62TCC3|A21|2dx+7'6/ 627<C6’21|2d$),
Q wo

for every 7 > C. Now we take
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for s large enough so we have 7 > C. This yields to, for almost everywhere ¢t € (0,7,
56/ e?%¢5) 2 [2dx + 54/ >4V 2 |2 da
Q Q
<C <s3/ €23 Ay |2 + 36/ 625556]21|2da?) ,
Q wo
for every s > C'. We multiply this inequality by
e2MImlloo
exp —QSW y
and we integrate in (0,7") to obtain
50 // e 2595 21 |2da dt + s* // e” 2501V 2 e dt
Q Q

<C <s3 // e 23| Azy|?da dt + s° // e 250 2 2 dt) ,
Q on(O,T)

for every s > C'. Combining this with (2.19) we get the following estimate for z; :

50 // e 2598 21 Pdadt + s // e 250N\ V2 |2 dxdt
Q Q
+ 53 // e 23| Az |2 dxdt < C <s // e~ 25| Ada dt
Q Q

+5° // e 23| Azy)?da dt + s° // e 250 2 |2 dt) , (2.20)
wo % (0,T") wo X (0,7

for every s > C.
Estimate of zo. Now we will estimate a term in 2o by the left-hand side of (2.20)). From
the divergence free condition on z we find

st // e 25 ()Y Dy 2z Pda dt = s* // e 257 ()01 2 |Pda dt
Q Q

(2.21)
<s! // e~ 254V 2 2z dt.
Q

Since 22|90 = 0 and €2 is bounded, we have that

/ 202z < C(Q)/ 1Oz da,
Q Q

and because a* and £* do not depend on z, we also have
5 / / =250 (¢4 2o 2d dt < O(Q)s" / / 259" (£9Y41y 2| *d dt.
Q Q
Combining this with (2.21]) we obtain

st // e 25 (%) 29)?dx dt < Cs? // e 250 V2|2 da dt. (2.22)
Q Q
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Now, observe that by ([2.16)), (2.17) and the fact that s2e=25(£*)%/4 is bounded we can
estimate the third term in the right-hand side of (2.18)). Indeed,

//Q 2! Pl A o de = [ /Q €259 /12| p| 2| A pepy) |2z di
<C (32 / / e~ 250 (£)9/4 Ay [2dz It + 5 / / 6_25"(5*)9/4|Az1|2dxdt)
Q Q

<c (Hng?LQ(Q)Q + 52 //Q 250 (6%)3| Azy P dt) .

Putting together (2.18)), (2.20)), (2.22) and this last inequality we have for the moment

s0 // e 250 2 2 dadt 4 s* // e= 257 (%)} 29| 2 dudt
Q Q
1 1
+ 83 / / e~ 2593 Az Pdadt + s / / e~ 2% P dudt + - / / e~ 20|V Pdadt
Q Q s /JJq §
I —sae—1 2
<o (sHlem el
+ s// e 25 Pdz dt + 53 // e 25E3 | Az |2d dt
LUQX(O,T) WOX(O’T)

+5° // e” 25021 |2da dt) , (2.23)
wo x (0,T7)

_1 _ _1
+s72][e7%¢ 8¢\|%2(z)2+HP9H%2(Q)2

for every s > C.

Step 2. In this step we deal with the boundary terms in .

First, we treat the second boundary term in (2.23)). We consider a function §(z) € C%(Q)
such that V6 -n > ¢ > 0 on 0%, where n(z) is the outward unit normal to  at x € 9.
Performing integration by parts, we have

// 672504
¥

Therefore, from Cauchy-Schwarz’s inequality, we find

¢|2(V9.n)da::// 6’23‘1*|¢|2A9dx+2// 250" Ty . VO da,
Q Q

—sa* 2 —sa* 2
e 9l < (e Wil

*(f*)%me(Q)‘ZHS_%e_sa* (f*)_%vwﬂLz(Q)él)’ (2.24)

1
+lstese
and using the properties of the weight functions (see (2.5))) we have
—sa™® 2 —2sa 2 1 —2s« 1 2
e @bHLQ(Z)Q SC’(S//QG || dxdt—f—s//Qe E\VM dxdt).
Thus, ||€_Sa*1/)|\%2(2)2 is bounded by the left-hand side of (2.23). On the other hand,
NP | 2 1 —sa. 2
s 2”6 § 8¢HL2(2)2 S Cs 2H€ ¢HL2(2)27
and we can absorb s~ 2 Hefso‘TﬁH%z(E)z by taking s large enough.

Now we treat the first boundary term in the right-hand side of (2.23]). We will use
regularity estimates to prove that z; multiplied by a certain weight function is regular
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enough. First, let us observe that from (2.16)) we readily have

[ 7 € ol dt

< 2s* // “2sa" () w[dz dt + 2s* // —2sa7 (e9)4 22z dt.

Using the regularity estimate (2.17) for w we have

< e () plPdedt < C (loglagye + ' /I B (€Y afdadt), (225)

thus the term [|s2e5" (5*)2pcp|]%2(Q)2 is bounded by the left-hand side of (2.23) and

HPQ”%(Q)%
We define now

7= se 5 (f*)7/8z, 7= se 5 (5*)7/87“.

From (2.15)) we see that (Z,7) is the solution of the Stokes system :

5~ AT Vi = e (€) Sl — (s (€)F)z i Q,

V-z2=0 in Q,
z=0 on 3,
Z(T)=0 in Q.

Taking into account that
jaj| < (€)%, 19| < Csp(e")”/®

and the regularity estimate (2.12)) we have
||z”%2(0,T;H9(Q)2)OH1(O,T;LQ(Q)2) <C (HSQG_SO‘* (6*)2/)30”%2(6,2)2 + ||S26_Sa* (f*)QZH%%Qp) )

thus, from , ||se_5°‘ 5*)7/82||L2(0 T H2 9)2)OH1(0 TiL2(0)?) is bounded by the left-hand
side of ( and ||pg||3. (@)2- From and this last inequality we have that

[se™** (f*)7/8,0<P”%2(0,T;H2(Q)2)0H1(0,T;L2(Q)2)
<C (HPQH%?(Q)? + ”zH%?(O,T;H?(Q)?)ﬁHl(O,T;LQ(Q)Q)) ;

and thus [[se™*" (5*)7/%@”%2(0,T;H2(Q)Z)mHl(o,T;m(Q)?) is bounded by the left-hand side of

223) and [|pgll2 -

Next, let
T .= 67804*(5*)71/42’, e 6*804*(5*)*1/4%

From ({2.15)), (Z,7) is the solution of the Stokes system :

—Z — AZ4 Vi = —e 507 (e5) Vil p — (e75" (&) /4),z  in Q,

V.2=0 in @,
z=0 on 3,
zZ(T)=0 in Q.

From the previous estimates, it is not difficult to see that the right-hand side of this system
is in L2(0,T; H*()?) N H(0,T; L*(Q)?) and, from the fact that it vanishes at ¢t = T, it is
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clear that it satisfies the compatibility condition of Lemma Thus, using the regularity

estimate (2.13)), we have

12122027, 114 ()2 e 0.7 2 (2)2) < € (||5€_Sa*(§*)7/8

P90||%2 (0,T;H2(Q)2)NH(0,T;L2(Q)2)
Hlsem (¢ )7/82H2L2(o,T;H2(Q)2)mH1(o,T;L?(Q)?)) :

In particular, e (%)~ V4 € L2(0,T; H'(Q)?) N HY(0,T; H-1(2)?) (recall that ¢ =
VAz;) and

—sa*

() 20 o2y 2nd e (€)Y o romr-1(02) (2.26)
are bounded by the left-hand side of (2.23)) and Hpg||%2(Q)2

To end this step, we use the following trace inequality (see [66], for instance)

ST I g o, =T e € TR

< CS_1/2 (He—sa* (g*)_1/41/}”[/2(0:T§H1(Q)2)
_i_”efsa* (5*)71/41/1||§{1(0,T;H*1(Q)2)> .

By taking s large enough in (2.23), the boundary term
s ey

11
H%2(X)?

can be absorbed by the terms in (2.26)) and step 2 is finished.
Thus, at this point we have

st // e 299 p | p|?da dt + 53 // e 25E3 | Az |2da dt
Q Q

1 1
+ s// e 2|V Az Pdz dt 4 ~ // e 20| A%z P da dt
Q sJJqQ £

<C 2 + ¢ // e 20z [Pdz dt
< (IIPQHL?(Q)2 wox (0,T) la

+s // e BV Az Pde dt + s° // e B3| Az P da dt) , (2.27)
wOX(O,T) UJQX(O,T)

for every s > C.

Step 3. In this step we estimate the two last local terms in the right-hand side of
in terms of local terms of z; and the left-hand side of (2.27) multiplied by small
constants. Finally, we make the final arrangements to obtain .

We start with the term VAz; and we follow a standard approach. Let wy be an open
subset such that wy € w; € w and let p; € C?(wq) with p1 = 1 in wy and p; > 0. Then, by
integrating by parts we get

s// e BV Az Pdr dt < S// pre 25|V Az | da dt
UJUX(O,T) OJ1>< 0 T

=—s // e 2N Azpdadt + 2 // A(ple_Qsaﬁ)\Azﬂde dt.
wi X OT

o.)1><

e

Using Cauchy-Schwarz’s inequality for the first term and
|A(p16_28a§)‘ < 0826_28a§3, s> C
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for the second one, we obtain for every €1 > 0

S// e 2|V Az [Pda dt
OJOX(O,T)

1
< ﬂ // 6_28a*|A221|2dIE dt + 0(61)53 // 6_2sa§3|A21’2dCL‘dt,
s JJwix(0,1) i3 w1 % (0,7)

for every s > C. Choosing 1 small enough, we can absorb the first term in the right-hand
side of this inequality by the left-hand side of .

Let us now estimate the terms concerning Az;. Let pg € CC2 (w) with po =1 in w; and
p2 > 0. Then, by integrating by parts we get

s> // e 23| Az Pdadt < 83 // poe 23| Az |Pda dt
w1x(0,T) wx(0,T)

=2¢3 // V(pge_Qso‘f?’)VAzl czdadt + $3 // A(pge_zsafg)Azl - z1dz dt
wx(0,T) wx(0,T)

+ 83 // o) poe B N2z - 21 da dt.
wx (0,

Using
|V (pae™ %) < Cse™ ¢!, 5 > C,

for the first term in the right-hand side of this last inequality,
’A(p283672sa§3)| < 08567230455’ s> C,

for the second one and Cauchy-Schwarz’s inequality we obtain for every €5 > 0

53 // e 253 | Az |Pdx dt
OJ1><(O,T)
1 1
< ez ( // e 2 A2z e dt + s// e 2|V Az |Pda dt
s JJwx(0,1) 3 wx (0,T)

+5° // e 23| Az Pda dt) + Cl(e9)s” // e” 25T |21 |Pda dt,
wx(0,T) wx(0,T)

for every s > C. We choose €5 small enough in order to absorb the first three integrals by

the left-hand side of (2.27)).
Finally, from (2.16]) and (2.17]) we readily obtain

s’ // e 25T 2 Pde dt
wx(0,T)

< 2s7 // e 2% p|? |1 |Pdx dt + 257 // e 25wy |2dx dt
wx(0,T) wx(0,T)

<2 [[ TR Pdade + CloglEa
wx(0,T)

This concludes the proof of Proposition

2.3 Null controllability of the linear system

Here we are concerned with the null controllability of the system
Yyt —Ay+Vp=f+vl, inQ@,
V.y=0 in Q,
y=20 on X,
y(0) =4° in Q,

(2.28)
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where y° € V, f is in an appropriate weighted space and the control v € L?(w x (0,T))V
is such that v; = 0 for some i € {1,...,N}.

Before dealing with the null controllability of , we will deduce a new Carleman
inequality with weights not vanishing at ¢ = 0. To this end, let us introduce the following
weight functions :

Ao Ana) ()
B(x,t) = = , y(z,t) i= ——,
0 #(0)
B(t) 1= max B, t) = S~ 1 (0 (1) = (229)
*(t) :=max f(x,t) = —————, *(t) ;= miny(z,t) = ——, )
zeQ 8(t K aceﬁ7 3(t

500 mim oy < A = A oty <

;= min S(z,t) = = ) = maxy(z,t) = — ,

o B(t) S (1)

where
E(t) _ MHOO 0<t< T/27
=\ a) T/2<t<T.

Lemma 2.9. Leti € {1,...,N} and let s and X\ be like in Proposition . Then, there
exists a constant C > 0 (depending on s and \) such that every solution ¢ of (12.6))
satisfies :

//Q e () P da dt + [|0(0) 17 2 v

N ~
<C (// e 35571 g |2 du dt + Z // e~ 23R o |2 da dt) . (2.30)
Q - J Jwx(0,T)

J=Lj#i

Proof. We start by an a priori estimate for the Stokes system (12.6]). To do this, we introduce
a function v € C!([0,T]) such that

v=1in[0,7/2], v=0in [3T/4,T).
We easily see that (vp, vm) satisfies

—(ve)e = Alvp) + V(vm) =vg—v'p  inQ,

V. (vp)=0 in Q,
(vp) =0 on X,
(ve)(T) =0 in Q,

thus we have the energy estimate

1120 72y + 1811300 12220 %) < C(I1va132(0pw + 1Vl )
from which we readily obtain
HSO||%2(0,T/2;L2(Q)N) + ||90(0)H%2(Q)N < C(HQH%2(0,3T/4;L2(Q)N) + H‘»0||%2(T/2,3T/4;L2(Q)N))'
From this last inequality, and the fact that

e > 050, Ve 0,3T/4] and ()2 C >0, Vi e [T/2,3T/4]
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we have

—58B* (. *\4 2d dt + 0 2
Lm0 o e dt 4 12O 2oy

S C (// 6735ﬁ*’g’2d3} dt —+ // 6*58ﬁ* (7*)4‘@’2d$ dt) ' (231)
Qx(0,37/4) Qx(T/2,37/4)
Note that, since (o, &) = (8,7) in Q x (T/2,T), we have :

J R e G N R | R e (S N R
Qx(T/2,T) Qx(T/2,T)

< 0// —5sT (e5)4 | 2da dt,

and by the Carleman inequality of Proposition

I e ePda
Qx(T/2,T)

= ¢ (// —3sa” |g|2d$dt—|— Z // _288_38a*(g)7|g0j‘2d$dt) .
x(0,T)

J=1j#i
Now, it is easy to see that
e 350" < 738" and e~ 2sa—3sa” (§A)7 <1 < 0267233733’8*’77 vt € [0,7/2],
for some C7,Cs > 0, and
o35t _ ,=8s8% ] —2s0-3sa (5)7 _ 67253733,3*37 Vit € [T/2,T).

From this and the previous inequality, we obtain

I e ) el
Qx(T/2,T)

<c (// S et S I e283355*ﬁ7|¢j\2dxdt> ,
x(0,T)

J=Lj#
which, together with (2.31)), yields (2.30]). O

Now we will prove the null controllability of . Actually, we will prove the existence
of a solution for this problem in an appropriate weighted space.
Let us set
Ly =y — Ay

and let us introduce the space, for N =2 or 3 and i € {1,...,N},
EY = {(y,p,0) : e3/258" y e L2(Q)V, esa+3/256*'7_7/2 vl, € L2(Q)N, v =0,
e3/235” () =98y € L2(0,T; H*(Q)N) N L>=(0,T; V),
12 ()2 (Ly + Vp —vly) € LX(Q)N .
It is clear that E}V is a Banach space for the following norm :
(1672 gl gy + 1533/ 57772 01, |2z g
3/25[3*( *)—9/8

10,0, =

+ ”63/255* (7*)—9/8

UlZzrmz @) + 1€ () Yl 0,10

o 1/2
+ 1%/ () 2Ly + Vp = v1) 32y )
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Remark 2.10. Observe in particular that (y,p,v) € EY implies y(T) = 0 in Q. Moreover,
the functions belonging to this space possesses the interesting following property :

2 () 2y - V)y € Q)Y
Proposition 2.11. Leti € {1,...,N}. Assume that
W eV and /%5 () 72f e L2 Q)N.

Then, we can find a control v such that the associated solution (y,p) to (2.28|) satisfies
(y,p,v) € EY. In particular, v; =0 and y(T) = 0.

Proof. The proof of this proposition is very similar to the one of Proposition 2 in [34] and
Proposition 1 in [35], so we will just give the main ideas.
Following the arguments in [39] and [51], we introduce the space

Py:={(x,0) €eC*(QN: V.-.x=0inQ, x=0onX}
and we consider the following variational problem :

a((%,8), (x,0)) = (G, (x, ) for all (x,0) € Py, (2.32)

where we have used the notations

o((%,5), (x,0)) = //Q 30" (L% + V5) - (L*x + Vo) de dt

N ~
+ Z // 6_286_386 37 X\j Xj dﬂj dt,
jetgi )X (OT)

@ oo = [[ Foxavait [ x©)dr
and L£* is the adjoint operator of L, i.e.
L5y = —xt — Ax.

It is clear that a(-,-) : Pyx Py — R is a symmetric, definite positive bilinear form on Fj.
We denote by P the completion of Py for the norm induced by a(-,-). Then a(-, ) is well-
defined, continuous and again definite positive on P. Furthermore, in view of the Carleman
estimate (2.30), the linear form (x,0) — (G, (x,0)) is well-defined and continuous on P.

Hence, from Lax-Milgram’s lemma, we deduce that the variational problem

{ a((X,0), (x,0)) = (G, (x,0))

(2.33)
for all (x,0) € P, (X,0) € P,

possesses exactly one solution (Y, 7).
Let ¥y and v be given by
= =388 (px s ~ .
{ yi=e (L*X + Vo), in Q,

;= e BOTSEAT Y (j#4), Ti:=0 inwx (0,7).

S

Then, it is readily seen that they satisfy

N ~
J[ e igkanae+ S [ EG G Pdedt = al(7.9), (7.5)) < o0
Q jetgi e OT)
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and also that 7 is, together with some pressure p, the weak solution (belonging to L?(0, T; V)N
L*>(0,T; H)) of the Stokes system ([2.28)) for v = v.
It only remains to check that

3287 (478G € L2(0,T; H2(Q)N) N L¥(0,T; V).
To this end, we define the functions
g T (), = N ()

and
Jr= B () O (f 4 TL).

Then (y*, p*) satisfies

Ly +Vp* = [+ (27 (7)) i @Q,

V- y* =0 in Qv
y =0 on X, (2.34)
y*(0) = e3/25570) (7(0)) /840 in Q.

From the fact that f* + (3257 (v*)=9/8), 5 € L2(Q)" and y° € V, we have indeed
y* € L*0,T; H*(Q)N) N L>(0,T; V)

(see (2.12)). This ends the proof of Proposition [2.11] O

2.4 Proof of Theorem [2.1]

In this section we give the proof of Theoremusing similar arguments to those in [51]
(see also [34] and [35]). The result of null controllability for the linear system ([2.28)) given
by Proposition will allow us to apply an inverse mapping theorem, namely (see [3]),

Theorem 2.12. Let B; and Bs be two Banach spaces and let A : By — Bs satisfy A €
CY(By;Bs). Assume that by € By, A(b1) = by and that A'(by) : By — Bs is surjective.
Then, there exists 6 > 0 such that, for every b’ € By satisfying ||b' — ba||p, < 0, there exists

a solution of the equation
.A(b) = b/, be B;.

We apply this theorem setting, for some given i € {1,..., N},
B := EY,

By 1= LA™/ (v)72(0,T); LX(Q)N) x V
and the operator

Ay, p,v) := (Ly + (y - V)y + Vp —vly, y(0))

for (y,p,v) € EY.

In order to apply Theorem [2.12] it remains to check that the operator A is of class
Cl(By; Ba). Indeed, notice that all the terms in A are linear, except for (y - V)y. We will
prove that the bilinear operator

(' oY), W2 0% 0%) = (' - V)y?
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is continuous from By x By to L?(e%/28"(v*)=2(0,T); L*(Q)"). To do this, notice that
320" (y*) =98y € L2(0,T; H2(Q)N) N L>®(0,T; V) for any (y,p,v) € By, so we have

e3/2B () 78y e L2(0,T; L= (Q)N)
and
V(&2 (y*) 9 By) € 12°(0, T; LA (™).

Consequently, we obtain

1%/ (v ) 2 (y" - V)9l L2 oyv

< (32557 () 7Byl )2 () B 2 L gy

< €32 (v ) By 2o oo ymy 1€3 25 () 7Y | Lo 0.1 (-

Notice that A’(0,0,0) : By — By is given by
A'(0,0,0)(y, p,v) = (Ly + Vp,y(0)), for all (y,p,v) € By,

so this functional is surjective in view of the null controllability result for the linear system
given by Proposition m

We are now able to apply Theorem for b1 = (0,0,0) and b = (0,0). In particular,
this gives the existence of a positive number § such that, if ||y(0)|y < J, then we can
find a control v satisfying v; = 0, for some given ¢ € {1,..., N}, such that the associated

solution (y,p) to (2.1)) satisfies y(T') = 0 in Q.
This concludes the proof of Theorem [2.1]



Chapitre 3

Local controllability of the
N-dimensional Boussinesq system
with N — 1 scalar controls in an
arbitrary control domain

In this chapter we deal with the local exact controllability to a particular class of tra-
jectories of the N-dimensional Boussinesq system with internal controls having 2 vanishing
components. The main novelty is that no condition is imposed on the control domain.

This chapter is included in [6].
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B21 Technicalresultd . . ... ... ... ... . ... ..., 59
[3.2.2  Proof of Proposition[3.5] . . . ... ... ... 0oL 61
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3.1 Introduction

Let Q be a nonempty bounded connected open subset of RY (N = 2 or 3) of class C*°.
Let T > 0 and let w C © be a (small) nonempty open subset which is the control domain.
We will use the notation @ = Q x (0,7) and ¥ = 9 x (0,7).

We will be concerned with the following controlled Boussinesq system :

y—Ay+(y-V)y+Vp=ovl, +0eny inQ,

0 — A +y -Vl =l in Q,
Voy= in Q, (3.1)
y=0, 6=0 on X,
y(0) =4°,  6(0) = 6° in Q,

where

[ (01 #N=2
N7 (0,0,1) ifN=3
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stands for the gravity vector field, y = y(z,t) represents the velocity of the particules of
the fluid, 6 = 0(x, t) their temperature and (vy,v) = (vo,v1,...,vyN) stands for the control
which acts over the set w.

Let us recall the definition of some usual spaces in the context of incompressible fluids :

V={ycH®QN:V.-y=0in Q}

and
H={yeLl*QY:V-y=0inQ, y-n=0on dN}.

This chapter concerns the local exact controllability to the trajectories of system (3.1))
at time ¢ = T" with a reduced number of controls. To introduce this concept, let us consider
(y,0) (together with some pressure p) a trajectory of the following uncontrolled Boussinesq
system :

Go—Ay+ (- V)y+Vp=0eny inQ,

0, —ANO+75-VO=0 in Q,
V-y= in Q, (3.2)
7=0, 6=0 on X,
7(0) =g, 6(0) = 8" in Q.

We say that the local exact controllability to the trajectories (g, ) holds if there exists a
number § > 0 such that if [|(y°,0°) — (§°,6°)||x < (X is an appropriate Banach space),
there exist controls (vg,v) € L?(w x (0, T))N*+! such that the corresponding solution (y, 6)
to system matches (7, 6) at time t = T, i.e.,

y(T) =y(T) and 6(T)=6(T) in Q. (3.3)

The first results concerning this problem were obtained in [40] and [38], with N + 1
scalar controls acting in the whole boundary of €2 and with IV + 1 scalar controls acting
in w when ) is a torus, respectively. Later, in [44], the author proved the local exact
controllability for less regular trajectories (7, 8) in an open bounded set and for an arbitrary
control domain. Namely, the trajectories were supposed to satisfy

(5,0) € L2(QN*Y, (41, 6:) € L*0,T; LT ()N +1, (3.4)

withr >1if N=2and r > 6/5if N = 3.

In [35], the authors proved that local exact controllability can be achieved with N — 1
scalar controls acting in w when @ intersects the boundary of €2 and is satisfied. More
precisely, we can find controls vy and v, with vy = 0 and v, = 0 for some k < N (k is
determined by some geometric assumption on w, see [35] for more details), such that the
corresponding solution to satisfies (3.3)).

In this chapter, we remove this geometric assumption on w and consider a target
trajectory of the form (0,7, 0), i.e.,

Vp=0ey in @,
0, —AO=0 inQ,
«?: 0 on X, (3.5)
6(0) = 0° in Q,
where we assume B B
0 € L0, T; W3*(Q)) and V6, € L=(Q)". (3.6)

The main result of this chapter is given in the following theorem.
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Theorem 3.1. Let i < N be a positive integer and (p,0) a solution to satisfying
(3.6). Then, for every T > 0 and w C Q, there exists § > 0 such that for every (y°,0°) €
V x H} () satisfying

15°, 6%) = (0,6°) v g <9,
we can find controls v € L?(w x (0,T)) and v € L*(w x (0,T))N, with v; =0 and vy =0,
such that the corresponding solution to satisfies (3.3)), i.e.,

y(T)=0 and O(T)=0(T) in Q. (3.7)
Remark 3.2. Notice that when N = 2 we only need to control the temperature equation.

Remark 3.3. It would be interesting to know if the local controllability to the trajectories
with N — 1 scalar controls holds for y # 0 and w as in Theorem[3.1. However, up to our
knowledge, this is an open problem even for the case of the Navier-Stokes system.

Remark 3.4. One could also try to just control the movement equation, that is, vg = 0 in
(3.1). However, this system does not seem to be controllable. To justify this, let us consider
the control problem

y—Ay+(y-Vy+Vp=vl,+0en inQ,

0 —AO+y-VO=0 in Q,
V.-y=0 in @Q,
y=0, VO-n=0 on X,
y(0) =4°, 6(0)=6° in €,

where we have homogeneous Neumann boundary conditions for the temperature. Integrating
i Q, integration by parts gives

/QH(T) dmz/ﬁ@odm,

so we cannot expect in general null controllability.

Some recent works have been developed for controllability problems with reduced num-
ber of controls. For instance, in [23] the authors proved the null controllability for the
Stokes system with N — 1 scalar controls, and in [7] the local null controllability was
proved for the Navier-Stokes system with the same number of controls.

To prove Theorem [3.1] we follow a standard approach introduced in [39] and [51] (see
also [34]). We first deduce a null controllability result for the linear system

Yy —Ay+Vp=f+ol,+b0en inQ,
0, — A0 +y -V = fo+ vl in Q,

V-y= in Q, (3.8)
y=0, 6=0 on X,
y(0) =4°, 6(0)=¢° in Q,

where f and fo will be taken to decrease exponentially to zero in t =1T.
The main tool to prove this null controllability result for system (3.8 is a suitable
Carleman estimate for the solutions of the adjoint system

—pr—Ap+Vr=g—19Vh in Q,

— — A = go + N in Q,
V-p=0 in Q, (3.9)
=0, =0 on X,

e(T) =T, (T) =T in Q,
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where g € L2(Q)V, go € L*(Q), o' € H and 4T € L?(Q). In fact, this inequality is of the
form

J [ el + oy dwae < / pa(t)(gl? + o) d
Q

+//wx Ok dxdt+//wx \1/1|2dxdt> (3.10)

if N =3, and of the form

// ) (el + o) dmdt<c<// Pa() (1912 + Igol? d*’”d”//xo |w|2dxdt>

if N =2, where j = 1 or 2 and py(t) are positive smooth weight functions (see inequalities
(3.14) and (3.15]) below). From these estimates, we can find a solution (y, 6, v,vg) of
with the same decreasing properties as f and fy. In particular, (y(T"),60(T")) = (0,0) and
v; = vy = 0.

We conclude the controllability result for the nonlinear system by means of an inverse
mapping theorem.

The rest of the chapter is organized as follows. In section we prove a Carleman
inequality of the form for system . In section we deal with the null control-
lability of the linear system . Finally, in section we give the proof of Theorem

3.2 Carleman estimate for the adjoint system

In this section we will prove a Carleman estimate for the adjoint system ({3.9)). In order
to do so, we are going to introduce some weight functions. Let wy be a nonempty open
subset of RV such that @y C w and 1 € C%(Q) such that

|Vn] > 0in Q\ wp, 7> 0in Q and n = 0 on . (3.11)

The existence of such a function 7 is given in [39]. Let also ¢ € C*°([0,T]) be a positive
function satisfying

Ut)=t Vtel0,T/4), L{t)=T—t Vte[3T/4,T),

3.12
0t) <T/2) vtelo,T]. ( )
Then, for all A > 1 we consider the following weight functions :
e2AMnlle _ An(z) e (@)
t = t =
() )= 2L ) e ming (1) = o (313)
a*(t) := max a(z,t) = —————, *(t) ;=miné(x,t) = ———, .
zeQ Eg(t) zeQ 68(0
A1) ina(e. 1) e2AMnlloe — eAlnlleo g(t) £at) eMnlloo
a(t) :=mina(z,t) = , = max &(x,t) = .
zeQ g8(t) zeQ gS(t)

Our Carleman estimate is given in the following proposition.

Proposition 3.5. Assume N =3, w C Q and (p, ) satisfies (3.6). There exists a constant
Ao, such that for any A > Ao there exist two constants C(X) > 0 and so(\) > 0 such that
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for any j € {1,2}, any g € L*(Q)3, any go € L*(Q), any ¢ € H and any YT € L*(Q),
the solution of (3.9) satisfies

34// 755" (¢4 o 2di dt + 5 // =55’ (V5| b 2l it

sc( J] e g + 190yt + 7 // R U
Q wx(0,T)
2 // e—483—5“(§>49/4|w|2dxdt> (3.14)
wx(0,T)

for every s > sg.
For the sake of completeness, let us also state this result for the 2-dimensional case.

Proposition 3.6. Assume N =2, w C Q and (p, 9_) satisfies (3.6). There exists a constant
Ao, such that for any X > Ao there exist two constants C'(X) > 0 and so(A) > 0 such that
for any g € L*(Q)?, any go € L*(Q), any o € H and any T € L*(Q), the solution

of (3.9) satisfies

34// 550" (¢4 o2 di dt + 5° // =55’ (45| b 2l it

S C <// 6—33a*(’g’2 + ‘gO‘Z)dQT dt + 512 // 6—43&—304* (5)49/4|77[)|2d$ dt) (315)
Q wx (0,T)

for every s > sg.

To prove Proposition we will follow the ideas of [23] and [35] (see also [7]). An
important point in the proof of the Carleman inequality established in [23] is that the
laplacian of the pressure in the adjoint system is zero. In [7], a decomposition of the
solution was made, so that we can essentially concentrate in a solution where the laplacian
of the pressure is zero. For system this will not be possible because of the coupling
term V6. However, under hypothesis we can follow the same ideas to obtain .
All the details are given below.

3.2.1 Technical results

Let us present now the technical results needed to prove Carleman inequalities
and . These results were already stated in Chapter |2 but we include them here again
for the sake of completeness.

Let us begin with a Carleman inequality for parabolic equations with nonhomogeneous
boundary conditions proved in [52]. Consider the equation

N
—AUZFo-f-Zaij in Q, (3.16)
j=1
where Fy, F1, ..., Fy € L?(Q). We have the following result.

Lemma 3.7. There exists a constant XO only depending on Q, wg, n and £ such that for
any A > Ao there exist two constants C(X) > 0 and S(X\), such that for every s > § and
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every u € L2(0,T; HY(Q)) N HY(0,T; H=1(Q)) satisfying (3.16)), we have

1 1
- // e | Vu|*dr dt + s// e~ 2% ulPdx dt < C 5// e~ 25 lu|? da dt
sJJQ § Q wox (0.T)

2 2
I ’e—saf—l/Su’
H12(%) L2 (%)

N
4572 //Q e 22| Ry P da dt+2//@ e~ 2| F; |2 dw dt). (3.17)
j=1

4+ s 1/2 He—sa§—1/4uH + s 1/2

Recall that

9 9 1/2
el 4.4 sy (HUHH1/4(O,T;L2(8Q))+Hu||L2(O,T;H1/2(8Q))) :

Remark 3.8. The usual notation for this space is actually H%%(E) (see [6G], for ins-
tance). However, we follow the same notation used in [52].

The next technical result is a particular case of Lemma 3 in [23].

Lemma 3.9. There exists a constant Xl such that for any A > Xl there exists C' > 0
depending only on X\, Q, wo, n and £ such that, for every u € L?(0,T; H'(Q)),

s3 // e 253y 2 dx dt
Q
<C <s // e~ |V dr dt + s° // e 2503yl da dt) , (3.18)
Q wo x (0,1)

for every s > C.
The next lemma is an estimate concerning the Laplace operator :

Lemma 3.10. There exists a constant Ay such that for any XA > X2 there exists C > 0
depending only on X\, 0, wo, n and € such that, for every u € L*(0,T; HL()),

50 // e 255 |2 do dt + st // e~ 250N\l do dt
Q Q

<C (33 // e 253 Aul? de dt + s° // e 2500y dy dt) ., (3.19)
Q wo %X (0,7

for every s > C.

Inequality (3.19) comes from the classical result in [39] for parabolic equations applied
to the laplacian with parameter s/¢3(t) (see Lemma [2.7/in Chapter . Then, multiplying
by exp(—2se? Ml /¢8(t)) and integrating in (0,7") we obtain ([3.19). Details can be found

in [23], [7] or Paragraph in Chapter

The last technical result concerns the regularity of the solutions to the Stokes system
that can be found in [59] (see also [70]).

Lemma 3.11. For every T > 0 and every F € L*(Q)", there exists a unique solution

we L20,T; H*(Q)N)n HY0,T; H) N L>(0,T;V)
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to the Stokes system

V-u=0 mn Q,
u=20 on X,
u(0) =0 in Q,

for some p € L?(0,T; H'(2)), and there exists a constant C > 0 depending only on Q such
that

ull 2o sz vy + el o,rp2oyyy + ullie vy < CIF T2 (3.20)

Furthermore, assume that F € L2*(0,T; H*(Q)N) n HY(0,T; L2(Q)N) and satisfies the
following compatibility condition :

Vpr = F(0) on 09,
where pr is any solution of the Neumann boundary-value problem

{ Apr =V -F(0) inQ,

%:F(O)-n on 0f.

Then, v € L2(0,T; H*(Q)N)N H'(0,T; H*(Q)N) and there exists a constant C > 0 depen-
ding only on Q such that

lalZ2(o a3y + el o rimrzqymy < C(IF IRz raarzmy FIF Wi o rizzqaymy ) - (3:21)

From now on, we set N = 3, ¢ = 2 and 5 = 1, i.e., we consider a control for the
movement equation in (3.1)) (and (3.8)) of the form v = (v1,0,0). The arguments can be
easily adapted to the general case by interchanging the roles of 7 and j.

3.2.2 Proof of Proposition [3.5

Let us introduce (w, my), (2, 7) and 1, the solutions of the following systems :

—wy — Aw+Vm, =pg in Q,

V-w=0 in Q,
w=20 on X, (3.22)
w(T)=0 in Q,
—2z— A2+ Vi, =—plo—9Vl inQ,
V-z2=0 in Q
) 2
z=0 on X, (3.23)
2(T)=0 in Q,
and ~ ~
—U— A =pgo+ppz—ph inQ,
P =0 on X, (3.24)

Y(T) =0 in Q,

where p(t) = e35" Adding (3-22) and (3.23), we see that (w + z, 7, 4 72, 1) solves the
same system as (p @, pm, p1b), where (@, m, 1) is the solution to (3.9)). By uniqueness of the
Cauchy problem we have

po=w+z pr=my+m, and pip =1 (3.25)



CHAPITRE 3. LOCAL CONTROLLABILITY OF THE N-DIMENSIONAL BOUSSINESQ
62 SYSTEM WITH N — 1 SCALAR CONTROLS

Applying the divergence operator to (3.23) we see that Ar, = -V - (QZVH_). We apply
now the operator VA = (014, A, 03A) to the equations satisfied by z; and z3. We then
have

~(VAz) — A(VAz) = V (AV - (V) — AW — /Mg ) in Q, 526)
~(VAz), — A(VAz) = V (05V - ($V0) — A(0030) — p'Aps) in Q. '

To the equations in (3.26]), we apply the Carleman inequality in Lemma with
u = VAz, for k = 1,3 to obtain

[ // ~2s0] {IVVAa e+ s // 250 [T A 2y 2 dmdt}
k=1,3

2
<C / / o250 [V Az |2z dt + s~ Y/2 )18y A
(k 13[ VARt T [T A

+S_1/2He_sa*(5*)_1/4VAZICHH%,%(E)3+// 6_28a‘pl|2‘Ag0k|2dl’dt:|
+ [ e (Y 0BT + VT + I3 >dxdt) (327
k=1

for every s > C, where C' depends also on HH_”LOO((LT;W&OO(Q)).
Now, by Lemma [3.9| with u = Az, for k = 1,3 we have

dos / / ~259€3| Az, 2da dt

k=1,3

<C ( // IV Az Pdr dt + s // e 23| Az ?da dt) (3.28)
k=1,3 wo % (0,T")

for every s > C, and by Lemma with u =z for k =1,3 :

[ // 23“54\Vzk\2dxdt+s// 25“§6|z\dxdt}
k=1,3

<C Z |;93 //Q e 23| Az [Pda dt + s° // o) 6_25056\zk\2dxdt] , (3.29)
wo )

k=1,3

for every s > C.

Combining (3.27)), (3.28) and (3.29) and considering a nonempty open set w; such
that wy € w1 € w we obtain after some integration by parts (for details, see Step 3 in

Paragraph [2.2.1])

[ // _2sa7|VVAzk|2dxdt+5// ~250¢ |V Az |2 dt
k=1,3

+ &° / / e 293 Az [Pda dt + s* / / e 250NV |2 da dt +5° / / e‘28a£6|zk|2dxdt}
Q Q Q

< C( l // e 20T Pda dt + 5 1/2H 1/8VAzk’
k= 173 w1 X OT)

L2 (%)?
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ek — 2 —2s«
Fs2 e (¢) 1/4VAzkHHM(E)3+//Qe 2 |p’|2\A@k|2dxdt}

3
+ [ O R 4199 + |1Z12>dxdt) . (3:30)

k=1

for every s > C.

Notice that from the identities in (3.25]), the regularity estimate (3.20]) for w and |p/|? <
C's?p*(€)%* we obtain for k = 1,3

JL e Plaearar = [[ e/ 252 (g Pda dt
Q Q
< Cs? // e~ 252 Az |2da At + C's? // e~ 250 Aw|d dt
Q Q

< Cs? //Q e 23| Az |Pda dt + CHPQH%Q(Q)B

where we have also used the fact that s2e=25%¢9/4 is bounded and 1 < C£€3/4 in Q.
Now, from zj5; = 0 and the divergence free condition we readily have (notice that o
and £* do not depend on z)

st // ~2sa% (¢4 52 da dt < O's* // ~2s0% (£9)41 9y 29| da dt

< Cs* // =20 (V21 2 4 |V zs[?)de dt.
Q
Using these two last estimates in (3.30)), we get
I(s,2) = [ // ~2s0 ] £IVVAzdrdt + s// =2V Ay e di
k=1,3

+ s° // e 253 | Az [P de dt + s? // e 250 V2 |2 da dt
Q Q

456 // 6_28a56|zk|2d$dt} + s // e 25 () 202 dz dt
Q Q

<C // ~2sa g7, 124 df + s~ 1/2 /8T A
- (k 13[ w1 x(0,T) &lalde i H & Zk L2 (%)

oot o T J+Hw“%2<@>3

11
H4*2(E)

3
+ [ O R+ 199 + |J!2>dxdt) SNEEN

k=1

for every s > C.

For equation , we use the classical Carleman inequality for the heat equation
(see for example [59]) there exists A3 > 0 such that for any A > A3 there exists
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C()\, Q, wi, HH_”LOO(O’T;W&OO(Q))) > 0 such that

3
T 0y = s [[ 0GP+ Y hiPeat + 5" [ eogviPasar

k=1

w5 [[[ emegiiparar < ([ ool + oo Par
+s? / / 25021/ 12| | 2 [P dt + 7 / / 6_250‘§5|J|2dxdt>, (3.32)
Q w1><(0,T)

for every s > C.

We choose \g in Proposition (and Proposition to be \g = max{xo, Xl, Xg, Xg}
and we fix A > Ag.

Combining inequalities and , and taking into account that s?e=25%¢2p? is
bounded, the identities in (3.25]), estimate for w and |p/| < Cs(€*)%/®p we have

I(s.2)+ J(s.0) < C (upguiz@s Hlogoliagy +5° [ e eloPara
w1 XU,

2
L2(x)3

+57 // e 25T 21| 2da dt]) , (3.33)
le(O,T)

+ 3 |:s—1/2He—sa*(g*)—l/SvAzk‘ 2
k=1,3

4+ g2 He_sa* (6*)_1/4VAZICHHZ’%(E)3

for every s > C.
It remains to treat the boundary terms of this inequality and to eliminate the local
term in z3.

Estimate of the boundary terms. First, we treat the first boundary term in (3.33)).
Notice that, since a® and £* do not depend on x, we can readily get by integration by

parts (see (2.24)), for k =1, 3,

—sa* 2 —sa* 2
eV Az 2 sys < C (Il VAZ |72

+ |12 (€ PV Az g |52 €)YV AL g0 )

and using the properties of the weight functions (see (3.13])) we get
x 1 1
e VAZkHiz(E)g <C (s //Q e 25|V Az 2de dt + 5 //Q 6_25aE|VVAzk|2d:E dt> .

From this estimate, we find that He*SO‘*VAzkH%Q(E)g is bounded by I(s, z). On the other
hand, we can bound the first boundary term as follows :

s1/2 Hefsa* (f*)fl/BVAzkH < Cs /2 Hefsa*VAzk‘

2
L2 (2)3 -

2
L2(%)3 ’

Therefore, the first boundary terms can be absorbed by taking s large enough.
Now we treat the second boundary term in the right-hand side of (3.33]). We will use
regularity estimates to prove that z; and z3 multiplied by a certain weight function are
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regular enough. First, let us observe that from (3.25) and the regularity estimate (3.20)
for w we readily have

|52 (€200 l2age < € (15 2) + Ipalags ) - (3.34)
We define now
Zi=s5e75Y (€982, R, = se75 (€M) Pr,.
From we see that (Z,7,) is the solution of the Stokes system :

% -AZ+VF, =R, inQ,

V.-z2=0 in Q,
z=0 on 3, (3.35)
Z(T) =0 in €,

where Ry := —se 5" (€5)7/8/p — 5" (€*)7/84)Vh — (se~5" (€*)7/8),z. Taking into ac-
count that |af| < C(€9)%8, |p/| < Cs(£*)/® p, (3.6) and (3.34) we have

|B1l132 g0 < C (I(5,2) + T (5, 9) + llpgll (s )
and therefore, by the regularity estimate (3.20)) applied to (3.35]), we obtain
H5||%2(07T;H2(Q)3)m}11(o,T;L2(Q)3) <C (I(Sv 2) + J(s,9) + ||,09||%2(Q)3) - (3.36)

Next, let

*

2= e (€)W, A= e () Wi,

From (3.23)), (z,7) is the solution of the Stokes system :

—/Z\t —AE—F V7ATZ :R2 in Q,
V-z2=0 in Q,

z2=0 on X (3.37)
Z(T)=0 in Q,
where Ry 1= —e 59" (&%)~ V4o — =597 (¢%)~ 14Vl — (e3¢ (€*)1/4),2z. By the same

arguments as before, and thanks to (3.36]), we can easily prove that Ry € L%(0,T; H?(2)3)N
HY(0,T; L*(Q)3) (for the first term in Ry, we use again (3.25) and (3.36])) and furthermore

1R211 207 12 ()01 (0,722 < C (1(872) +J(s,9) + HPQH%Q(QP) :

By the regularity estimate ([3.21]) applied to (3.37) (notice that the compatibility condition
in Lemma is satisfied since Ro(T) = 0), we have

1211207113092y (0.7 52020 < C (I(Sv 2) + J (s, ) + HPQH%Q(Q)?’) :
In particular, e 5" (£*)~V/4V Az, € L2(0,T; HY(Q)*)NHY(0,T; H~'(Q)?) for k = 1,3 and

S lle (€)Y AV AL T2 0 m(y) + 1€ (€)Y AV Az o 11 (0
k=13

< C(I(s,2) +J(5:0) + lpalfagys) - (3:38)
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To end this part, we use a trace inequality to estimate the second boundary term in
the right-hand side of (3.33)) (see [66], for instance) :

3 e e eaally g, <0 3 [l ey ovaal;

+ He—sm (5*)—1/4VAzkH;(O7T;H1(9)3)} .

L2(0,T;H(Q)3)

By taking s large enough in (3.33), the boundary terms 3*1/2\\6*50‘5*1/4VAZ;€H21 b sy
42
can be absorbed by the terms in the left-hand side of (3.38)).
Thus, using (3.25) and (3.20) for w in the right-hand side of (3.33)), we have for the

moment
s 2 2 5 —250¢5) 7712
I(5,2) + J(s. ) sc(upgum(@s+HpgouL2<Q>+s J[ o oS 0Pzt
w1 XU,

187 // e 20T 2|01 2de i + 7 // 25T 2| oo 2der dt) ,
w1 X (O,T) w1 X (O,T)

for every s > C. Furthermore, notice that using again - ) for w and (| - we
obtain from the previous inequality

32//Q€_2m*(€ )PP lpsaPda dt + I(s, po) + J(5,1))

(upgup o Hlogolagp +5° [[ e ee e
w1

+57 // e 20T 21 |2da dt 4 57 // e 25967 p? o3| ?d dt) , (3.39)
w1 % (0,T) w1 (0,T)

for every s > C, where
I(s,pe) { // “2E % | AP da i + 5* // e ¢t p? | Vipg|*dar dt

+s // —2s0g 2| o | da:dt} +s // ~2507 ()2 2| | 2d .

Estimate of 3. We deal in this part with the last term in the right-hand side of (3.39).
We introduce a function ¢; € C3(w) such that ¢; > 0 and ¢; = 1 in wy, and using equation

(3.24)) we have

O // 25067 2| a2 dt < C's” // e 20T 2oy P it
w1 x(0,T) wx(0,T)

— o / / o G st — A~ pgo + )t
wx (0,

and we integrate by parts in this last term, in order to estimate it by local integrals of 12,
go and € I(s, p ). This approach was already introduced in [35].
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We first integrate by parts in time taking into account that 6*250‘(0)57(0) = 0 and
e—25a(T)§7(T) -0

o [ R
wx (0,

o [ e iy ddadt + O [ / e~ p), oy dt
wX O,T wXx OT)
<e (52 // 6—25a* 7/4 2‘(p3t’2d1’dt+1(8 p@))
wx(0,T)
L OO e) ( 12 // o tsact2sa” (A9/4 112, 4y | 10 // 2sa§41/4|{/;’2dxdt> ,
wx(0,T)

where we have used that
(e 27 p)y| < Cse™25¢55/8

and Young’s inequality. Now we integrate by parts in space :
ery // Ge 2 ppsApdz dt = —C's” // Cre 22 p Apsipda dt
wx(0,T) wx(0,T)
— 205" // V(Cre 2527 pVgp;ﬂde dt —Cs” // A(Cre™2%¢T)p (pgl;dai dt
wx(0,T) wx(0,T)
<ellspp)+CE™ [ eeeiparar
wx(0,T)

where we have used that
V(Ge0¢) < Csem0¢® and  A(Gem0¢T) < OsPe ¢,

and Young’s inequality.
Finally,

Cs’ // o Cre > pps(—pgo + p' )z dt
wX

SO [ oy G plgslplanl + Ol i

<el(s,pp)+C (ss // e 2598 |go[2da dt 4 50 // e~ 25 gt /4)12dx dt) .
wx(0,T) wx(0,T)

Setting e = 1/6 and noticing that

— — * .
e 2sa <e 4sa+2sa in Q,

(see (3.13)) we obtain (3.14) from (3.39). This completes the proof of Proposition

3.3 Null controllability of the linear system

Here we are concerned with the null controllability of the system

Ly+Vp=f+(v1,0,0)1,+0e3 inQ,

LO0+vy-VO = fo+voly in Q,
V-y=0 in @, (3.40)
’y:O7 0:0 OHZ,

y(0) =¢°, 6(0) =¢° in €,
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where y° € V, 0° € H}(Q), f and fy are in appropriate weighted spaces, the controls vy
and vy are in L?(w x (0,7T)) and
Lqg:=q — Aq.

Before dealing with the null controllability of (3.40), we will deduce a Carleman in-
equality with weights not vanishing at ¢ = 0. To this end, let us introduce the following
weight functions :

e2>‘||77||00 J— 6)‘77(1‘) 6)‘77(1‘)
Bz, t) = = , v(z,t) i= ——,
B B
B(t) 1= max Bz, t) = S~ 1 (0 (1) = (3.41)
*(t) ;= max f(x,t) = ——————, *(t) := miny(z,t) = ——, )
et 0 K nets | 0
5y i ey < I = gy = 1
:: b) - ~ ) :: a ) - ~ )
pv= L 20 LA 20

where
Z(t) _ MHOO 0<t< T/27
T ) T/2<t<T.

Lemma 3.12. Assume N = 3. Let s and X\ be like in Proposition and (p, 0) sa-
tisfy (3.5)-(3.6). Then, there exists a constant C' > 0 (depending on s, A and 0) such that

every solution (@, m,1) of (3.9) satisfies :

ST oM ezt [ e PP drat + o 0) s + IOz

<C (// 67355*(|g|2 + |go|2)dx dt + // 6728&7385*37’¢1|2d1‘ dt
Q wx(0,7)

+ / / 45898 249/4) 12 g dt) . (3.42)
wx(0,T)

Let us also state this result for N = 2.

Lemma 3.13. Assume N = 2. Let s and \ be like in Proposition and (p, 0) sa-
tisfy (3.5))-(3.6). Then, there exists a constant C' > 0 (depending on s, X\ and ) such that

every solution (@, 7 1) of (3.9) satisfies :

// 598" (4%)4|] dazdt+// 59 ()3 2 dt + [9(0) 32z + I1(0) 122
<C ( ] 7 gl + ool da e + / | e—%ﬂ-sﬂ*a@/ﬂwr?dasdt)- (343)
Q UJX(O,T)

Proof of Lemma[3.13 : We start by an a priori estimate for system (3.9). To do this, we
introduce a function v € C'([0,T]) such that

v=1in[0,7/2], v=0in [3T/4,T).
We easily see that (vp, v, vi)) satisfies

—(vo)e — Alvp) +V(vr) =vg — (v)VO -V in Q,
— (V) — A(wy) =vgo+ves — V'Y in Q,
V- (vp)=0 in Q,
(vp)=0, (v)=0 on %,
(ve)(T) =0, WyY)(T)=0 in Q,
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thus we have the energy estimate
vl Z20.r0) + 10710 + 1017200 701 2)) + 1P9 1T 0 (0722020
< C(H“Q”%%Q)B + ||V/90||%2(Q)3 + HVQOH%?(Q) + ||’/7J’||%2(Q))-

Using the properties of the function v, we readily obtain

11720 7/2:0) + 19O 720y + 19117200 7/2:220) + 19(0) 1720y

<C (||g||%2(0,3T/4;L2(Q)3) + 21220z 287 /4202
90l 720,37 /4:22(2)) + ||1/J||2L2(T/2,3T/4;L2(Q))) :

From this last inequality, and the fact that
e 3 >0 >0,vte€[0,3T/4] and e %8 (4*), e > (v*)° > C >0, Vt € [T/2,3T/4]

we have

I e hePdnde s [[ e ) Pda dt
Qx(0,7/2) Qx(0,7/2)

2 2 —3sB* (1 |2 2
+||so<o>HLz<ma+Hw<o>up<mSC( S €7 ol

4 / / €595 ()4 o2 dt + / / 6555*(7*)5|¢|2dxdt>. (3.44)
Qx(T/2,3T/4) Qx(T/2,3T/4)

Note that the last two terms in (3.44) are bounded by the left-hand side of the Carleman
inequality (3.14)). Since o = 5 in Q x (T'/2,T'), we have :

J[ o e eldwdt [[ e e
Qx(T/2,T) Qx(T/2.T)

- / / e85 ()4 |?dz dt + / / e=55" (69| Pda it
Qx(T/2,T) Qx(T/2,T)
< //Q e () pPdwdt + [ /Q €755 (€5 |yp 2d dt.

Combining this with the Carleman inequality (3.14)), we deduce

I e ePdrdt e [[ e (P pde s
Qx(T/2,T) Qx(T/2,T)

sc( J] e gl + oo arr [[ e @ Pdadr
Q wx(0,T)

+// 674337504* (E)49/4|w|2dx dt) )
wx(0,T)

In this inequality, we use that for every ¢ € [0,7/2] we have
673301* < 673sﬂ*,
8—25&—3&1* (5)7 <0 < 028_256_355*’77,

o —dsa—sa® (5)49/4 <0< 026—455—55*%9/4’



CHAPITRE 3. LOCAL CONTROLLABILITY OF THE N-DIMENSIONAL BOUSSINESQ
70 SYSTEM WITH N — 1 SCALAR CONTROLS

for some C1,Cy > 0, and for every ¢t € [T/2,T] :
6—3804* _ e—Ssﬁ*’
e—2s&—3sa* (5)7 _ 6—2323\—336*;)777

674safsa* (6)49/4 — €f4sﬁfsﬁ*a49/4'

Therefore, we get

JLoo e ePdede s [[ e (o dt
Qx(T/2,T) Qx(T/2,T)

<C (// 6738'8*(’9’2 + |go|*)dz dt + // 6723’8733’8*’77“01’2(11' dt
Q wx(0,T)

+ // 67453735*;}749/4|w|2dx dt) 7
wx(0,T)

which, together with (3.44)), gives (3.42)). O
Now we will prove the null controllability of (3.40)). Actually, we will prove the existence

of a solution for this problem in an appropriate weighted space. Let us introduce the space
E={(y,po1,0,00): 25 yeLXQ)P, P32 577/2(1),0,0)1, € I2(Q),
312507 9 € [2(Q), 6253—1-1/25,8*,7—49/8 vl € L2(Q),
eA/207 () 8y € L2(0, T5 H*()*) N L>(0, T3 V),
e85 () 7086 € L?(0, T3 H(2)) N L*(0, T; Hy (),
/258" () 72(Ly + Vp — fez — (v1,0,0)1,) € L*(Q)?,
BB ()L +y - VO — woly) € L*(Q) -

It is clear that F is a Banach space for the following norm :

||(y7p7 U1, 95 UO)”E = (||63/286* yH%Q(Q)3 + H€S/B+3/2Sﬂ*ﬁ_7/2 vl]lw“%,Q(Q)

H[eA207 0|72 ) + (|72 FT S w1 |7 )

HIe¥ =2 () R Y a0,y + 1€¥27 (7)™ Ryl o,
+H €325 () B 01132 0 oy + €337 (7*)79/89”200(0,T;H5)
+|€5/258" (v*) =2 (Ly 4 Vp — Bez — (v1, 0, O)Hw)H%z(Qp
(v)

« _ 1/2
+He5/2s,8 A —5/2(5(9 +y- Vo — Uo]lw)!!%2(Q))

Remark 3.14. Observe in particular that (y,p,v1,0,v0) € E implies y(T') =0 and §(T) =
0 in Q. Moreover, the functions belonging to this space possess the interesting following
property :

2 () 2y V)y € LHQ)P and ¥ (y*) 2y Vo € L(Q).
Proposition 3.15. Assume N = 3, (p,0) satisfies (3.5)-(3.6) and
VeV, bhe Hy(Q), P (y)PFe Q) and P (v) T fy € LA(Q).

Then, we can find controls v1 and vy such that the associated solution (y,p,0) to (3.40)
satisfies (y,p,v1,0,v0) € E. In particular, y(T') = 0 and 0(T) = 0.
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Proof : The proof of this proposition is very similar to the one of Proposition 2 in [44] (see
also Proposition 2 in [34] and Proposition 3.3 in [7]), so we will just give the main ideas.
Following the arguments in [39] and [51], we introduce the space

Py:={(x,0,6) €C*Q)°:V-x=0inQ, x=0onY, x=0onX%}
and we consider the following variational problem : find (Y, 7,<) € Py such that
a((X,7,%), 0,0, k) = (G, (x,0,%))  V(x,0,K) € P, (3.45)
where we have used the notations
(2,5, R), (x, 0, K)) i= // e ¥0" (L% + V56 + VD) - (L7 + Vo + xV0) da dt

+// e 3 (LR — X3) (L ,‘{,—Xg)d{L‘dt—F// —256-355"5 77 %1 x1 dz dt
Q ><(0T

+ // 67455785*’749/4Emdx dt,
wx(0,T)

(G, (x,0,K)) //f dedt—i—// foﬁdxdt+/y -x(0 dac+/00

and L£* is the adjoint operator of L, i.e.
Lq:=—q — Aq.

It is clear that a(-,-,-) : Py x Py — R is a symmetric, definite positive bilinear form
on Py. We denote by P the completion of Py for the norm induced by af(-,-,-). Then
a(-,-,-) is well-defined, continuous and again definite positive on P. Furthermore, in view
of the Carleman estimate (3.42), the linear form (x,0,x) — (G, (x, 0, k)) is well-defined
and continuous on P. Hence, from Lax-Milgram’s lemma, we deduce that the variational
problem
7 (X, 0, 1))
€ P 2, o,

=
><

possesses exactly one solution (X, d, k).
Let g, v1, 0 and vy be given by

g = e 358" (L*X + VT + RV0), in Q,
Oy 1= —e 20T R in w x (0,7),
0 .= _355* (E*n - X3), in Q,
T := —e—dsB—sB"549/4 5 in wx (0,7).

Then, it is readily seen that they satisfy

/ / 38" [§2dz dt + / / ¢39° 0]2da dt + / / 2504350 57|, 2z it
Q Q wx(0,T)

[ TGP e d = a(R,5.R), (7,5.K)) < o0
wx (0,77

and also that (7, 5) is, together with some pressure p, the weak solution of the system ((3.40))
for v1 = v1 and vy = 7.



CHAPITRE 3. LOCAL CONTROLLABILITY OF THE N-DIMENSIONAL BOUSSINESQ
72 SYSTEM WITH N — 1 SCALAR CONTROLS

It only remains to check that
/20" ()85 € L2(0, T HA(Q)%) N L*(0, T: V)

and
e3/28" () =9/8G ¢ [2(0,T; H*(Q)) N L(0,T; HL(Q))

To this end, we define the functions
y* — 63/25,8* (7*)—9/8 :/y\’ p* — 63/236* (7*)—9/8 I/)\’ 0 :— 63/255* (7*)—9/8 é\’
fro= @2 () T8+ (1,0,0)1)  and  fg = 32 (y) T8 (o + olly).
Then (y*, p*, 0*) satisfies

Ey* + vp* _ f* + 0% e3 + (63/235* (7*)79/8)15@\ in Q,
LO 4y -VO=f3+ (/7 ()8 inQ,
V-y*=0 in Q,
y*=0, 6°=0 on X,
y(0) = /2500 (y7(0)) 79/5y, in Q,
0*(0) _ 63/235*(0)(,Y*(O))fg/S@O7 in Q.

From the fact that f*+ (€327 (y*)79/8), 5 € LX(Q)®, fi + (e3/%7 (v*)79/%),0 € L*(Q),
y? € V and 0" € H}(Q), we have indeed

y* € L2(0,T; H*(Q)*) N L>®(0,T;V) and 6* € L*(0,T; H*(Q)) N L>(0,T; HY (Q))

(see (3.20)). This ends the proof of Proposition O

3.4 Proof of Theorem [3.1]

In this section we give the proof of Theorem [3.1| using similar arguments to those in [51]
(see also [34], [35], [44] and [7]). The result of null controllability for the linear system
given by Proposition will allow us to apply an inverse mapping theorem. Namely, we
will use the following theorem (see [3]).

Theorem 3.16. Let Bi and B be two Banach spaces and let A : By — Bs satisfy A €
CY(By;Bs). Assume that by € By, A(b1) = by and that A'(by) : By — Bs is surjective.
Then, there exists 6 > 0 such that, for every b’ € By satisfying ||b' — ba||p, < 0, there exists
a solution of the equation

.A(b) = b/, b e B.

Let us set o
y:=y, p:=p+p and 6:=6+40.

Using (3.1)) and (3.5) we obtain

U — A+ (G- V)J+Vp=vl, +0ey inQ,

6, — NG+ 7-VO+7-V0=uvl, in Q,
V-5=0 inQ, (3.46)
7=0, 6=0 on X,

7(0) =%, 6(0) = 6° —4° in Q.
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Thus, we have reduced our problem to the local null controllability of the nonlinear system
(13.46]).
We apply Theorem |3.16| setting
By :=F,

By = L2/ () (0. T): A(Q)P) x V x L2 (77)75/2(0,T): L2(Q) x HY(©)
and the operator
A7, v1,0,v0) = (LG + (5~ V)7 + VP — Beg — (v1,0,0) L, 5(0),
LO+7-VO+7-V0—uvoly, 6(0))
for (g7ﬁ7 U1, 57 UO) € Bl'

In order to apply Theorem it remains to check that the operator A is of class
CY(B1; Ba). Indeed, notice that all the terms in A are linear, except for (- V)7 and 3 - V#.
We will prove that the bilinear operator

((y',p" 01,0 0), (v, 07,07, 6%,08)) = (y' - V)y?
is continuous from By x By to L?(e%/2#" (4*)=2(0,T); L*(2)%). To do this, notice that
20 (7)Y € L2(0,T5 HA(2)) N L®(0, T V)
for any (y,p,v1,6,v9) € By, so we have
/287 () 798y € L2(0,T; L (Q)%)
and
V(2P (7)) € 10, T; L (Q)%).
Consequently, we obtain
€277 (") 2 (4" - V)l 12y
< C[(€¥257 (y*) 78yt )32 () T 2 12y
< C||e3/?F (7*)_9/83/1HL?(O,T;LOO(QP) |e3/255 (7*)_9/83/2HL°°(0,T;V)-
In the same way, we can prove that the bilinear operator
(w001, 0%, 05), (v, 0%, 01, 6%,03)) — o' - V6

is continuous from By x By to L?(e%/258" (y*)=5/2(0,T); L*(Q)) just by taking into account
that
B (37)705 € 1%(0,T; (),

for any (y7p) U17971}0) € Bl'

Notice that A’(0,0,0,0,0) : By — By is given by
A/(Oa 07 07 07 0)(:’77 ﬁv U1, 57 ’UO) = (‘Cg + vﬁ_ 563 - (vlv 07 0)]10.)7 g(0)7
LO+7-V0 —vyly, 6(0)),

for all (¥, p, v1,6,v9) € By, so this functional is surjective in view of the null controllability
result for the linear system given by Proposition

We are now able to apply Theorem for by = (0,0,0,0,0) and by = (0,0,0,0). In
particular, this gives the existence of a positive number § > 0 such that, if ||7(0), 6(0) HVng(Q) <

d, then we can find controls v; and vg such that the associated solution (y,p,¢) to (3.46)
satisfies y(T') = 0 and 6(T") = 0 in .
This concludes the proof of Theorem [3.1]






Chapitre 4

Insensitizing controls with
vanishing components for the
Boussinesq system

In this chapter we prove the existence of insensitizing controls for a viscous newtonian
fluid wherein thermic effects are taken into account, the so called Boussinesq system.
The proof relies on a standard approach introduced by Fursikov and Imanuvilov for the
Navier-Stokes system which consists in solving a constrained extremal problem, and then
on an inverse mapping theorem to deal with the nonlinear system. Furthermore, we use
the coupling with the heat equation to get rid of two components of the control in the
fluid equations.

This chapter is included in [§], which has been written in collaboration with S. Guerrero
and M. Gueye.
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4.1 Introduction

Let © be a nonempty bounded connected open subset of RY (N = 2 or 3) of class C*°.
Let T > 0 and let w C © be a (small) nonempty open subset which is the control set. We
will use the notation @ = Q x (0,7) and ¥ = 9Q x (0,7T"). Let us also introduce another
open set O C ) which is called the observatory or observation set.

Let us recall the definition of some usual spaces in the context of incompressible fluids :

V={yecC)" : V-y=0inQ}.
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We denote by H the closure of the space V in L*(Q2) and by V its closure in Hg(Q).
We introduce the following Boussinesq control system with incomplete data :

y—Ay+(y-V)y+Vp=f+ovl,+0ey, V-y=0 inQ,

9t—A0—|—y-V9:f0+v0]lw inQ, 41
y=0, 6=0 on X, (4.1)
y(0) ="+ 750, 6(0) =6°+ 76, in Q.

Here,
(1)  iN=2
N7 (0,0,1) if N=3,

stands for the gravity vector field, y = y(z,t) represents the velocity of the particules of
the fluid, 8 = 6(z,t) their temperature, (vg,v) = (vo,v1,...,vxN) stands for the control
which acts over the set w, (f, fo) € L?>(Q)N*! is a given externally applied force and the
initial state (y(0),6(0)) is partially unknown in the following sense :

— 4% € H and 6° € L?(Q) are known,

~ §o € H and 0y € L?(Q) are unknown with 190l L2y~ = H@ol

=1, and
L2(Q)

— 7 is a small unknown real number.
We observe the solution of system (4.1)) via some functional J;(y,6), which is called
the sentinel. Here, the sentinel is given by the square of the local L?-norm of the state

variables : 1
T (y,6) = 5// (Iyf? + 16 da . (4.2)
Ox(0,7)

The insensitizing control problem is to find (v, vg) such that the uncertainty in the
initial data does not affect the measurement J, at least at the first order, i.e.,

8JT(y, 0)

=0 ¥ (5.00) € LAQ)N*! such that [[§oll 20y = Héo\
or T7=0

L@ = 1. (4.3)
If holds, we say that v insensitizes the functional J;. This kind of problem was first
considered by J.-L. Lions in [65].

The first results of existence of insensitizing controls were obtained for the heat equa-
tion in [5l 25]. Both papers are concerned with a sentinel of the kind .

A very close subject is controllability with controls having some vanishing components,
which may be an interesting field from the applications point of view. The first results were
obtained in [35] for the local exact controllability to the trajectories of the Navier-Stokes
and Boussinesq system when the closure of the control set w intersects the boundary of €.
Later, this geometric assumption was removed for the Stokes system in [23], for the local
null controllability of the Navier-Stokes system in [7] and in [6] for the Boussinesq system.
Recently, the local null controllability of the three dimensional Navier-Stokes system with
a control having two vanishing components has been obtained in [24].

As long as insensitivity results for fluids is concerned, the first result was obtained in
[70, section 2.3], where the author establishes the existence of e-insensitizing controls of the
form (v1,v2,0) for the 3D-Stokes system. Then, the existence of insensitizing controls for
the Stokes system is proved in [45] and for the Navier-Stokes system in [49]. Finally, in [9],
the existence of insensitizing controls for the Navier-Stokes system with one vanishing
component was established. The main goal of this chapter is to establish the existence of
insensitizing controls for the Boussinesq system having two vanishing components,
that is, v;, = 0 for any given 0 < i9p < N and vy = 0. Notice that if N = 2, this
means v = 0.



4.1. INTRODUCTION 77

The particular form of the sentinel J; allows us to reformulate the insensitizing pro-
blem — as a controllability problem for a cascade system (see Proposition See
also [B] or [64], for instance). More precisely, condition is equivalent to (2(0),¢(0)) =0
in Q, where (z,q), together with (w, ), solves the following coupled system :

wy — Aw + (w-V)w+ Vpg = f+vl, +rep, V-w=0 inQ,
22— Az + (z-VYw—(w-V)z+qVr+Vp =wlp, V-z=0 inQ,
re — Ar +w-Vr = fo+ vgly, in Q, (4.4)
—q—Aq—w-Vg=zy+rlp in Q, '
w=2z=0, r=q=0 on X,
w(0) =4 2(T)=0, 70)=6° ¢T)=0 in Q.

Here, (w, po,r) is the solution of system (4.1)) for 7 = 0, the equation of (z,p1,q) corres-
ponds to a formal adjoint of the equation satisfied by the derivative of (y, #) with respect
to 7 at 7 = 0 and we have denoted :

N
((z,Vt)w),- = szaiwj 1= 1,. . .,N.
j=1

Our main result is stated in the following theorem, which expresses local null-controllability

of:

Theorem 4.1. Let 0 < ig < N and m > 10 be a real number. Assume that w N O # (),
y? = 0 and 0° = 0. Then, there exist § > 0 and C > 0, depending on w, Q, O and T,
such that for any f € L*(Q)N and any fo € L*(Q) satisfying ||e/*" (f, fo)ll2@yvr <6,
there exists a control (v,vo) € L2(Q)N*! with v;y = vx = 0 such that the corresponding
solution (w, z,r,q) to satisfies z(0) = 0 and ¢(0) = 0 in Q.

In particular, no control on the velocity equation is required when N = 2.

Remark 4.2. The condition w N O # () has always been imposed as long as insensitizing
controls are concerned. However, in [5])], it has been proved that this is not a necessary
condition for e-insensitizing controls for some linear parabolic equations (see also [69]).

Remark 4.3. In [2]5], the author proved for the linear heat equation that we cannot expect
insensitivity to hold for all initial data, except when the control acts everywhere in .
Thus, we shall assume that y° =0 and 6° = 0.

To prove Theorem [4.1] we follow a standard approach introduced in [39] (see also [6], [9]
and [51]). We first deduce a null controllability result for the linear system :

wy—Aw+Vpg=fY4+ovly,+rey, V-w=0 inQ,

-z — Az 4+ Vp = fP+wlp, V-z=0 in @,

re —Ar = fT 4+l in Q, (45)
—q—Ag= fl+2n+7lo in Q, :
w=2z=0, r=q=0 on X,

w(0) =y, 2(T)=0, r(0)=6° ¢T)=0 inQ,

where f, f?, f7 and f? will be taken to decrease exponentially to zero at t = 0.

The main tool to prove this controllability result for system , and the second
main result of this chapter, is a suitable Carleman estimate for the solutions of its adjoint
system, namely,
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—pr = Ap+Vr, =g +¢lpo, V-p=0 in Q,

Yr— A+ Vmy =g% +oey, V=0 in Q,

—¢r —Ap =g+ on +0lo in Q, (4.6)
— Ao =g in Q, :

‘P:T/J:Oa ¢:0-:O ODE,

o(T)=0, ¥0)=9" &T)=0, o(0)=0c" in Q.

Here, 9% € H, 0° € L?(Q) and g%, g%, ¢® and ¢g° will be taken with different regularity
properties that will be detailed later on. In fact, this Carleman inequality is of the form

/], (W + [l + o + raP) de dt < C|[pa(t)(9%. 9% 9. 9 >H

N-2 o// )lsol? dxdt+C’// Ol dedt, (4.7)
wx(0,T wXx(

where pi(t), k € {1,2,3,4} are positive weight functions, jo € {1, o, N=1}\{ip},C >0
only depends on 2, w, O and T and X is a suitable Banach space. Observe that when N = 2
the local term in ¢j, does not appear. This estimate is stated in Proposition @

Since the proof of is quite technical, let us first give some insight about it. In
particular, we are going to prove here the qualitative property corresponding to , that
is to say

(N—2)<pj05¢50 inwx (0,T)=¢(T)=0c(T)=0 in Q. (4.8)
for the solutions of ( with (g%, g%, 9%,9%) = (0,0,0,0).

Observe that, thanks to the backwards uniqueness for the heat and Stokes operator,
w(T)EOanda(T)EOinQimpliesthatcqubEOandd)EaEOin Q.

Remark that . is equivalent to the approximate controllability of system with
(fe, 1% 17 f1) = (0,0,0,0)

Proposition 4.4. Assume that wNO # () and 0 < jo < N. Then, the unique continuation
property holds.

Remark 4.5. The proof of this unique continuation result follows the steps of the proof
of ({4.7)). This is why we are going to divide its proof in several steps. In the lines below,
we will make precise to which part of the proof of (4.7) corresponds each step.

Proof of Proposition[{.7. Without loss of generality, we can assume that ¢° € V. Moreo-
ver, we can assume that o° € C*°(€2). Now let us introduce the differential operators

D=0+ (N —2)02, P:=A%-Ad (4.9)

We divide the proof in several steps :
Step 1. First we prove that the solutions of (4.6)) satisfy

$p=0 imnwx(0,7)=Doc=0 inQ.

Straightforward computations, using in particular that Ar, = 0in O x (0,T) and Ay, =
Ono in @, show that (for more details, see Section 4.3.3)

—Ppr — APy =Do in O x (0,T).

Then, we deduce that Do =0 in (wNO) x (0,T). Furthermore, since the equation of o is
homogeneous, Do solves the heat equation

(Do) — A(Do) =0 in Q.
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Then, from the parabolic unique continuation (see [75]) we deduce that Do = 0 in Q.

Step 1 corresponds to estimate (4.48]) in the proof of (4.7)).
Step 2. Here, we observe that

Do=0 m@@=0c=0 in Q.

This fact is trivial from o =0 on X.

Step 2 corresponds to estimate (4.34]) in the proof of (4.7)).
Step 3.

p=0inwx (0,7),c=0inQ =Yy =01in Q.

From ¢ =0 inw x (0,7) and 0 =0 in Q we get o =0 in w x (0,7") (from the equation
of ¢). Thus, from the equation satisfied by ¢nx we have

APy = —(Apn)t — A(Apn) =0 in (wNO) x (0,7).
Observe that Ay satisfies the heat equation

(AYn)e — A(AyYyn) =0 in Q.

Making use of the parabolic unique continuation property we deduce that Ayy = 0 in Q.
Then, the homogeneous Dirichlet boundary condition gives that ¥y = 0 in Q.

In dimension 2, this implies that ¢y = 0in @, since V -4 = 0in @ and ¢|y = 0.
This concludes the proof of Proposition when N = 2. Observe that we did not use
that ¢, =0in w x (0,7T).

Step 4. The last step will be to prove that if ¢ =0 in @, then

0y, =¢=0inwx (0,7) =9 =0in Q,
for 0 < jo < N. Using the fact that Am, =0 in O x (0,7"), we find as before
Ao = —(Apjo)t — A(Agj,) =0in (wN O) x (0,7).
From o =0 in @, we have that Amy =0 in @ and so
(AYj)e — A(Ayj) =0 in Q. (4.10)

Thus, the parabolic unique continuation property applied to gives A, =0 in Q.
Consequently, 1;, = 0 in @, since ijIE = 0.

This, together with ¢y = 0in @ and combined with V - ¢ = 0in Q and ¢x, = 0
yield ¥ =0 in Q. O

Remark 4.6. Notice that after the first 3 steps, we have that 3 =0 in Q ando =0 in Q
using only ¢ = 0 inw x (0,T). From previous results [26, [67], we can deduce that 1) =
0 in Q under some particular generic geometric conditions, that is, we are able to obtain
the approximate controllability of system with just a control in the heat equation.

The rest of the chapter is organized as follows. In section we present some notation
and the technical results we need. In section we prove the observability inequality .
In section we prove a null controllability result for the linear system (4.5)). Finally, by
means of a inverse mapping theorem, we prove Theorem in section 4.5
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4.2 Technical results and notations

In this section we introduce some notation and all the technical results needed in this
work.

4.2.1 Some notations
We denote by X := L?(Q) and Yy := L?(0,T; H). For n a positive integer we define
the spaces X,, and Y,, as follows :

Xy, := L*(0,T; H*™(2) N Hy () N H™(0,T; L*(Q)),

Yo 1= L0, 75 H*™ ()N 0 V) 0 H"(0,T; LHQ)N),

endowed with the norms

lull%, = lulZ20. 1020 @) + 1ullEmo T2
and

HUH%I = HUJH%?(O,T;HQ"(Q)N) + HuHJZLIn(O,T;L2(Q)N)’
respectively.

The following subspaces will be used only in section [£.4] First, for every positive inte-
ger n, we set

X = {u€ X, : [CFu] iy, = 0, [£Fu](0) = 0, k

0,...,n—1},
endowed with the equivalent norm (by Lemma ,
lull, , = £ ull72(g)
where we have denoted by
L:=0—-A and L":=-0,—A

the heat operator and its adjoint, respectively.
Next, let

Yip={ueY:: u)=

0}

and

Yoo = {u e Y1 nL*0,T; HY()N) N H*(0,T; L* (V) : (Lyu)is = 0, (Lxu)(0) = 0}
endowed with the equivalent norm (by Lemma with ug = 0)

HUH%’no = ”‘C?{UH%Q(Q)N, n=

1,2.

Here, L := 0, — Pr(A), where Pr, denotes the Leray projector over the space H, i.e.

Pr: L2(Q)N — L*(Q)N, Pru :=u— Vp, where Ap =V -uin Q and Vp -7 = u -7 on Of
(see |76l pages 16-18]).

This equivalence between norms is used later to obtain Lemma (4.16)).
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4.2.2 Carleman estimates

In this subsection we present some Carleman estimates needed to prove estimate .
These inequalities have been proved in previous papers and we give precise references
about where to find each one of them. Before we can establish these estimates, let us
introduce some classical weight functions. Let wy be a nonempty open subset of RY such
that wg € wN O and n € C3(Q) such that

V| > 0in Q\ wg, n > 0in Q and n = 0 on 0N.

The existence of such a function 7 is given in [39]. Let also £ € C*°(]0,T]) be a positive
function in (0,7 satisfying

Uty =t Vtel0,T/4], ((t)=T —t Yte [3T/4,T],
0(t) < 0(T/2), Yt € [0,T].

Then, for all A > 1 and m > 10 we consider the following weight functions :

(2.1 e2Anllee — An() flat) m en(@)
a(x,t) = , T, t ,
o (t) £m(t)
“(1 = 2L ey i) = (111)
a =maxa(z,t) = ———-——, = min é(x )
2€Q em(t) 2€Q om(t)’
A (2.1 e2Anlloe — Alinlloe A( (.0 eMnllo
a(t) :=mina(z,t) = , t) ;= max&(z,t) = .
e () S = maxs )
Notice that from (4.11)), we obtain the following properties :
0 al, |0re| < cet /M 1okal, 9ke] < C¢ (4.12)

where n is any nonnegative integer, [ is a N-multi-index and C' > 0 is a constant only
depending on Q, A, n and ¢. This property is also valid for the pairs (a*,£*) and (@, E)

The first result is a Carleman inequality for the Stokes system with right-hand side in
L2(Q)N proved in [7, Proposition 2.1]. This estimate has the interesting property that the
local term does not contain one of the components of the solution.

Lemma 4.7. There exists a constant Xo > 0 such that for any A > Xo there exists C' > 0
depending only on X\, Q, w, n and £ such that for anyi € {1,...,N}, any g € L*>(Q)N and
any u® € H, the solution of

—Au+Vp=yg, V-u=0 1inQ,
u=0 on 3, (4.13)
u(0) = u° in Q,

satisfies

N
Il(u) = g2 // e—llsa* (f*)Q_Q/m’uthlL‘ dt + $3 Z// e—25a—95a*§3|Auj‘2dl, dt
Q = e

J#
Z // —2sa=9sa” 417y 2 da dt + s // —Hsa” (e |y 2dx dt

Jj=Llj#i

<C // L ]g]2d3:dt+372 // o) _258_950‘*57]uj]2dwdt (4.14)
wo

J#Z
for every s > C.
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Remark 4.8. In [7], the weight functions o and & are given for m = 8, but the proof also
holds for any m > 8. Additionally, the terms involving derivatives of u in the left-hand
side of do not appear explicitly in Proposition 2.1 of [1]. However, it is easily seen
from its proof that these terms can be added. Finally, one should replace p = e 3/2s0*
(defined in section 2.1 right after (2.13) in reference [7]) by p = e~ /5%,

Now, we present an estimate proved in [9, Proposition 3.2] (with f = 0 in that refe-
rence) similar to (4.14]) with local terms of the Laplacian.

Lemma 4.9. There exists a constant 3\1, such that for any A > 3\1 there exists a constant
C(A\) > 0 such that for any i € {1,...,N}, any v’ € H and any

g € L*(0,T; H*()™) n H*(0,T; H~H()Y),
the solution of (4.13|) satisfies

N
Ih(u) == Z U/Q e BP0 Auy | + s VA, + sE|VV Au; |2 + s~ VYV A, ) da dt
i

+s // —9saT(£)5 |y dwdt<C’< 5/2// —9saT (gx)3- 2/m|g|2 dx dt

2 [ (e <5*>1*3/<2’”>9)tHH R /0 (€I g

Yy /OTH<€—9/2SQ* (5*)_5/(2m)9)tH21<mN dt+s~1/? /0 TH(e‘g/m* €)>/emg) |

H—I(Q)N

+ Z // _9sa|VAg]|2d1:dt+// e\ (V - g)|2de dt

J=1,j#i

+5° Z // _950‘§5|Auj|2dx dt |,
0.)0>< UT
J#z
for every s > C.

The third Carleman inequality we present applies to parabolic equations with non-
homogeneous boundary conditions. It was proved in [52, Theorem 2.1] :

Lemma 4.10. Let fo, f1,..., [N € L?(Q). There exists a constant X2 > 0 such that for
any A > Ay there exists C' > 0 depending only on A, , wo, n and £ such that for every
u € L*(0,T; HY () n HY(0,T; H~Y(Q)) satisfying

N
— Au = fo-l-zajfj m Q,
j=1
we have

571 // e 850 V2 da dt + s// e 85 |ulPda dt < C (s // e 8% u| 2 dr dt
Q Q on(O,T)
2

n 371/2 Hei48a* (5*)—1/4,““2%%(2) + 871/2 H6745a* (5*),

L2(3)
N

4572 / /Q e 32 fo P dt + ) / /Q e85 ;] da dt) ,
j=1

for every s > C.
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Here,
1/2
_ 2 2
||U||Hzlf,%(z) = (HU||H1/4(0,T;L2(89)) + H“||L2(0,T;H1/2(8Q))) ‘
Remark 4.11. Notice that the usual notation for this space is actually H%i(Z) (see, for

instance, [66]). However, we choose to follow the notation used in [52].

The last estimate that we need is a technical result that can be found, along with its
proof, in [23, Lemma 3].

Lemma 4.12. Let k € R. There exists C' > 0 depending only on Q, wgy, n and £ such that,
for every u € L?(0,T; H(Q)),

s // e 850k 212 dy dt < C (// e85k | Vu|? dr dt + s* // e85 ekt 22 dy dt)
Q Q wox(0,T)

for every s > C.

4.2.3 Regularity results

Here, we state some regularity results concerning the heat and Stokes equations, res-
pectively. The first one is (see for instance [58, Chapter 4]) :

Lemma 4.13. For every T > 0 and every f € L?(Q), there exists a unique solution
u € L*(0,T; H*(Q)) N HY (0, T; L*(Q))

to the heat equation
u—Au=7f inQ,
u=0 on 3, (4.15)
u(0) =0 in €,

and there exists a constant C' > 0 depending only on € such that
ull220 .52y + Nl Frr o 22 (0)) < C I T2 - (4.16)

Furthermore, if f € X,, (n any nonnegative integer), the unique solution to the heat
equation (4.15)) satisfies u € Xy 1 and there exists a constant C > 0 depending only on )
such that

2
lulk,,, < CIfI%, - (4.17)
The second one can be found in [59, Theorem 6, pages 100-101] (see also [76]) :

Lemma 4.14. For every T > 0, every u® € V and every f € L*(Q)", there exists a
unique solution

we L20,T; H*(Q)N)n HY0,T; H) N L>(0,T;V)
to the Stokes system
u—Au+Vp=f, V-u=0 1inQ,

U= on X,
U(O) = UO n Qa
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for some p € L?(0,T; H'(2)), and there exists a constant C > 0 depending only on Q such
that

2
HuﬁaaﬁH%mN>+uu@p@jiqmw)+nm@wmjy>§c70Uﬂ;«mN+¢h%@).<41&

Moreover, if f € L?(0,T; H*(Q)N) N HY(0,T; L2(Q)N) and u° € H3(Q)N NV satisfy the
compatibility condition :
Vp = Au® + £(0) on 99,

where p is any solution of the Neumann boundary-value problem
A]?:V-f(O) in Q,
%:Aumn—l—f(())-n on 3,

then u € Yo and there exists a constant C' > 0 depending only on Q such that

(m> . (4.19)

Jul, < © (1908 + o[

4.3 Carleman estimate for the adjoint system

In this section we prove a new Carleman estimate for the following coupled system :

ot —Ap +Vrm, =g¥ +lo, V-p=0 in Q,

Y — AP+ Vry=g¥ +oey, V=0 in Q,
—¢r — A= g%+ oy +0lo in @,

Ut _ AO’ — go in Q, (420)
p=9v=0, ¢=0=0 on X,

o(T) =0, »(0)=v¢° ¢T)=0, o(0)=0" inQ,

where ¢g¥ € Yy, g¥ € Y, g% € Xo, g7 € Xy, ¥° € H and 0° € L?(Q). It is given by the
following proposition :

Proposition 4.15. Assume that w N O # (). Then, there exists a constant g, such that
for any A > Xg there exists a constant C > 0 depending only on A, Q, w and ¢ such that for
any jo € {1,...,N — 1}, any ¢¥ € L2 (Q)"N, any g¥ € Ya, any ¢® € L*(Q), any ¢° € Xy,
any ° € H and any o9 € L*(Q), the solution (p,,¢,0) of satisfies

34// 110" ()02 df + & // ~95a (45| b 2 it
+s // —12s0% (e9Y3| 2 d dt + $° // —8507 (95| | dux dt

<C (S He—Ssa—i-4sa 599@ i + H6—7/23a g 2
0

Yo
19 || —8satdsa* ¢11 ¢ —7/2sa* o
+s0 e %]y, + e
4
LN —2)s // e90g13| o 2 df 4 526 // ¢ 1850t 110" 30| 4127 dt) 7
wx(0,T) x(0,T)

(4.21)

for every s > C.



4.3. CARLEMAN ESTIMATE FOR THE ADJOINT SYSTEM 85

For the sake of completeness, we treat the more general case of N = 3 (with jp = 1,
for instance). The general idea is to combine suitable Carleman estimates for the heat and
Stokes equations in . The proof is then divided in several parts :

— First, we deduce from Lemmal[4.9)a Carleman estimate for 1) with local terms of A

and Ais. Using the coupling with the equation of ¢, we estimate these terms by
local terms of ¢1 and 3.
— Using the equation of ¢, we estimate the local term of w3 by a local term of ¢.
— Finally, to add o to the left hand side of and absorb all its global terms on
the right- hand side, we prove a Carleman estimate for a certain operator of o such
that its global terms can be estimated by terms of the right-hand side of .
The details of these steps are the target of the following subsections.

4.3.1 Carleman estimate for (y,v)

The first step is to apply Lemma to the equation satisfied by . However, before
doing that, let us remark some simple (but useful) properties of the weight functions.
Note that for every a > 0, and every b,c € R, the function sPe~®5*¢¢ is bounded in Q.
Furthermore, for any given € > 0, we have

sPeasage < ¢, (4.22)

for s > C, C a positive constant large enough. Taking this and (4.12)) into account, we
have, for example,

|(83/4679/2$a* (5*)173/(2m)0_)t| _ ‘(81/267430/‘ (5*)1/272/m0_ (81/4671/2504* (g*)1/2+1/(2m)))t|
< 5(|81/26—4sa* (6*)1/2—2/mo_‘ + |(81/2€—4sa* (£>|<)1/2—2/mo_)t|)7 (423)

for every s > C, that is,

“53/4(9/250‘* (5*)1_3/(2m)UH s¢€ Hsl/2e—4sa* (g*)1/2—2/mgHH1(07T;L2(Q))

HY(0,T5L2()) —

Observe that this argument is easily extended for derivatives of greater order.

Carleman estimate for

Now, we apply Lemma with i = 2, u = ¢, and g = g¥ + o e3. The idea is to use
(4.22)) and the idea developed in (4.23) in order to accommodate the terms in a more
convenient way for us. It is not difficult to check that we can obtain

T
) < =(s [T 5 o
T 2
1/2 —dsa* (¢x\1/2—2/m [ 1
—I-/O H(s e (€%) (g +063))tHH1(Q)3 dt
b [ (e @y g o) |,
0 L2(Q)3

4O // o =955 (| A |? + | Ay ) e dt,
wo X (U,

tt‘

for every s > C' (large enough), where € > 0 is a constant to be chosen small enough
later on. Furthermore, using the properties (4.22)) and (4.23) again, we prove the following
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inequality :

L(y)<C He_7/250‘* g ’

QYQ te H81/2€—4sa* (5*)1/2—2/7710‘

Xo

+055// or e—9sa£5(|A¢)1|2+|Aw3‘2)dxdt’ (4‘24)
wo X

for every s > C, and € > 0 is to be chosen small enough later on. Notice that the weight
functions and norms chosen for ¢¥ and ¢ in inequality (4.24) are not sharp. Indeed, this
is a technical choice for the sake of the arguments that will be employed in the rest of the
chapter.

Carleman estimate for ¢

Next, we apply Lemma to the equation satisfied by ¢, with i =2, u = ¢ and g =
g¥ + 1 1p. We obtain

oz ffytiase ], st
Q Ox(0,T)

+ 037 // 67230479304*67(‘801’2 + ‘@3‘2)(1.% dt, <425)
wo X (0,T)

for every s > C. Noticing that the second integral in the right of this inequality is bounded
by C s7° I5(3), for some C' > 0, we can combine inequalities (4.24)) and ) to get

* 2 % 2 N 2
11(80) + IQ(Iﬁ < C H679/25a ggo + C H677/23a Y + e H81/2674sa (g*)1/272/m0_‘ N
2
+CS // e 2sa—9sa” §7<‘901‘2+’(p3| d$dt+CS // _98a55(|A¢1’2+‘Aw3‘2)dxdt,
on(OT 0>< OT
(4.26)

for every s > C. Now, using the coupling between ¢ and 1 we will estimate the last two
local terms. This is the objective of the next subsection.
Estimation of Ay and Ays

We look at the equations satisfied by ¢; and @3 in the set O x (0,T") to find
Ay = —Aprp — A1 + 01V - g% — Agf,

Avps = —Aps; — A3 + 05V - g% — Agy.

Here, we have used that Am, = V - g% in O x (0,T) which follows directly from the
free-divergence conditions for ¢ and 1. Let now ¢ € C3(@) be a nonnegative function
with (=1 in wgand wg € w € wNO.

For simplicity, we only treat the term concerning 3 in the last integral in , since
the other term is quite similar. Using this last equality, we have

& / / 505 | Ay 2 dt < s / / 2)e 95 E5| Ay [2der i
wo X (0,T) wx(0,T)
=g //~ C(x)e_QSO‘éSA?/)g(—Ago&t — A? w3+ 03V - g¥ — Agf)dx dt.
wx(0,T)
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An integration by parts, in time and space, gives the following inequality :

s° // e 955 Aqpg|Ada dt
wo X(O,T)

WX(“J) d
+ 35 # AN ((C(.T)e 9505(55)tA77/)3 — A(C(l’) 9sa 5) w — (C(x) —950455) . §7g§’¢3) @3dx dt
wx(0,T) € &) A — 2V e

+ 50 //Zx(o,T) Vs (C(m)eigsaf’A%) cgfdadt — §° //ax(o,T) A (C(x)e’gso‘fg’Awg) gfdz dt.
(4.27)

Now we estimate the three lines of terms in the right-hand side of (4.27)), which we
call respectively L1, Lo and Ls. For the first one, we use the equation satisfied by As,
namely

Atpg — A3 = Agl — 3V - g¥ + (8% + 82)o. (4.28)

This equation, together with some integration by parts, yields
Ly =5 //~ A (C(z)e_gsa@(Aggj — BV -g¥ + (07 + 8%)0)) pgdx dt.
wx(0,T)

A careful analysis of these terms, taking into account (4.12), (4.22)) and using Young’s
inequality, gives

% 2
Ll < Cs' //~ or e’gsaflgltps!dedﬂrCHG*”QS“ 9"
wx (0,

2

Yo

+e H51/2€—4sa* (5*)1/2—2/771 a‘

Xo

A similar argument for Ls and Lg gives the following estimates

1
Lol < S5 Da(¥) + Cs'? //~X(O . e 9513 g2 dr dt,

1
3] < geh @) +0" [ eellgtPazar

Combining these estimates for L, Ly and Lg with (4.27)), together with the same compu-
tations for ¢, provide

2

)

2
O [ e ) de, (1.29)
2 wx(0,T)

2

L(p)+ L(y)<C (“39/26—9/250659/2 g% v + H€—7/25a* g¥

te H51/26—4sa* (5*)1/2—2/m0_’

for every s > C.

Here, we have also used the properties of the weight functions to find a more compact
expression. This ends this part of the proof of Proposition [4.15]

The next step is to eliminate the local term of ¢3. This is done in the next subsection.
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4.3.2 Estimation of ¢3 and Carleman estimate for ¢
As in the previous section, we look at the equation satisfied by ¢ in the set O x (0,7T) :
p3=—¢1 — Ap—g° — 0.

We consider again a nonnegative function ¢ € C3(w’) such that ( = 1inw and @ € w' €
w N O, and perform integration by parts to obtain

13// 95013 0o 2 dt — 513// 00 (g NG — g% — o)da dt
OT)
_ 313// 0 — Al (C($)€—gsa€13@3> $da dt — 313// C(a)e 2By (gf + o)du dt.
w'x(0,T) W' % (0,T

Let us call Ly and Ls the two integrals at the end of the last expression. A careful analysis
of Ly, together with property (4.12) and Young’s inequality, yield

|L4| < 7[1( )+CS26 // 6—18sa+llsa*§30|¢’2 dz dt+0824 // 6—163a+95a*£24|¢‘2 dz dt,
2C 0,7) w’'x(0,T)

for every s > C.
For the term concerning Ls, we apply again Young’s inequality and property (4.22)) :

ILs| < ﬁsl?)// (OT) ’95a513\g03\2d:1:dt+CH 13/2,-9/2s0¢13/2 qu
X

te "81/26—4sa*(£*)1/2—2/m0_‘

Xo

* * .
From ([4.11)), we have e~ 10sat9sa™ < o~=18satllsa®™ iy () 5o we obtain

13 // =953 g 2 dt < 711( )46 // ¢ 185 10" 30| 412 g
(0,7 2C x(0,T)

2

+C ”813/2679/25a§13/2g¢HX +e H51/2674sa (5*)1/272/m0_’ .
0 0

for every s > C, which plugged in (4.29) together with the fact that

13// =953 0y 2z dt < '3 // 2)e 95013 o 2 du dt,
(0,T) OT)

leads to

L(p)+ () < C H89/2€—9/280¢€9/2 g¢

2 «
+C He—7/25a gl/)
Yo
2
+Cs'3 //~ e_9sa£13|<p1|2dm dt
X2 wx(0,T)

4 (26 //, . e 185t 150" 30 412 0 df (4.30)

; LC H813/2e—9/25a§13/2g¢Hi

+e H51/2€—45a* (g*)1/2—2/m 0_‘

for every s > C.

To end this section of the proof, we will combine (4.30) with a Carleman inequality
for ¢. This will allow us to add the term with ¢ in the left hand side of (4.21). Namely, ¢
satisfies

= [T ol + 51Tl 57 (0l + |80l

(4.31)
<0 [[ g +lpsl + ooy dede + O [[ 1o anar,
Q wx(0,T)
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for every s > C. This is the classical Carleman estimate for the solutions of the heat
equation with homogeneous Dirichlet boundary conditions (see, for instance, [39]). Notice
that, taking (4.22)) into account, the right-hand side of (4.31]) is bounded by

2

C "813/26—9/28a£13/29¢‘ ; n %1'1(@) L H81/2€_48a* (€¥)1/2-2/m J’

4 Os2 //X(O ; ¢ 18sat 150" 30| 412 gy

Xa

for every s > C. Thus, combining this bound with (4.30) and (4.31)) we obtain

2

« 2
+ H6—7/2sa gw
Yo

11(@) +I2(7w[)) +13(¢) < C( H89/26—9/2sa£9/2g¢

) te “51/26—4sa*(£*)1/2—2/mJ‘ iz

Yo

+ "513/26_9/250‘513/29(75‘

2

Xo

PSRE // 9501351 24z df + C's? // ¢ 18sat 150" ¢30| 412 1 qp (4.32)
wx(0,T) wx(0,T)

for every s > C.

At this point, there are a few tasks left to do. First, we need to eliminate the global
term of ¢ in the right-hand side of . This will be done combining this estimate
with a suitable Carleman estimate for o, provided that we choose the weight functions
conveniently. This will add ¢ to the left-hand side and a local term of ¢ to the right-hand
side that also needs to be eliminated. Normally, we would try to use again the coupling
of o with the other equations. However, this will make appear the pressure term of the
equation of 1, or again a local term of @3 in the equation of ¢, which we would not be
able to eliminate again. Therefore, a more careful analysis needs to be done to avoid these
issues. Details are given in the next subsection.

4.3.3 Carleman estimate for ¢ and final computations

This final part of the proof of Proposition is divided in three steps. In the first
one, we look for an equation of o which does not contain neither 7, nor (3. Then, we
show a suitable Carleman inequality for o based on this expression. Finally, we eliminate
the local terms of ¢ and conclude.

Operator for o

Let us look at system (|4.20]) in the set O x (0,7T). All the following computations will
be seen in this set. Since Ar, =V - g%, we find

—(Aps)y — Aoy = Ag§ — 03V - g¥ + Ay,
In the previous section, we found the equation satisfied by Aws (see (4.28]))
(A3); — A%y = Agy — 93V - ¥ + Do

Here, we recall the notation used in ([&.9)), D := 9? 4+ 92. Combining these expressions, we
can easily find the following relation between 3 and o :

Pos = (AgF), — A2gE — (83V - g%); + A(83V - g¥) + Agl — 83V - g¥ + Do,

where we have denoted P = —Ad? + A? (recall again (4.9)).
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Finally, we apply this operator to the equation satisfied by ¢ and, combined with the
last expression, we obtain

—(Pr+ AP)d =(Ag$): — A%gy — 03V - gf + A(05V - g¥) + Ag}f — V- g¥

(4.33)
+ Pg® — Ag? — A%¢° 4+ Do,

where we have used the equation satisfied by o to find Po = —Agf — A2g°.
The idea now is to prove a Carleman estimate for ¢ with a local term of Do and

use (4.33) to eliminate it.

Carleman estimate for Do

Here, we follow the ideas developed for the Stokes system in [23] (see also [7] and [9]),
thus for simplicity we omit some detail of the computations. We start by applying VVD
to the equation satisfied by o. We have

(VVDo), — A(VVDs) = VVDg®, in Q.

We apply sequentially to this equation :
— Lemma [£.10] with v = VV Do,
— Lemma with ¥ = 1 and v = VDo,
— Lemma [4.12| with £ = 3 and u = Do,
and

/ 0|2 da < C’/ Do |? da, (4.34)
Q Q

for some C' depending on  (this last inequality holds since € is bounded and ol = 0).
Therefore, we obtain

Ii(o) == //Q e 3 (57T VBDo |2 + 56|V Do |? + s3¢3 VDo |? + s°€°| Do |?)da dt

+ 8 // e85 (&) |oPdz dt < Cs™2 // e 82| V2 Dy |2d dt
Q Q

2

H1/4,1/2(E)

+ C’// e 5 (s¢| VDo 2 + 5°¢*| VDo | + 57| Do ) du dt.
wo % (0,T")

+ 052 H€—4sa* (f*)1/4VQDUH 1L Cs1/2 He—45a*(g*)—1/4+1/mv2po_’

2
L2(X)

(4.35)

It is not hard to prove that, considering a cut-off function supported in w’ (recall that wy €
w' € wNO); integration by parts and Young’s inequality, we can estimate the local terms
in the last inequality by

o) + 05 / / =855 Do ? da dt. (4.36)
2 w'x(0,T)

To estimate the boundary terms, we use regularity results for the heat equation. We

start by defining
o= 83/26—45(1* (5*)3/2—1/7710_‘

It is not difficult to check that ¢ satisfies the heat equation

G; — AG = 83/26—43(1* (6*)3/2—1/77190 + (53/26—4sa* (6*)3/2_1/m)t‘7 in Q,
c=20 on X,
a(0)=0 on €.



4.3. CARLEMAN ESTIMATE FOR THE ADJOINT SYSTEM 91

From regularity result (4.16)) and (4.12)), we obtain

H5||§(1 <C <HS3/26—4sa* (5*)3/2—1/77190’ io n HS5/2€—4SQ* (5*)5/20‘

2
Xo/)

Applying successively regularity result (4.17)), taking into account (4.12)), we can prove
the general formula

n—1
HS5/2—ne—4sa* (5*)5/2—n—n/m0_‘ i <C Z HSS/Q—ke—4so¢* (5*)3/2—k—(k+1)/mga i
" k=0 F(4.37)
* 2
+C HS5/2674sa (f*)5/20" o
0
forn=1,...,5. Let us call in what follows
n—1 . 9
Rn(ga) — Z H33/2_ke_48a (é—*)3/2—k—(k+1)/mga e
k=0

Using a trace inequality (see, for instance, [66]) we have

2 2

He%m* (E*)1/4VZD0H L2(0,T;H5(Q2))NH (0,T;H3 (<))

HUAL2(5) <C He*‘lsa* (5*)1/40_’

Now, by an interpolation argument between the spaces X5 and X3, and since m > 10, we
can combine this estimate with (4.37) and write

* ek 2 — o — —4sa* (¢ 2
s—1/2 H€—4sa (¢ )1/4V2DO—HH1/471/2(2) < Cs 1/2723(g )+ Cs 1/2 HS5/26 4 (¢ )5/20’)(0_
(4.38)

For the other boundary term, taking into account that o* and £* do not depend on =,
and (£*)~1/4+1/™ is bounded since m > 10, we can easily obtain (see (2.24))

2

$—1/2 He—4sa*(g*)—1/4+1/mv2D0_H;(2) < 512 He—4sa*v2po_’ s

< Cs12 (”31/26_45a* (€)1/2V*Do|

o H3_1/2e—45a* (5*)_1/2V3DJHL2(Q) (4.39)

+ et 720 ) < O™ 2Ty ().

2
L*(Q)

Finally, notice that from (4.37)), we have

< CRs(¢°) + CIy(o). (4.40)

5
J(O’) .— Z “85/27k674sa* (é*)S/kafk/mo_‘ i
k=1 k

Combining estimates (4.36[), (4.38)-(4.40) in (4.35)), we obtain the following Carleman
estimate for o :

14(0) i= L(0) + J(0) < Cs2 / / =859 V2D g7 e dt + CR5(¢%)
Q

+Cs° // e 8595 Do |? dx dt,
w’x(0,T)
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for every s > C. Furthermore, by (4.12), (4.22)) and (4.23), we find the more compact

form :

Ii(0) < C |2 g

2
+Cs° / / e 3% Do|? da dt, (4.41)
Xa W' x(0,T)

for every s > C'. Finally, we are going to estimate the local term in (4.41)) in terms of g%,
g¥, g%, ¢° and a local term of ¢.

We recall the expression for Do valid in O x (0, T) and consider a cut-off function
¢ € C8(wNO) such that ¢ = 1 in w'. Recall that wy € w’ € wN O. We have the following

for the last term in (4.41)) :
/ / e Do drds <5 / / ¢(@)e €| Do 2 de dt

(wNO)%(0,T)

=—s // ((x)e Do ((A93 )i — A%gY — BV - gf + AV - g“")) dz dt
(WNO)x(0,T)

—s° // C(x)e_8$a§5DO' (Agéﬁ — BV - gw) dx dt
(wNO) % (0,T))

— 0 // C(z)e 82 DoPg? da dt
(WNO)x(0,T)

+s // C(z)e 852 Do (Agf + AQg") dx dt
wNO) (0, T)

- s // C(2)e 3 Do [Py + AP)¢ da dt.
(WNO)x(0,T) )

Similarly as in Subsections and we need to integrate by parts in both time
and space, keeping in mind the definition of the operator P (see (4.33])). Let us call the five
integrals in Ay, ..., As, respectively. A careful analysis of each of these terms (after
integration by parts), taking into account properties (4.12]), (4.22), (4.23) and Young’s
inequality, we can prove the following estimates for every s > C' :

|| < @ J(0) + Cs' / / ¢~ 1BsakSsa” ¢18) 512 4z . (4.43)

Q

L 5 850 5|7y |2 —7/250* ]|?

|A2\§%s //e £°|Do| dxdtJrCHe 9"y, - (4.44)
|As| < @ J(0) +Cs™ // e 10sotBsaT ¢22) 0012 43 ¢, (4.45)

Q

. 12
|A4] < @ J(o)+C H6_7/23a g ’Xo , (4.46)
45| < o= C J(0) + Cs* / / o) e~ 10sat8507 €262 4 ¢ (4.47)
From (4.41))-(4.47) we obtain
Li(o) < C’( H515/26—8sa+4sa*é—99<p 2y He—7/2sa*gw 24 Hslg/ .
o YO Y1

+ H677/23a*ga

2 *
y )+0323 // ¢ 16s0+850" €26 412 40 41 (4.48)
4 wx(0,T)

for every s > C.
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Conclusion of the proof of (4.21])

To conclude the proof of Proposition we go back to (4.32)), which combined
with (4.48)), taking into account that

8967950159 S Csl5efl6soz+83a §18’

813679304513 < C819€7168a+85a §22’

_ * _ *
8236 16sa+8sa 526 < 08266 18sa+11sa 5307

for every s > C' and choosing ¢ small enough we finally obtain

2

2 + H€—7/25a* g'¢;
Yo YZ

2
Xy

TSR // 950130 12 di + C's2 // e 185t 1Lsa" 30| 412 gy
wx(0,T) wx(0,T)

I1(<P) + I2(’l7[)) + 13(¢) +I4(O’) <C <H515/2e—8sa+4sa*§9 g<P

* 2 _ *
+ H819/2e—85a+4sa Ellg¢"XO + He 7/2s ga‘

for every s > C, from which we readily deduce (4.21]).
This concludes the proof of Proposition

4.4 Null controllability of the linear system

In this section we deal with the null controllability of system

Lw+Vpy=fY4+vl,+rey, V-w=0 in @,
L2+ Vp = f* +wlo, V.z=0 inQ,
Lr = f"+vo 1y, in Q,
Lq=f14zy +71lo in Q, (4.49)
’U):Z:O, T:qzo Onza
w(0) =0, 2(T)=0, 7(0)=0, ¢T)=0 inf.

Here, we will assume that f%, f?, f" and f9 are in appropriate weighted functional spaces.
We look for controls (v, vg), such that v;, = vy = 0, for some given 0 < iy < N, such that
the associated solution of satisfies z(0) = 0 and ¢(0) =0 in Q.

To do this, let us first state a Carleman inequality with weight functions not vanishing
in t = T. We introduce the following weight functions :

e2Mnllee _ pAn(z) e ()
z,t) = = , T, t) = =——,
2l — 1 1

B*(t) := max f(z,t) = —=—, Y (t) == miny(z,t) = =——,

zeQ) ot)m z€Q o)™

B(t) in B(o.) e2AInllee — eAlinlloo - (.1) eMnlleo
:=min §(x,t) = = , = maxy(x,t) = = ,

rett (™ =R ()™

where
i) = oty 0<t<T/2,
| Ml T/2<t<T.
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Lemma 4.16. Let 0 < jo < N and let g¥, g®, s and \ be like in Proposition .
Furthermore, assume that gw € Yoo and g° € Xy40. Then, there exists a constant C > 0
(depending on s and \) such that every solution (,,¢,0) of (4.20) satisfies

JI e (1 10l + 1ol + [ ) dmdtsc( e g2
Q Yo
n H6713/453* g 2 I H —13/458° + H ~13/458%
Y20 X40

N —2) // e*13/255*|¢j0|2dxdt+// 613/285*\¢|2dxdt>. (4.50)
wx(0,T) wx(0,T)

To prove estimate it suffices to combine and classical energy estimates
for the Stokes system and the heat equation satisfied by ¢, ¢, ¢ and o. For simplicity, we
omit the proof. For more details on how to obtain (4.50)), see [6], [7] or [49]. Notice that,
in order to obtain this more compact form, we have strongly used the property and
the assumptions ¢g¥ € Y50 and g7 € Xy (see section .

Remark 4.17. Observe that the additional assumptions on g¥ and ¢° are not needed to
obtain the energy estimates, but the fact that o(T) =0 and ¢(T) = 0 is essential.

Now we are ready to prove the null controllability of system (4.49)). The idea is to
look for a solution in an appropriate weighted functional space. To this end, we introduce,
for 0 < ip < N, the spaces

B9 = {(w, Do, 21,75 6, 0, 00) : e13/46% € L2(Q)N, ¥4 ¢ [2(Q),
¥, € LX(Q)N, v, =vn =0, ¥yl € LQ(Q)7
T ()T e vy, ()M ey, A(T) =
134507 () =1=1/my o x 13[4 (1) =15-15/my o x q(T)
e25/4sB" (Lw+ Vpy—vl, —rey, L'24Vp—wlp) € LQ(Q)
P/ (Lr — gy, Lq— 2y —rlo) € L2(Q)?}.

It is clear that EJ’\‘} is a Banach space endowed with its natural norm.

Remark 4.18. In particular, an element (w,po, z,p1,7,q,v,v0) € E}{} satisfies w(0) =
0, 2(0) =0, r(0) =0, q(0) =0, vi, = vy = 0. Moreover, since

e~ (v*)¢ is bounded (4.51)
for any a > 0 and ¢ € R, we have that
e20/450" ((w NV)w, (w-V)z, (z-VYw, ¢Vr, w-Vr, w- Vq) c LQ(Q)4N+2.
All the details are given in section [.5,
Proposition 4.19. Assume the hypothesis of Lemma[{.16 and
HIT (T ) € LAQPNR. (4.52)

Let also ig € {1,...,N — 1}. Then, we can find controls (v,v9) € L*(Q)N*! such that
the associated solution (w,po, z,p1,7,¢,v,v0) to ([4.49) belongs to EY. In particular, v, =
vy =0 and (2(0),¢(0)) = (0,0) in Q.
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Proof. Following the arguments in [39] and [51], we introduce the space Py of functions
(@, T, W, T, §,0) € C>°(Q)?N*4 such that
- V- Y = V- ¢ = 07
— =Y =0,¢x=0x=0,
o(T)=v(0)=0, ¢(T) =0(0) =0,
m,dx = / mydr =0,
fyretr= fy
V- (LY +Vry —oen) =0,
- (LY (L 4 Ty — o en))jp =0, k= 0,1,
— (L[ B3/ (L + Vg — o en)])(0) =0, k= 0,1,
~ LFe B Lo]s =0,k =0,...,3,
— LF[e13/48" £5](0) =0, k=0,...,3.
We define the bilinear form
a((@v %wa 77’/;7 7?1/)) 57 5)7 (907 T, wa Taps ¢7 J))

= //Q e~ B2BY(L* G 4 VT, — b)) - (L* 0 + VT, — o) dz dt

4 / / L3[e 35" (L + Vg — Fen)] - Lyle 3% (Ly + Vg — o ey)] dedt
Q

+ // 6_13/28’3* (£*¢~5— ON — 5]1(9)(ﬁ*¢ — ON — 0‘]1(9) dx dt
Q

4 / / Lo 3455 23] 24~ 13/48" £o] dur it
Q

d W= [ BTG g dedts [ g dad,
wx(0,T) wx(0,T)

where jo € {1,..., N — 1} \ {io} and a linear form

(G (9, s, 6,0)) :://wa-¢dxdt+//QfZ-wdde//Qfr¢dxdt+/L?fqadxdt.

Thanks to (4.50), we have that a(-,-) : Py x Py + R is a symmetric, definite posi-
tive bilinear form on FPy. We denote by P the completion of Py for the norm induced
by a(-,-). Then, a(-,-) is well-defined, continuous and definite positive on P. Further-
more, in view of the Carleman estimate and the assumptions , the linear
form (@, m,, Y, Ty, ¢, 0) = (G, (@, T, Y, Ty, ¢,0)) is well-defined and continuous on P.
Hence, from Lax-Milgram’s lemma, we deduce that the variational problem :

{ Find (3, T, ), Ty, ¢, 5) € P such that
a(((ﬁa %<p7w7%w7¢75)7 <9077w7w77r1/)7¢7 U)) = <G7 (@7774,071/}771-1/17(257 U)) v(%ﬂ'@awyﬂ'wa(ﬁ,‘f) S P7

o (4.53)
possesses exactly one solution (@, 7y, ¥, Ty, ¢,0).

Let ¥ and vy be given by

jy = —(N — 2)6:13/235*@01w7 v; =0, j # jo, inQ, (4.54)

Do 1= —e 13/267 41, in Q. ’
It is straightforward from (4.53) and (4.54) that we have

// (18] + 22 + 72 + 31?) de dt
Q (4.55)

+ // 1325 (N = 2)[o 2 + [0 ?) dardt < +oc,
wx(0,T)
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where w, z, ¥ and ¢ are given by

@ = e 13407 (LG + Vi, — Plo),
= L3 [e 1345 (L + V7, — Gen)], (4.56)
Ti= 6_13/48’8*(,6*%*@]\[*&]10), ’
q = Le~ 1345 5],
In particular, v € L%(Q)", 9y € L*(Q).
Let us call (w, z, T, (j), together with some pressures (po,p1), the (weak) solution
of { with v = v and vy = vy, that is, they solve

S

LW+ Vpy=fY+01,+7rey, V- -w= in @,
L*Z+Vp = f7+wlp, V-Z= in Q,
Lr=fr 4191, in Q,
LG= 143y +Flo in Q, (4.57)
w=z=0, r=q¢q=0 on Y,
@(0)=0, 2T)=0, 70)=0, GT)=0 inQ.

The rest of the proof is devoted to prove the following exponential decay properties

613/4sﬁ*(,y*) 1- 1/mw eV, 613/4sﬁ*(,y*) 6— G/mz €Y

4.
613/485*(,y*)—1—1/mr € Xy, 613/455*(7*) 15— 15/mqE X, (4.58)

which will solve the null controllability problem for system (4.49)) (see Remark [4.18)).
First, we will prove that (w, z, 7, §) given by (4.56) is actually the solution (in the sense
of transposition) of

e~ 13/48" 5 — & n Q,
e B/AT(Lx 22 =2 V.Z2=0 inQ,
G no (4.59)
e 13/487 (LG = G n Q,
such that
([,?{)65 =0 on Y, (=01,
(L3)Z(T)=0 inQ, (=01,
(E*)kq~= 0 on, k=0,...,3, o0
(

LH*HT)=0 inQ, k=0,...,3.
Now, from (4.53)), (4.54), (4.56) and (4.57)), we obtain for every (¢, 7y, ¥, Ty, ¢, 0) € Py

// w - e 13/A8" (x ¢+ Vr, — wﬂo)dq:dt—i—// 2 L3 e BB (Lo + Vg — o en)]da dt

// Fem13/18" (fr ey o —o*]lo)d:vdH—// gL e Lol dx dt
Q

:// go-(m+v;30—?eN)dxdt+// b (L2 + V1 — Blo ) ded
Q Q

+// gbﬁ?dxdﬂ—// 0 (LG — 2y — Flo ) de dt

—// (LYo + Vmy, — wllo)dxdt—i—// (LY +Vmy —oen)dxdt

+// ?(£*¢—¢N—ano)dxdt+// G Lo dzdt.
Q Q



4.4. NULL CONTROLLABILITY OF THE LINEAR SYSTEM 97

From this last equality, we obtain for all (h%, h?, h", h9) € L?(Q)*N+2

//w-hwdxdt+//2-hzdxdt+// Fh”d:vdt—l—// gh?dzdt
Q Q Q Q

(4.61)
= // @-@wdxdt—i—// E-q)zda:dt—i—// ?@dedt—i—// q o7 dx dt,
Q Q Q Q
where (®%, ®*, ", ®Y) is the solution of
e—13/4sp" pw — pw in Q,
L2134 %% = p*, V-®* =0 inQ,
6—13/436*@7" — BT in Q, (462)
LA e 13/458" 94) = pa in Q,
such that .
L (e7 B3/ %) = 0 onX, (=01,
L (,—13/4sB* §= — : —
Ly (e ®*)(0)=0 inQ, ¢=0,1, (4.63)

LF(e=13/48"pa) = onY, k=0,...,3,
LF(eB/48p0)(0) =0 inQ, k=0,...,3.

It is classical to show that (4.61))-(4.63)) is equivalent to (4.59)-(4.60)).

Next, we define the following functions :
(240, Pr0) i= e13/4sB” (}y*)—3—3/m(2’ P), f:,O — l13/4sp (7*)—3—3/m(fz +@lo).

Observe that, from (4.52), (4.55) and (4.59)), we have f7, € L*(Q)N. Then, by (#57)

24,0 satisfies

5*2*70 + Vp*p — f*Z,O _ (613/435* (,7*)—3—3/m)t2’ vV - 240 = 0 in Q,
2x0 =0 on X,
Z*7O(T) =0 in Qa

where the last term in the right-hand side can be written as
(P4 ()97 2 = (1) (L)%
where cg(t) denotes a generic function such that (see (4.12))
D) <C<o0, VL=0,...,k (4.64)

On the other hand, for any h € Y7 o we have

// z*,o-hdxdt:// ffo-cbda:dt—// co(t)(LH)%Z - & da dt,
Q Q" Q

where ® solves, together with some pressure 7,

LO+Vrg=h, V-&=0 inQ,
d=0 on 3,
®(0)=0 in Q.

Using (4.60|), we can integrate by parts to obtain
// z*,o-hdxdt:// ffo-édmdt—// £57  (Llea(t)B] + V(ea(t)ms)) dar dt
Q Q Q
:// ffo-q)da:dt—// Z L[y () + ea(t)h] dz dt.
Q Q
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Notice that here we have relied on the fact that £};z, ® and h belong to the space H.
Since
Hq)HYz < CHh”Yl,m

(see regularity result (4.19)), we obtain from the last equality, together with (4.64]),

// Zeo-hdzdt < C U o
Q b

Now, let
(21, Pat) 1= €3/ 8F () TO8IM( By) o fE ) = e () T (7 4 ).
Similarly as before, (2 1,p«1) satisfies
5*2*71 + vp*71 = ff,l _ (613/456* (7*)_5_5/m)t2a AV Zeg = 0 inQ,

2x1 =0 on X,
2:1(T) =0 in Q.

s+ Bz [lvig, VAEYip  (165)

Thus, for any h € Yy we get

// z*,l-hdxdt:// ffl-@dxdt—// (13456 () =55/m) = 4 dt.
Q Q Q

Moreover, since

/ / (e13/438" () =5-5/m) = & 4 it = / / 1 (D)® - 2o da dt,
Q Q
using (4.65)) with ¢;(¢)® instead of h (notice that ¢1(t)® € Y1), we get the estimate

// c1(t)® -z odadt < C [ fZo
Q bl

Turning back to 2,1, we get

// sn-hdedt < C U o
Q I

where we have used (#.64) and the property (v*)~5=5/™ < C(y*)=3-3/™. Taking into
account that

L2(Q)N + ‘|5HL2(Q)N] HCl(t)cI)HYl,o-

L2(Q)N + HEHLQ(Q)N] ||(I>||Y1,ov

H(I)HYLO < CHhHYw
(see (4.18])) we obtain

// z*’l-hdxdth[
Q

Thus, we deduce that z,; € L?(Q)N. Following the same iterative argument we can
show that el3/4s8” (7*)—14—14/711(/]\ c LQ(Q)N
Finally, to complete the proof of (4.58)), let

_ 613/455*( —6—6/m(g7ﬁ1)’ f*z = e13/45ﬁ* (7*)—6—6/m(fz + @]1(9).

fo

Ly T HgHB(Q)N] Ihllvys  Vh € Yo.

(2, P1x) - 7")

Then, (2., p1s) satisfies
L2 + Vpps = ff + (613/48’8* (7*)—6—6/771)1527 V- z.=0 in Q,

ze =0 on X,
z(T) =0 in Q.

From (4.52), (4.55)), (59), (4.12) and 2.1 € L?(Q)", we have that the right-hand side
of this equation belongs to L?(Q)". Using the regularity result , we deduce that
Zx € Y1. Similarly, we are able to obtain the rest of the regularity properties in .
This concludes the proof of Proposition .19 O
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4.5 Proof of Theorem [4.1]

Recall that we deal with the following null controllability problem : to find controls (v, vg)
verifying v;, = vy = 0 such that the solution of the system

Lw+ (w-V)w+ Vpy = f+ovl,+ren, V-w=0 in @,

L2+ (z-VYw— (w-V)z+q¢Vr+Vp =wlp, V-2=0 inQ,
Lr+w-Vr= fog+ vyl in Q, (4.66)
Lq—w-Vqg=2zy+rle in Q, '
w=2z=0 r=q=0 on X,

w(0)=0, z(T)=0, r0)=0, ¢q(T)=0 in Q,

satisfies (2(0),¢(0)) = (0,0).

We proceed using similar arguments to those in [51] (see also [7], [35], [49] and [9]).
The null controllability result for the linear system given by Proposition [£.19| will allow us
to apply the following inverse mapping theorem (see [3]) :

Theorem 4.20. Let By and B be two Banach spaces and let A : Bo — Bo satisfy A €
CY(Ba; Bo). Assume that by € Bi, A(b1) = by and that A'(b1) : By — Bay is surjective.
Then, there exists § > 0 such that, for every bt/ € By satisfying ||b/ — ba||g, < 0, there exists
a solution of the equation

Ab) =1, beB.
Let us set the framework to apply Theorem to the problem at hand. Let
By = EE\(},
By = L2(€25/486*(0,T); L2(Q)2V+2)
and the operator
A(w, po, z,p1,7,q,0,v9) := (Lw + (w - V)w + Vpg — vl, — rey,

L%+ (z- VYw — (w- V)z + qVr + Vp — wlo,
Lr+w-Vr—uvl,, Lq—w-Vqg—2zy—rlp)

for (w, po,z,p1,7,q,v,v0) € Bi. Here, u € L%(%/4F"(0,T); L>(Q)) means e2*/45"y, ¢
12(Q).

It only remains to check that the operator A is of class C'(By; Bz). To do this, we notice
that all the terms in A are linear, except for (w - V)w, (z - VH)w — (w - V)z, ¢Vr, w-Vr
and w - Vq. So it will suffice to prove that the bilinear operator

((wlap(l)uZlapiv’rl)quvluvé)a (/w27p%)Z2)p%ar2aq27v27v(2))) - (wl : V)ZUQ

is continuous from By x By to L?(e2*/4587 (0, T); L*(Q)N). Since Y; € L>®(0,T; V), we have
that
!B ()1 My € L2(0, T HA(Q)N) N L(0,T; V)

for any (w, po, z,p1,7,q,v,v09) € B1. Consequently
613/435* (7*)—1—1/mw c LZ(O,T; LOO(Q)N)

and
v(el3/4s,8* (7*)—1—1/mw) c LOO(O,T; LQ(Q)NXN)_
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Thus, we obtain
€125 () 722 (W - V) w?| o g
< O||(3/455° () 11/ myyl L ) el3/455° (’Y*)_l_l/mUJQHL?(Q)N
< 011613/455* (’Y*)_l_l/mwl HL2(0,T;L<><>(Q)N) \’613/455* (7*)_1_1/mw2”L°°(O,T;V)a
and the continuity follows since 25/4 < 13/2 and thanks to ({4.51). The terms (z-V*)w, (w-

V)z are treated analogously.
Finally, we can prove in the same way that the bilinear operator

((w',pg, 2" 1,7t g v vh), (w2, pg, 22,082, @7, 0%, 0)) = (w' - V2 w! - Vg?)
is continuous from By x By to L?(e2*/4s87(0,T); L?(2)?) just by taking into account that
BT ()T, ()T ) € 10, HY (9)°),
for any (wap(b Z,P1,7,4,7, UO) € By.

It is readily seen that A'(0) : By — Bs is given by

A/(O)(wap07 Z,DP1, 7’,(],’[),'1)0) - (E'UJ + VPO - ’U]lw —Teéen, ‘C*Z + VPI - w]1(97
Lr—uvoly,, L'q—zy-—1rlp),

for all (w,po, z,p1,7,8,v,v0) € By. It follows that this functional is surjective in view of
the null controllability result for the linear system given by Proposition [£.19]

Now, we are in condition to apply Theorem By taking b = 0 and b = 0, it gives
the existence of § > 0 such that, if ||e“/*" (£, fo)ll 2 gyv+1 < 4, for some C' > 0, then we
can find (w,po, z,p1,7,q,v,v9) € By solution of . In particular, v;;, = vy = 0 and
(2(0),¢(0)) = (0,0) (see Remark [4.18)). Therefore, the proof of Theorem [4.1] is complete.
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Chapitre 5

On the null controllability of a
linear KAV equation in the
vanishing dispersion limit

In this chapter we improve an existent null controllability result for the linear KdV
equation with Colin-Ghidaglia boundary conditions. Furthermore, we study the uniform
controllability in the vanishing dispersion limit.
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5.1 Introduction

Let T'> 0 and @ := (0,7") x (0,1). We consider the following controlled Korteweg-de
Vries (KdV) equation posed in a finite domain :

Yt + €Yzaz — My, =0 in Qa
y|x:0 =, yw|m:1 = 07 yilfl?|ac:1 =0 in (O7T)7 (51)
Yt=0 = Yo in (0,1),

where £ > 0 is the dispersion coefficient, M € R is the transport coefficient, yo € L?(0,1)
is the initial condition and v = v(t) stands for the control. Here and all along the chapter
we use the notation, for a given function f = f(t,x),

flo=ao == f(x0) and  fi—y, := f(to,")-

The boundary conditions in ([5.1)) were proposed by T. Colin and J.-M. Ghidaglia in [15]
(see also [14]) as a model for propagation of surface water waves in the situation where a
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wave maker is putting energy in a finite-length channel from the left extremity and the
right one is free.

Most results for are related to its well-posedness of its nonlinear version, for
instance, [57, 55, [71]. As for the controllability problem, in [I3] the authors considered
controls in all the boundary conditions and all the possible combinations.

Our first result states an improvement of the size of the control with respect to the
one in [50]. From this work, one can deduce that there exists v € L?(0,T) such that the
associated solution of satisfies yj;—7 = 0 and

ol z2(0.7) < Cexp(Ce™lyoll2(0,1)- (5.2)
The first main result of this chapter is the following :

Theorem 5.1. Let T > 0, M € R and € > 0 be three fized real numbers. Then, for any
yo € L%(0,1), there exists a control v € L?(0,T) such that the associated solution of (5.1
satisties yj—r = 0. Furthermore, we have the estimate

0]l 2207 < Cexp (0(5_1/2T_1/2 + MV 4 MT)) Yol 220,15 (5.3)
if M >0, and
vl 20,7y < Cexp (0(571/21771/2 + |M’1/2571/2)) Iyollz2(0,1)5 (5.4)

if M < 0, where C > 0 is a constant independent of T, M and ¢ and C > 0 depends at
most polynomially on e=*, T~' and |M|~!.

We remark that — say that the size of the control is of order exp(Ce~1/?),
whereas in is of order exp(Ce~!). This difference becomes of great importance when
one compares with a dissipation estimate for in the limit € — 0. Thus, this would be
helpful when trying to prove the uniform null controllability of with respect to ¢, as
it is explained below.

Before stating the second main result of this chapter, let us consider the transport
equation

Yyt — My, =0 in Q. (5.5)

Since is controllable if and only if T' > 1/|M]| (see, for instance, [20, Theorem 2.6,
page 29]), with a control y,—q = v1 if M < 0 and a control y,—; = vy if M > 0.
Furthermore, the cost of null controllability is equal to zero. Indeed, the solution of
can be brought to zero at time 7T just by taking v; = 0 when M < 0, and by taking vo = 0
when M > 0. Thus, we should expect that the cost would decrease to zero in this case as
e — 0, or at least if the final time 7 is large enough. On the other hand, if 7' < 1/|M]| it
is expected that the cost of the control would explode as € tends to zero.

In [43], the authors consider this problem for the classical boundary conditions

Yz=0 = ’U(t), Yaz=1 = 0, Yz|z=1 = 0 in (O7T)7 (56)

and in [42] with controls in all the boundary terms. We refer also to [22] and [47] for the
case of vanishing viscosity in one and arbitrary space dimension, respectively.

The strategy relies on the combination of a suitable Carleman inequality, which gives
an observability constant that explodes with €, with an exponential dissipation estimate
for the adjoint equation such that for 7' large enough counteracts the previous constant.
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It has been pointed out in [42] and [43] that such a result can only be expected for (5.1)
when M > 0 due to the asymmetric effect of the dispersion term.
In our case, the adjoint equation of (5.1)) is given by

—pt — EQPgzz + M, =0 in Q,
Pla=0 = 0, Pr|p=0 = 0, (5903090 - MSO)|2::1 =0 in (0’ T)? (5'7)
Q=T = PT in (0,1),

with @7 € L?(0,1). Although we can obtain an optimal observability constant with respect
to € for (5.7) (given by (5.3)), we do not know how to prove an exponential dissipation
result.

However, we are able to obtain the expected result when T’ is small enough with respect
to 1/|M|.

Theorem 5.2. Let M # 0. Then, there exists Ty < 1/|M| such that for every T € (0,Tp)
there exist a constant C > 0 (independent of ), g > 0 and initial conditions yo € L*(0,1)
such that, if v € L*(0,T) is a control such that the solution y of satisfies yj—r =0,
then, for every e € (0,¢e9),

C
Iollzzo 2 exp (<7 ) ol 2 5:8)

Furthermore, if M < 0, we can take Ty = 1/|M]|.

The rest of the chapter is organized as follows. In Section we prove Theorem [5.1]
We prove an observability inequality for the adjoint system and then applying the
Hilbert Uniqueness Method (HUM). The observability inequality is proved by means of
a suitable Carleman estimate. In Section [5.3] we prove Theorem Finally, we give the
proof of the Carleman estimate in Section [5.4]

5.2 Proof of Theorem [5.1]

In this section, we will prove Theorem by applying the Hilbert Uniqueness Me-
thod (H.U.M.) (see Paragraph or, for instance, [62]), that is, we prove the following
observability inequality :

lere=ollz2(0,1) < CobsllPzzie=ollL2(0,7)- (5.9)

Here, ¢ is the solution of the adjoint equation (5.7) with @7 € L?(0,1) and Cups > 0 is a
constant independent of ¢. Indeed, (5.9)) is equivalent to prove that for every yo € L%(0,T),
there exists a control v € L?(0,T) such that Yji=7 = 0 satisfying

C'obs

€

vl 20,1y < %ol z2(0,1) (5.10)
where y is the solution of ([5.1]). Thus, once an inequality like ([5.9)) is established, the proof
of Theorem (Bl is finished.

The observability inequality (5.9)) is proved by means of Carleman and dissipation
estimates, which are the goals of the following sections.
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5.2.1 A change of variables

A relevant system associated to ((b.7)) will be

— ¢t — €Qgaz + My =0 in @, (5 11)
Pzjp=0 =0, Pazjz—0 =0, Plz=1 =0 in (0,7). )
Notice that (5.11)) comes from the change of variables
¢ = €Paa — Mep. (5.12)

Furthermore, we notice that from (5.12)) and the boundary conditions on z = 0 in
(5.7)), for every t € (0,T) we have the following initial value ordinary differential equation

Voo — Me o =e71¢ in (0,1),
Ple=0 = 0, Pr|e=0 = 0.

We can actually find an explicit formula for ¢ in terms of ¢, but we need to distinguish
the cases M > 0 and M <0 :

Case M >0
It is not difficult to show that the solution is given by

1

I S 1/2.-1/2( _
go(t,x)—gl/2M1/2/0 sinh(M-/“c™/*(x — s))o(t, s) ds.

Thus,

1/2

1/2
1 1 1
lp(t, z)| < 61/2]\41/2</0 Sinh2(M1/2571/2(1 - 5))d3> (/0 (¢, 5)|2d5>

Taking the L?(0, 1)-norm in this inequality, we get

1 1 1
2 1/2_—1/2 2
Moreover, since

pultyn) = = [ cosh(MY2= 20w = )6t ) ds,
0

same computations show that
[lettnPar < gt e a2 [l aPar (519
0 e3/2M1/? 0
Using directly and , we obtain

L 2 MY? L
2 1/2_—1/2 2
/0 Gan(t ) do < (55 + gy exp (2012 /))/0 16(¢, 2)|? da. (5.15)
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Case M <0

In this case, ¢ is given by

_ b 1/2_-1/2
P(1.) = STy | sin(M /272 @ = 5))0(s) ds.

The same computations as for the case M > 0 show that

1

2 2
/0 o (t, )| dx<‘M‘/ (4, )2 da, (5.16)

! 2 2
[ leattoPar< 5 [NlotaPa (517)

and 2\M|
2 2

/ |paa(t, )2 dz < (E / 6(t, )| da. (5.18)

5.2.2 Carleman estimates

To establish the Carleman estimate, we introduce some weight functions. Let

p(z)
tr)= —————, 5.19
o) = fr (5.19)
where m > 1/2 and p is a positive, strictly increasing and concave polynomial in (0,1) of
degree 2, for example, p(z) = —z? + 42 + 1. Notice that there exist positive constants Cy
and C; that do not depend on T such that
Co <T*q, Cha<ay,<Cia, Chra< —az <Cia, (5.20)
and
|| + [ot] + |aaet] < CLTQHY ™ ay| < C1 T2 M, (5.21)

for every (t,z) € Q. This kind of weights has been introduced in [39] and widely used in
the literature (in particular, in [42, 43, [50]).

We now are in position to present our Carleman inequality whose proof is given at the
end of the chapter (section

Proposition 5.3. Let ¢, > 0, M € R and m = 1/2. There exists a positive constant C
independent of T', ¢ and M such that, for any solution ¢ of (5.11), we have

T
S e (M08 + lnl? + solunl?) dr e < O [ 00l ol ol

(5.22)
forall s > C(T + e~121/2 4 |M|1/25_1/2T),

Furthermore, we can deduce from Proposition and (5.13))-(5.18]) a Carleman esti-
mate for the solutions of ((5.7)).

Proposition 5.4. Lete,T > 0, M € R\{0} and m = 1/2. There exists a positive constant
C independent of T, € and M such that, for any solution ¢ of , we have

S e (Peucolol® + 0ol + soy—oliesl?) do b
_ T
< Cexp (C]M|1/26_1/2)55/ e‘zsa\x:oafxzo\gomuzo\Q dt, (5.23)
0

for all s > C(T + =272 4 |M|"/2¢=12T) and C depends at most polynomially on e~
and | M|t
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Remark 5.5. The lack of homogeneous Dirichlet condition on x = 1 plays an important
role in the choice of the power m of the weight function to prove . Indeed, a similar
inequality was proved in [50] where m > 1 was needed to estimate a trace term on x = 1.
This would imply that the cost of the control would be of order exp(Ce™1).

Here, by means of the change of variable , which satisfies ¢,—; = 0, we manage
to take the optimal power m = 1/2 as in [42, [43).

It would be interesting to know if a Carleman estimate can be obtained for the solutions
of for m =1/2 and without using this change of variables.

5.2.3 Dissipation estimates

To prove , we will combine with a dissipation estimate that we will prove in
the following. Let us observe that the usual dissipation estimate independent of € can be
obtained for the solutions of in the case M < 0. Indeed, if M < 0, we multiply
by ¢ and integrate in (0,1). Integration by parts gives

35 [ e dz+ Sloapnl? = Hleumaldz =0,

and thus, neglecting the positive terms on the left-hand side and integrating between t;
and t9 we have

1 1
/O|S0|t:t1‘2dx§/0 |S0|t:t2‘2dx> (5.24)

for every 0 <t; <9 <T.

As long as the case M > 0 is concerned, we could not come up with such an esti-
mate. We could only obtain partial results, which are included in Paragraph [5.3] below.
Nevertheless, we can prove a dissipation result similar to for the solutions of .

More precisely, we prove

Proposition 5.6. Let M > 0 and ¢ be two fixed parameters. Then, for every pair (t1,ts)
such that 0 < t1 < to < T and every solution ¢ of (b.11)) the following inequality is
satisfied

1 é 1
[ 10l ot [ 162 P do < Coxp (CMt = 1) [ (61mtsf? + 16w )
(5.25)
where 0 € (0,1) and C > 0 is a constant independent of M, T and ¢.

Proof. We proceed in two steps. First, we multiply (5.11]) by (2—x)¢ and integrate in (0, 1).
We obtain after some integration by parts

1d

L emleraet® [0 art onal+ 2 [ 1oP s = Moo (526)
2dt Jo 2 Jo 7" 2! Prle=tl "7 )y — 7 Ple=0T - A

Next, we take the derivative with respect to = of (5.11]), multiply by (1 z) qﬁx and
proceed as before. Straightforward computations lead to

_1d/ (1= )]%\de—i—/ 1 — 2)?|¢gs|* da

2dt
“E [ 2 [a-epippar=o
0
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Adding (5.26)) and ([5.27)) we obtain, after neglecting the positive terms on the left-hand
side,

1d [t 1d [t(1-2)3
——— 2 — 24 —f—/ g2 da < M| _ol?.

Now, notice that
|¢|$:0|2 < CHQﬁHiIl(Oé),

and therefore we obtain

1d [t 5 1d [f(1-2)3, ,
5 L e=opra -5 [T 6 e

Estimate ([5.25)) can be easily deduced by integrating in (¢1,t2). O

5.2.4 Observability inequality

In this section we combine the Carleman inequality (5.22]) and the dissipation esti-
mate (5.25) to finish the proof of (5.9) and therefore the proof of Theorem Let us
separate the cases M > 0 and M < 0.

Case M >0
Notice that from (5.22)) we have

3T/4 rl 9 9 9 T 9
/ / <|¢| + | ¢ )dx dt < Cs* T “exp (sC/T) / |p|o=ol” dt.
T/4 Jo 0

From the dissipation estimate ([5.25) with ¢; = 0 and integrating between 7'/4 and 37'/4
we obtain

T 1 ) sT/4 1 )
3 | 1oumol dz < Coxp (CMT) [ [ (0 + uf?) doat
0 /4 Jo

Combining these two inequalities and fixing s = C(T 4 e~ /272 4 M/2=1/2T), we
get

1 B T
/0 |bj—o|? dz < Cexp ((JMT) exp (0(1 el2p2 4 M1/25’1/2)) /0 |bjaol? dt,

(5.28)
where C' depends at most polynomially on 77!, M~! and e~ L.
Let us now go back to ¢. From (5.12), we obtain directly ¢j,—o = €puz|z—o- On the
other hand, from (5.13) with ¢t = 0, we find

1 C 1
2 1/2_—1/2 2
/0 |80|t=0| dzr < C120[3/2 exp (CM € ) /0 |¢’\t:0| da.
These two elements combined with (5.28) give (5.9)) with
Cops = C exp (C’(&t_l/QT_l/2 + MY2e2 4 MT)),

where C depends polynomially on 7-1, M~! and e. Consequently ([5.3) is deduced.
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Case M <0
This case is actually simpler. From ([5.22]) we have
3T/4 1 T
/ / |p|* dz dt < Cexp (SC/T)/ |Gl dt.

T/a Jo 0

It is easy to check that
1 1
| 10pm e < [ oyl e

for every 0 < t; < to < T (just proceed as for (5.24))). Using this dissipation estimate
instead of (5.25)) and the same arguments as for the previous case yield

1 C T
/ |Bi—ol” da < T ©XP (C(E_l/QT_l/Q + ’M\1/25_1/2)) / |Gluol® dt.
0 0

We recover ¢ same as before from (5.16) instead of (5.13)) and obtain (5.9)) with

Cops = é'exp (C(g—l/QT—1/2 + |M‘1/2€_1/2)>’

where C' depends polynomially on ¢, [M|~' and T—!. This gives (5.4)
This completes the proof of Theorem

5.3 Proof of Theorem 5.2

The proof of Theorem relies on finding a particular solution @ of such that
| Paajz=0ll L2(0,r) decays exponentially as e — 0 and [|@4—ol|£2(0,1) behaves like a constant
in £. The proof we perform here is inspired by [43, Theorem 1.4]. The main difference
is the boundary condition on x = 1 which is not homogeneous. When M < 0, we will
see that no major changes are needed to be made with respect to [43]. However, the case
M > 0 is more challenging since we do not have a good dissipation estimate. This is the
reason why we will need T" to be sufficiently small.

5.3.1 Case M <0
In this case, we can look at (5.7]) as

—Yt — EQgxr — |M|Q0x =0 in Q,
Plz=0 = 01 Sox\x:O = 07 (ESOI:E + |M|SO)|J?:1 =0 in (O’ T)7 (529)
Pli=T = T in (0,1).

First, notice that we have the dissipation estimate (see ([5.24))
o=t lz20.1) < l@jt=t,1l12(0,1) for every 0 <ty <tp <T. (5.30)
Now, we choose R > 0 such that
0<T7R<1—-|MIT, (5.31)
and a non-negative function 7 € C§°(0, 1) such that

Supp(pr) C (1-2R,1-R) and | &7|1200,1) = 1. (5.32)
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Let @ be the solution of ([5.29)) associated to @ as initial condition. We will prove that

|@e=ollz2(0,1) = ¢ >0 (5.33)
and
R R3/2 R
|@aae=ollz20,7) < C(e) exp | — FETERYET e @7l z2(0,1)5 (5.34)

where C(g) > 0 depends on £~! at most polynomially.

Let us explain how (5.33)) and ([5.34)) allow us to conclude Theorem Let v € L?(0,T)
be a control which drives the solution y of (5.1]) from yy to 0 (we know such a v exists by
Theorem and [50]). We multiply (5.1) by @ and integrate by parts to get

1 T
— [ wfimode = [ v Pramodt < elvllaom | Pusiemoll 201
Setting yo := —@|=o and using (5.32), (5.33) and (5.34) in this last inequality we ob-
tain (5.8).

Proof of (5.33). Let us define 6(t,z) := ¢r(z + |M|(T —t)) in Q. It follows from ({5.31])
and (5.32)) that 0(¢,-) € C§°(0,1) for all ¢t € [0,T].
We multiply (5.29)) by 6 and after integration by parts we obtain

1 1
/ Gr Oyp_pdz = / B0 O—o Az + / /Q 0 o . (5.35)
0 0

From (5.30) with to =T, we find

T1/2

1812 ) < @7l 220,1)-

On the other hand, from the definition of 6, (5.31]) and (5.32)), it is easy to see that

10t=0ll2(0,1) = [Pl £2(0,1)

and
HeacmHL?(Q) < Tl/ZRl/Q”@éﬁHLw(O,l)-

Using these elements in ([5.35)), together with Young’s inequality, we obtain (5.33)) for
¢ small enough depending on 7" and R. O

Proof of (5.34]). The objective is to prove that

~ R3/2 ~
H<P||L2(0,T;H3(0,R)) < C(e)exp {— 33/251/2T1/2} H<PT||L2(0,1), (5.36)

from where (5.34)) will readily follow. This is done by proving the estimate

_ R3/? _
1P 22(0,3r) < Cexp {— 3?’/251/21’1/2} 187 22(0,1)5 (5.37)

and then applying an internal regularity result proved in [43] to conclude.
We consider a cut-off function v € C*°(R) such that

v>0, 7/ <0, y=1lin(—00,1—-3R), v=0in (1-2R,+00). (5.38)
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Now we proceed as usual. We set B(t,z) := —|M|(T — t) — x and multiply (5.29)

by v(—pB)e™®@, where r > 0 is to be chosen later on. We perform several integrations
by parts, but observe that from and (5.38), we have that v(—3(t,z)) = 0 for all
(t,x) € [0,T] x [1 — 2R, 1], so there are no boundary terms. We get, after neglecting the
positive terms,

1d ! erd 1
_ = _ B2 < o rB| 2
53 | IR de = S [ (=g da

1-2R—|M|(T—t)

<eC) (I lloe + 117" loo + ||7”/Hoo)/ e¢"’|@|*dz,
1-3R—|M|(T—t)

where C(r) is a polynomial function of degree 2 in r and we have used (5.38) to restrict
the limits in the integral. Multiplying by exp (—er3(T —t)) and using that 3 is decreasing,
we have

N | —

TR
<e0(r)exp (—er’(T ) +r(3R - 1)) /01 21 da.

By ((5.30)), we obtain

1
;jt(exp (—erT-0) [ (=B dx) < eCr)exp (rBR-1) [ |prf do.

Integrating in (¢,7), we get :
1 1
| A=eip e < cOmTexp (T — )+ rBR-1) [ [@rf da,
0 0
where we have used the fact that v(s)pr(s) =0 for all s € R.

Now, notice that v(—5(t,x)) =1 for all (t,z) € [0,T] x [0, 3R] thanks to (5.31)), so we
have

3R 1
exp (— r(|M|(T — 1)) / 1312 da < cC(r) exp (er*(T — t) — r(1 - 6R))) / Bl d,
0 0
and thus
3R 1
/ 812 dz < eC(r) exp (er*T — r(1 — |M|T — 6R))) / Gr|? da.
0 0
Again from (j5.31]), we obtain
3R 1
/ ||* dz < eC(r) exp (er®T — Rr)) / |@r|? da.
0 0
We finish the proof of (5.37)) by choosing r > 0 such that it minimises the expression
inside the exponential, that is.
R1/2
RS VEIRYEL SYPR

To prove ((5.36)), we will use the following lemma, which corresponds to Proposition 3.3
in [43]
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Lemma 5.7. Let € € (0,1] and M € R. Consider a solution w of

— Wi — EWgpy + Mwz =0 mn Q,
Wig=0 = 0, Wy |g=0 = 0, Wig=1 = u(t) in (07 T)? (5'39)
Wig=7 = WT in (0,1),

for some u € L?(0,T) and wy € H3(0,1) N HZ(0,1). Then, w € L*(0,T; H*(0,1/2)), with
the estimate

lwll 2(0,7m40,1/2)) < C€)(lwrll s 0,1) + llullL20.7)) (5.40)
for some constant C(e) depending at most polynomially in 1/ and |M]|.

Let w := @|jo 25 and apply Lemma with (0,2R) and (0, R) instead of (0,1) and
(0,1/2), respectively. Notice that with this setting we have wr = 0 and v = @,—op €
L?(0,T). Thus, from (5.40) we have

181l 20,7555 0,r)) < CENPzl£2(0,1:22(0,2R))- (5.41)

Now, we estimate the term in the right-hand side in a slightly larger interval. To do
this, we multiply (5.29) by (3R — z)3@ and integrate in (0,3R). We obtain

1d 3R 9 3R
—f—/ (3R—x)3|¢|2dx+§/ (3R — 2)2|@,|? dz
0

2dt Jo
3R ‘ 3R
:35/ e + I / (3R — 2)2|3|? da.
0
Since @7 = 0 in (0,3R), we get by integrating between ¢t and T

_ c .
(3R — ‘)SOac||L2(0,T;L2(0,3R)) < EH‘PHL%O,T;L%O,I&R))- (5.42)

Combining this with ([5.41)) and (5.37]), we obtain ([5.36]).

5.3.2 Case M >0
In this case, we no longer have the dissipation estimate (5.30)). However, we will prove

that
1

1 M?T
/ " MT=0)=2)| (1) |2 dz < exp {55T7°3 + 7} / e | pr|? da. (5.43)
0 2er 0
for every t € (0,T) and r > 0.

Proof of (5.43)). Inspired by [43, section 3.2], we multiply now (5.7)) by €"¢, where 3(t, z) :=
M(T —t) — z and r is a positive parameter to be chosen later, and integrate in space :

1

1 1 M [l
—7/ 6T58t|(p|2 dr — 5/ erﬂgomxcp dr + —/ er68x|go|2 dz = 0.
2 Jo 0 2 Jo

We integrate by parts :

1d /!
— g [eierar =T [ etippan £ [ etarlal i

1 M
—57“/() ™ pppip da — eePla= Y ra|p=1P|a= 1+ / e"lol da + — 5 ¢"le= HPla= il =
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Using M¢|,—1 = €Pzz|z—1, We get after some integration by parts

1d

1 M 3er (1 £
- 5&/0 ¢"Plpf® dz — ?erﬂ\zzlmx:lp + 7/0 "o |* da + §€rﬁ‘z:1|%|x:1\2

3 1 2
Er ETr
. 7 erﬁ‘wZ do — 5 erﬁ\z:1‘¢|x11’2 _ 67,,67'5\1:1 P |yt Pla=1 = 0.
0

Rearranging :

1d ! erd 1 3er (1 €
- 55/0 erﬁ|<p\2dx—7/0 er5|<p|2dx+7/0 6T6’¢x|2dx+§em\z=1]¢x‘x:1|2

M er?
= 76745"”:1 ’90‘$:1|2 + 76Tﬁ‘x:1 |90\:p:1|2 + €T6TB|9”:1909U\¢:1‘P|3::1'

We estimate the three terms in the right-hand side :

2
_ € _ 2, &’ _ 2
E?”erﬁ‘z’lﬁpz|x:190|x:1 < §€rﬁlzfl|90m|x:1‘ + 5 €T’B|‘T*1|90|a::1‘

1 1
E7"2670@“”:1|90|a[::1|2 = 57"2/0 e"Ple=10,|p|* do = 257“2/0 ePle=10p, dz

1 1 1 1
< 26?”2/0 e"Plo||ge| dz < 25r3/0 erﬁl¢|2dx+§5r/0 Pl da

M M ! '
Eerﬁ‘zzllgo\x:lp - 7/0 erﬁ‘z:1am‘80|2dw = M/O erﬁh:l@@w dx

1 M2 1 1
< M/ el x| dz < —/ €Tﬂ‘<p’2d.%'+67’/ Pl da
0 der Jo 0

We get

1d /1, 1 M2 gt
2= Bt da — = (ber + — / mBly[2 da < 0.
2dt/o e lp|* dz 2(57’ +2€r) A e lp|*dr <

Using Gronwall’s Lemma, we obtain :
1
| eIl 2 da
0

M?(ty —t 1
< exp [Be(ts — t)r® + (2257«1)} / g MT—t2)=2)|, 12 da, (5.44)
0

for every 0 < t; <ty < T. In particular, taking to = T" in (5.44)), we obtain ([5.43).
O

We fix Ty < 1/M and, as before, we choose R > 0 (which will also remain fixed) such
that
0<6R<1— MTyp. (5.45)

Notice that ([5.45]) is still true for any T < Ty. We consider a non-negative function
o1 € C§°(0,1) such that

Supp(pr) C (5R,6R) and  [|¢r|L201) = 1. (5.46)
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Let ¢ be the solution of (5.7 associated to @7 as initial condition. We will be able to
prove that
5R3/?

Tz 1erleen, (5.47)

|Baafosll 207y < Cle) exp {

where C(g) > 0 depends on €' at most polynomially and T is small enough with respect
to R and M, but independent of &.
We will also prove
1@1t=ollL2(0,1) = ¢ > 0, (5.48)

which in this case will be a consequence of (5.47). Once (5.47) and (5.48) are proved, we

can conclude as in the previous paragraph.

Proof of (5.47)). Since Lemma and (5.42) are still valid, it is sufficient to prove

_ 5R3/2 .
12D z2(0,3r) < C(e) exp | — i1 12712 @7l 22(0,1)- (5.49)

We redefine the cut-off function v € C*°(R) such that
v>0, v <0, y=1in(~o0,4R), ~=0in (5R,+00). (5.50)

Now we proceed as before by setting B(t,z) := M(T — t) —  and multiplying
by ~v(— 6)67"5 @, where r > 0 is to be chosen later on. We perform the same computations
as before, but observe that from and (5.50)), we have that y(—3(t,z)) = 0 for all
(t,z) € [0,T] x [MT + 5R, 1], so there are no boundary terms. We get, after neglecting
the positive terms,

1d L erd 1
- o T',BAQd < o Tﬁ/\Qd
53 | 1R de = S [ (=g da
/ " " SRAM(T—1) rB| 2
<eC(r)(1 lloo + 17" lloo + I ||oo)/ e’ |@| da,
AR+M(T—t)

where C(r) is a polynomial function of degree 2 in r and we have used (5.50|) to restrict
the limits in the integral. By (5.43)) and multiplying by exp (— er3(T — t)) we obtain

- ;i<e"p(—€7‘3<T—t>) /017(—/3)€m!s5|2da:>

M?2T 6R
< eC(r)exp (— 5rR) exp [55T7‘3 + = } /5R |@r|? d,

and we can integrate in (¢,7) :

1 M2T 1
/ v(=B)e"?|p|? dx < eC(r)T exp (er3(T — t) — 57 R) exp {5€T7°3 + 5 } / |@r|? da,
0 0

where we have used the fact that v(s)pr(s) =0 for all s € R.
Now, notice that v(—g(¢,z)) = 1 for all (¢,z) € [0,7] x [0,3R], so we have

exp (r(M(T — t)) /:’R B2 de

3 5 MPTy ot
<eC(r)exp (er’(T —t) — 2rR)) exp [5€Tr + o } / |or|” de,
0
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and thus
2

3R M2T 1
/ |32 dz < eC(r) exp {6€Tr3 + - 2’/“R:| / |pr|? de.
0 2er 0

Here, we need to take T < CoR/M, where Cy < 1/4/3. Notice that this condition

is independent with respect to €. To fix ideas, we take Cy = 1/2. With this choice, the
previous estimate becomes

2

SR o 3 R
Sl*dx < eC 6T
/0 lp|°dz <e (r)exp[s r +85T7“

1
—mﬂ/o \Gr|? da.

Now we take r > 0 to be
R1/2
"= gl

With this choice of r, we find that

3R RZ 6 3 2\] /!
S2 dp < k6 o 2 / ~ 2
[t <con | s (v s - 5)| [ e,
which gives (5.49)). O

Proof of (5.48]). The proof of ([5.48]) follows a different approach with respect to the proof
of (5.33)), since we do not have a good dissipation for ((5.7)) and therefore we cannot treat
the last term in ([5.35)). Here, we use the boundary condition on the right of (5.7) to our
advantage.

We integrate (|5.7]) with respect to x :

d rl
—a/ 0dz + ePuajp—o = 0 for every t € (0,7).
0

Now, we integrate between 0 and T :

1 R 1 R T N
/ Plt=0 dz = / orde — 8/ Pra|z=0 dt.
0 0 0

By (5.47)) and (5.46)), we find that

1 R 1 R 1/ 5R3/2
/0 Plp=o dz > /0 prdr —eC(e)T"/ " exp [— Tadcl/2Tiz |’
from where, taking ¢ small enough, and together with
1 ~ o~
/0 Pli=0 dz < [|P)s=0llL2(0,1)
we obtain ([5.48)). O

The proof of Theorem is complete.
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5.4 Proof of Proposition 5.3

We now follow the steps of [42] and [43]. Let ¢ := e™**¢. Using equation (5.11)), we

get
L1y + Loty = Ly,

where we have denoted
L1 := etaga + 1y + 3es* 0ty — My,

Lot := (z’:‘SBCki + sy — M sag )Y + 38500y + e85y

and
L3y = —3532045504“1#.

Notice that we have the following boundary values for 1) :
17[)|a::1 =0
wm\w:O = —8%|z:0¢|x:o
sz)ftu’l?|:1::0 = (52042 - 8a$$)\x20w|x:0

Taking the L?-norm we have

L1172y + 1 L2l Z2(g) + 2(Ln%, Low) 2y = 1 L3vl|72 (-

(5.51)

(5.52)
(5.53)

(5.54)

In the following, our efforts will be devoted to computing the double product in the

previous equation. Let us denote by (L;1); the j-th term of L;1.

Computing ((L1%)1, L2t)r2(q)-
For the first term, we integrate by parts twice in space :

1

(<L1¢)1a (L2¢)1)L2(Q) = —56

—€ // (3553aiam + sazt — Msauy ) i)y, do dt
Q

T
—E/O (es®ad + say — M s0)|p=0Y|2=0Yzz|p—0 At

3
= 55// (3533aiam + sQugt — Msam)|¢m\2 dz dt
Q

1

T
—55/0 (es°a) + say — M soig) g1 [ o ey [dt

1 T
_35233 //Q aixhﬂz dzdt — 58/0 (68330%0‘?:93 + Samt)\xzofl/}\x:o’z de

1 T
+§6/0 (es3a3 + say — Msax)‘x:0|w$‘x:0|2 dt
T e 3.2
—i—s/o (3es”ag 0y + ot — M8 ) je—0Wje=0Va |z=0 At

T
—6/0 (533045’; + say — Msaz)\x:o%x:owmuzo dt

// (es3a 4 soy — Msou,)0p|tp,|* da dt
Q
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Using the properties ([5.20)), (5.21]), (5.52) and ([5.53|), we obtain

(L1)1, (L2¥)1)r2() = 26283 // 2 e |the|* da dt — Ces(T + \M|T2)// o3 ||? da dt
Q Q
53 T T
25 [0 e Pt = Ces(T 4 [MIT?) [ ad o Pt = €272 [ @dluf doat
0 0 Q

T

~ Ce(es” + 5"+ 53T + eT? + |M|T?) + s2(T2 + [M|T?) + sT?) / Ofy—olthjaol? dt.
0

We integrate by parts again in space in the second term, and using the boundary values
for ¥z, and Ygg)p—¢ :

T
((le))la (L2'¢)2)L2(Q) = —3e%s //Q azz‘¢xm‘2d$dt+3525A azz|x:1¢x\m:1¢xaz\x:1 dt
, (T
—3e S/O Oéa:x\rzod)ﬂxzowxzm:o dt
2 2 L, [T 2
> —3¢ s//Q Q| Vg | dx dt — 55 3/0 ax|x:1‘wxa:|x:1‘ dt
o2 [T 3 2 2.4 sy [T 5 2
_O2T /0 031 Ieps [P dt — CE2('T + 85T )/O of,_oltjemol2dt.

Here, we have used the boundary values for ¢, |,—0 and 1,z |.—0, the properties in (5.20))
and Young’s inequality.

For the third term, we proceed in a similar manner :

3 3 T
(L), (L2¢)3)L2(Q) = _5525 //Q awx|¢:fcx|2dx dt + 5525/0 a:v|a::1|w:m|m:1‘2dt

2

3 T 9
- 55 5/0 O‘x|x:0|¢mc\x:0| de
> 3. 2dzd 3o " 2d
= 25 S ax:v’wxz’ rdt + -¢”s O‘x|m:1’wxx|;c:1‘ t
Q 2 Jo
T
—CaQ(s5+33T2)/0 afx:o‘¢|x:0‘2dt-
Putting together these calculations, we obtain
9 53 2 2 9 5 2
(L)1, L)) > 3¢ //anamm\ drdi - e s//Qam|wm| dz dt
2 [T 2 250 [T 3 2
+e€ SA ax|$:1|¢m;‘x:1| dt—€ 5/0 axlw:1|¢x|x:1| dt
—Cas(T+|M|T2)// 3| )? da dt — Ce*s>T? // ®[Y)? dz dt
Q Q
2 2 [T 3 2
~ Ces(T + T2 + |M|T )/0 03 1 [Wapp 2
T
—Ce(es5+es4T—|—s3(T+eT2+|M|T2)+52T(T+]M|T2)~|—5T3)/0 0ol thamol? dt.
(5.55)

Computing ((Llw)g, LQw)L%Q)'
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For the first term, we integrate by parts in time :
(L1%)2, (La)1)r2(q) = / (3es® 02zt + say — Msoy)|w|? da dt
> —C(es® 4 s(T + |MyT2))T//Q a® |y de dt.
The second terms gives :
(L1v)2, (Lov)2)r2(q) = 3es //Q Qg Pzty A dt.
In the third term, we integrate by parts first in space and then in time. We obtain
(L19)2, (Lah)3)r2(q) = —258 //Q az Oyl tpe|* da dt — 3es //Q gty da dt
T
- 353/ Uz |3=0Vz|z=0¥t|z=0 A

755 // amt|1,bz| dz dt — 3es // QpzptVpt)y do di

—3552/ O 0Ot gm0 | Yo | > dlt
> —ges | / Quathatydudt — CesT [ / P ?
0552T2/0 a|x:0\¢|x_o\ dt,

where we have used the boundary value (5.52)).
Putting together this inequalities, we have

(L1)a, Lot) 2oy > —Cles® + s(T + \M|T2))T//Q 0| de dt

| . (5.56)
— CesT //Q o3|, |? — CasQTz/O af$:0\¢|x=0‘2 dt.

Computing ((Lﬂﬁ)g, L2'¢>L2(Q)
We integrate by parts in space and the properties ((5.20)-(5.21)) to treat the first term :

(L19)s, (L2v)1)r2(g)
= —78/ 1588 al 2Oz + 655 Ut + BSgaiam - 9M53a§am)|¢|2 dz dt

- 75/ (3esal + 3sPatoy + 3M 50l ) |,—o|th)peo|* dt
> 7(15 2 5// QPY|? dx dt — Ces®(T + |M|T?) // o’ [Y)? da dt
T
_ Ce(es® + (T + |M|T?)) / 0f ol W0l dt.
0
The second term simply gives :

((L19)3, (L2w)2)12(q) = 987 // 2 Qg [ |* dz dt.
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As for the third term, we integrate by parts in space once and use the boundary

value ([5.52). We obtain :

27
(Li)a, (Lat)s)iaq) = — 5 2" / / Batalyal? dwt + 52268 [ 0,y

Putting together these estimates, we get :
((Laths, Lov)sa) = = 3% [ adevuf? dwar 4 2C52% [ ol dwat
2 Q
T
- 28283/ 3y [V g [P At — Ces®(T + |MyT2)// &®[Y)? dz dt
0 Q

T
_ Ce(es® + (T + \M\T2))/O of_olta—ol? dt.
(5.57)

Computing ((Lﬂﬂ);;, LQw)LZ(Q)
For the first term, we integrate by parts in space :

M
(L19p)a, (L)1) r2@) = /Q(3553043;04m + S0t — MSQag ) |1p]* da dt

T

M
5 /. (es®ad + say — Msog)|peo|tjpol® dt

> _Cles® + s(T + \M|T2))|M\T2// || da dt
Q
3 2 2 T 5 2
— C(es® + s(T + |M|T2))|M|T /0 of, o [jecol? dt.
The second term gives directly :
(L), (Latb)a) o) > —C| M]esT? //Q @3 |2 da dt.

The third and final term gives, after integration by parts :

3 T
(L), (L)) =g Mes [ ol ot = SMes [ ooy
3 T )
+§M55/0 a:c|x:0|¢:c|a:20| de
T
> —C|M|esT? // a3]¢x]2dxdt—C]M\esT2/ g |V g | A
Q 0

T
— CIMIs"T? [l at.
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Putting together these expressions, we obtain :

(L1, L)z 2 ~Cles’+ (T + IMIT)IMIT? [ %o awa
T
— C|M|esT? //Q ? | |? da dt — C]M\53T2/0 ailx:1|wm|x:1|2dt

T
— C(es® + s(T + |M]T2))\M!T2/O | Vpe=ol” dt.
(5.58)

The entire product (L1%, Lat))r2(q)-
Adding inequalities ([5.55))-(5.58]), we find four positive terms, namely :

1
Ay = —505’5235 // PlpPdedt, Ag:= 900523 // |tz |? dz dt,
2 Q 2 Q

T T
Az = 46233/0 ailz:1|¢x|w=1|2dtv Ay o= 628/0 ax|$:1w9m|z=1‘2dt'

In the following, we explain how to estimate the nonpositive integrals coming from the

addition of (5.55))-(5.58) in terms of A;.

Let us start with the terms concerning || in Q. We can easily check that they can
all be bounded by

C(s*(eT + *T? + |M|eT?) + s(T? + |M|T? + |M|*T*)) //Qoz5|w|2dxdt,

which by taking s > C(T + T/2¢=1/2 4 |M|"/2¢=1/2T) can be absorbed by A;.
The integral of |¢x|z:1|2, can be bounded by

T
Ces(T +eT? + \M|T2)/O e [V [ dE.

Taking s > C(T 4 T/2¢1/2 4 |M|'/2¢=1/2T), this term can be absorbed by A3.
Furthermore, taking s > C(T +T"/2¢=1/2 4 |M|"/2¢=1/2T) shows that all the integrals
concerning |¢|x:0\2 can be estimated by

T
Ce’s® /0 apy—o|Pja=ol” dt. (5.59)

Finally, let us treat the terms containing |1/,|? in Q. They can be estimated by

Ces(T + |M|T2)// a3 |1,|? da dt.
Q
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Now, similarly as the previous steps, integration by parts in space shows that :
Ces(T + |MyT2)//Q 3| |? dar dt = 2055(T+ |M|T2)//Q(2aa§ + a2ag,)|v)? da dt
+ ngs(T +|M|T?) /O ! 02, s gl o2 dt — Ces(T + [M|T2) / /Q 0Py da di
s+ MIT) [ o gmotbapg
> —C(esT(T + |M|T?) + Y/2s2(T%% + | MPP/*T?)) //Q a®|p|? dz dt
_ ATV 4 | M|V2T) //Qa!wMIdedt

T
— Ce(sTHT + |M|T?) + s*T(T + |M|T?)) /0 ol Yja—ol” dt.
(5.60)

Notice that here we have used and Young’s inequality. By taking s > C(T +
e~ 12112 4 | M|Y/2e=1/2T), the first two integrals can be absorbed by A; and As, respec-
tively, and the last one can be estimated by .

Finally, all these estimations give

(L1v), Lov) 20 >Ce%s® // QSY)? dz dt 4 Ce?s // |ty |? da dt
Q Q
23 1 3 2 2, [T 2
+e%s /0 Vgt |Vajp=1|” dt + Ce 5/0 U |p=1|Vaa|z=1]" dt
25 1 5 2
— Ce’s /0 ol Yjz=ol” dt,

for every s > C(T + e~ V2TY2 4 | M| /2= 1/2T).
Coming back to (5.54)), and together with the fact that

ILatll?2 ) < 05234T//Q oP[[? dz dt,

we obtain

T
g2s® // a5\¢\2dxdt+52s// a|zpm|2dxdt+52s3/ 3 [V [ dE
Q Q 0
T T
+€23/0 O‘x|m:1’¢xw|x:l‘2dt < C"’5235/0 a?a::()‘w|z=0‘2dta (5‘61)

for every s > C(T + e~ Y2TY2 4 | M| /2e=1/2T).

Coming back to the original variable.

Let us now go back to the original variable ¢. First, we point out that the same
computations made in (5.60)), show that

e2s3 // 3 [)? da dt <Ce?sd // a5|¢]2dmdt+0€23// |t |? da dt
Q Q Q

T
+C’52s5/0 04|5120W|x:0\2dt,
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as long as s > CT'. This means that we can add this term to the left-hand side of (5.61]),
and together with ¢ = e™**¢, we have directly from (5.61]) that

28" // e 2P| g2 da dt + 253 // a3|¢x|2dazdt+52$// |ty da dt
Q Q Q
23 [T 3 2 2 [T 2
t+e's /0 Uyt [Vap= [T dE + € 5/0 g fz=1|Vza|p—1]"

T
§C€285/0 e‘28a|z:0a“r’$:0|¢|x:0\2dt, (5.62)

for every s > C(T + e~ V2TY2 4 | M| /2e=1/2T).
Now, from ¢ = e™**¢, we find that

$3275003/20 = BI2032 4 26500320, 6.
and taking the L?(Q)-norm, we see that we can add
g2s’ // e 203, |* da dt
Q
to the left-hand side of . Similarly, from
V2502 = sy 4 32050020 b 1 953/201 20,0, + 825202,

we can add

e2s // e | da dt
Q

to the left-hand side of (5.62)) if s > CT'. Finally, using (5.51)), we can add to the left-hand
side of ([5.62)) the respective boundary integrals and obtain

g2s" // e 2P| g2 da dt + €253 // e 203 |? da dt + 25 // e e |* da dt
Q Q Q
T T
+ 5253 /0 672sa‘z:1ai|m:1‘¢x\x:1 |2 dt + 525/0 672sa|z:1ar|:p:1|¢xoc|x:1|2 di

T
< et /0 e BN=008_[o_ol2dt, (5.63)

for every s > C(T + /272 4+ |M|'/2¢=1/2T). The proof of Proposition is complete.
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Résumé

Ce travail est consacré a I’étude de quelques problémes de contrélabilité concernant
le systéeme de Navier-Stokes, le systeme de Boussinesq et ’équation de Korteweg-de Vries
(KdV). Nous avons choisi de le diviser en deux parties.

Dans la premiere et principale partie, on est concerné par la controlabilité a zéro de
plusieurs modeles non linéaires issues de la mécanique des fluides. Plus précisément, on
s’intéresse aux contrdles ayant un nombre réduit de composantes. Tout d’abord, dans le
Chapitre [2, on obtient la contrdlabilité locale a zéro du systeme de Navier-Stokes avec
controles distribués ayant une composante nulle. La nouveauté la plus importante est
I’absence de conditions géometriques sur le domaine de controle, ce qui améliore et étend
des résultats précedents. Dans le Chapitre[3] on étend ce résultat pour le systéme de Bous-
sinesq, ou le couplage avec ’équation de la température nous permet d’avoir jusqu’a deux
composantes nulles dans le contréle agissant sur I’équation du fluide. Dans le méme esprit,
le Chapitre [4] traite I'existence de controles insensibilisants pour le systéme de Boussinesq
avec des controles et dans 1’équation du fluide et dans I’équation de la température. En
particulier, on montre la contrélabilité a zéro d’un systéme en cascade issu de la refor-
mulation du probleme d’insensibilisation ou le contréle dans I’équation du fluide possede
deux composantes nulles. Pour tous ces probléemes, on suit une approche classique. On
établit la controlabilité a zéro du systeme linéalisé autour de 'origine par une inégalité de
Carleman appropriée pour le systeme adjoint avec des termes source. Puis, on obtient le
résultat pour le systéme non linéaire par un argument d’inversion locale.

Dans la deuxiéme partie, on étudie quelques aspects de la contrélabilité a zéro d’une
équation de KdV linéaire avec conditions au bord de type Colin-Ghidaglia et avec un
coefficient de dispersion qui tend vers zéro. D’une part, on obtient une estimation du cott
de la contrélabilité a zéro de cette équation qui est optimal par rapport au coeflicient
de dispersion. Ce résultat améliore les résultats précédents en ce sujet. Sa preuve repose
sur 'obtention d’une inégalité de Carleman avec un comportement optimal en temps.
D’autre part, on montre que le cotlit de la contrélabilité a zéro explose exponentiellement
par rapport au coefficient de dispersion lorsque le temps de contrélabilité est suffisamment
petit.

Mots-clés : Systeme de Navier-Stokes, systéme de Boussinesq, systémes non linéaires
couplés, controlabilité a zéro, controles insensibilisants, équation de KdV linéaire, disper-
sion évanescente, colit de la contrdlabilité a zéro, inégalités de Carleman.



Abstract

This work is devoted to the study of some controllability problems concerning the
Navier-Stokes system, the Boussinesq system and the Korteweg-de Vries (KdV) equation.
It is divided into two parts.

In the first and main part, we are concerned with the null controllability of several non-
linear models from fluid mechanics. More precisely, we are interested in controls having a
reduced number of components. First, in Chapter[2, we obtain the local null controllability
of the Navier-Stokes system with distributed controls having one vanishing component.
The main novelty is that no geometric condition is imposed on the control domain, which
improves and extends previous results. In Chapter [3] we extend this result for the Bous-
sinesq system, where the coupling with the temperature equation allows us to have up to
two vanishing components in the control acting on the fluid equation. In the same spirit,
Chapter [4] deals with the existence of insensitizing controls for the Boussinesq system with
controls on both the fluid and temperature equations. In particular, we prove the null
controllability of the cascade system arising from the reformulation of the insensitizing
problem where the control on the fluid equation has two vanishing components. For all
these problems, we follow a classical approach. We establish the null controllability of the
linearized system around the origin by means of a suitable Carleman inequality for the
adjoint system with source terms. Then, we obtain the result for the nonlinear system by
a local inversion argument.

In the second part, we study some null controllability aspects of a linear KdV equa-
tion with Colin-Ghidaglia boundary conditions and with a dispersion coefficient tending
to zero. On the one hand, we obtain an estimation of the cost of null controllability of this
equation which is optimal with respect to the dispersion coefficient. This result improves
previous results on this matter. Its proof relies on obtaining a Carleman estimate with an
optimal behavior in time. On the other hand, we prove that the cost of null controllability
blows up exponentially with respect to the dispersion coefficient provided that the time
of controllability is small enough.

Keywords : Navier-Stokes system, Boussinesq system, nonlinear coupled systems,
null controllability, insensitizing controls, linear KdV equation, vanishing dispersion, cost
of null controllability, Carleman estimates.
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